A VARIATIONAL PRINCIPLE FOR CORRELATION
FUNCTIONS FOR UNITARY ENSEMBLES, WITH
APPLICATIONS

D. S. LUBINSKY

ABSTRACT. In the theory of random matrices for unitary ensem-
bles associated with Hermitian matrices, m—point correlation func-
tions play an important role. We show that they possess a useful
variational principle. Let u be a measure with support in the real
line, and K, be the nth reproducing kernel for the associated or-
thonormal polynomials. We prove that for m > 1,

‘ P2 (z)

det [K'rl (M? Lis xj)]lﬁl,jﬁm = m! bl;p f p2 (D dpxm (D

where the sup is taken over all alternating polynomials P of degree
< n —1, in m variables z= (21,2, ..., T;,). Moreover, p*™ is the
m—fold Cartesian product of . As a consequence, the suitably
normalized m— point correlation functions are monotone decreas-
ing in the underlying measure . We deduce pointwise, one-sided,
universality for arbitrary compactly supported measures, and other
limits.

Orthogonal Polynomials, Random Matrices, Unitary Ensembles, Cor-
relation Functions, Christoffel functions. 15B52, 60B20, 60F99, 42C05,
33C50

1. INTRODUCTION®

Let p be a positive measure on the real line with infinitely many
points in its support, and [ 2/dy () finite for j = 0,1,2,... . Then we
may define orthonormal polynomials

Pn () = 2" + oy 70 > 0,
satisfying

/pnpmd,u - 5mn
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The nth reproducing kernel is

n—1
5=0
and the nth Christoffel function is
n—1
(1.1) Mo (7)) = 1/, (pyw, ) = 1/ p? (o)
5=0

It admits an extremal property that is very useful in investigating as-
ymptotics of orthogonal polynomials [24], [29]:

_ g JP@d
)\n (IM’ 513) - degl(I]lDf)‘<n P2 (.Z')

Equivalently,
P2
(1.2) K, (p,z,z) = sup i
deg(P)<n f P (t)
We shall prove a direct generalization for det (K (1,0, %)) < s @

determinant that plays a key role in analysis of random matrices.

Random Hermitian matrices rose to prominence, with the work of
Fugene Wigner, who used their eigenvalues as a model for scattering
theory of heavy nuclei. One places a probability distribution on the
entries of an n by n Hermitian matrix. When expressed in "spectral
form", that is, as a probability distribution on the (real) eigenvalues
T1,To, ..., Ty, it has the form

( IT (- xj)2) dp (1) dpt (ws) .dp ()

1<j<k<n

ff( H (tr —tj)Q) dp (ty) ...dp (t,)

1<j<k<n

p) (21, T2y oy ) =

)

[5, p. 102]. Given 1 < m < n, we define the m—point correlation
function

n
R :U’axlwr%"w

n_m, / / (€1, T2y eony ) Apt (Tosn) oondlpt ()
(1.3)

Thus R}, is, up to normalization, a marginal distribution, where we
integrate out t,,41, tm2, ..., tn. Note that we exclude from R}, a factor
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of p' (xq) ' (2) ...pt" (x4,), which is used in [5]. It is a well established
fact [5, p. 112] that

(1.4) Ry, (321, @2y o ) = det Ky (1 2, 25)] o i, -

Again, we emphasize that in [5], as distinct from this paper, p’ is
absorbed into K. Since much of the interest lies in asymptotics as
n — oo, for fixed m, it is obviously easier to handle asymptotics of
this fixed size determinant, than to deal with the n — m fold integral
in (1.3).

R} can be used to describe the local spacing of m-tuples of eigen-
values. For example, if m = 2, and B C R is measurable, then [5, p.
117]

/B/BRS(u;tl,tQ)dM(tl) dp (1)

is the expected number of pairs (1, t2) of eigenvalues, with both ¢, ¢, €
B.

Of course there are other settings for random matrices that do not
involve orthogonal polynomials. There one considers a class of matrices
(such as normal matrices or symmetric matrices) where the elements
of the matrix are independently distributed, or there are appropriate
bounds on the dependence. The methods are quite different, but re-
markably, similar limiting results arise [8], [9], [10], [12], [31].

The formulation of our main result involves AL}’ the alternating

polynomials of degree at most n in m variables. We say that P € AL

if

(1.5) P(x1, 29, ..cipy) = Z Civjon g T 2T
0<71,52,-,Jm<n

so that P is a polynomial of degree < n in each of its m variables, and in
addition is alternating, so that for every pair (i, j) with 1 <1i < j < m,

(1.6) P (21,0, @iy ooy Ty ooy Tn) = =P (X1, oy Ty oy Ty ooy Ty

Thus swapping variables changes the sign. Sometimes, these are called
skew-symmetric polynomials.

Observe that if P; is a univariate polynomial of degree < n for each
1=1,2,...,m, then

(1.7) P (t1,tg, ..., ty) = det [P; (t;)] cAL™.

1<i,j<m

The set of such determinants of polynomials is a proper subset of AL".
It is well known, and easy to see, that every alternating polynomial is
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the product of a Vandermonde determinant and a symmetric polyno-
mial. Thus P € AL} iff

P(tl,tg,...,tm) = < H (tj - tz)) S(t17t27'--7tm)7

1<i<j<m

where S is symmetric, and of degree < n — m + 1 in each variable.
Given a fixed m, we shall use the notation

= (21,22, ..., Tp) , L= (t1,t2,..cs )
while p*™ denotes the m—fold Cartesian product of u, so that
(1.8) dp ™ (t) = dp (t1) dp (ta) ..dp (tm) -
We prove:
Theorem 1.1

Let m > 1,n > m+ 1. Let x = (x1,%2, ..., T) be an m-tuple of real
numbers. Then

(P (z))’
1.9 det [y, (1, T4, 5)) s 1<)y = M) sU 5 :
(1.9) & [Kn (p Ni<ij< e TP e @)

The sup is attained for
(1.10) P (t) = det[K, (u,2,1))

1<i,j<m

We could also just take the supremum in (1.9) over the strictly
smaller class of determinants of the form (1.7). An immediate, but
important consequence is

Corollary 1.2
R (u; 1,9, ..., 2,) is a monotone decreasing function of p, and a
monotone increasing function of n.

Despite an extensive literature search, I have not found Theorem 1.1
or Corollary 1.2 in the (extensive!) literature for random matrices. At
the very least, they must be new to those interested in universality
limits, because of the applications they have there. We shall present
some in Section 2.

The proof of Theorem 1.1 is based on multivariate orthogonal polyno-
mials built from g. Given m > 1, and non-negative integers ji, Ja, .-+, Jm,
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we define
Ty dorim (T1, T2,y ooy )
= det (pj, (wk))gi,kgm
pi (x1) i (22) oo Py (Tm)
(1.11) _ et | P P () o Piz ()
Pin (21) Pj (22) - Dj (Tm)

We show that the {7}, j, . jm}j1<j2<”_<jm
with respect to ©*™, and moreover, the m—point correlation function
admits an expansion as a sum of squares of {7}, j, .}, just as does
K, in terms of squares of the orthonormal polynomials. We shall need
an associated reproducing kernel,

m 1
(112) Kn (/%27 t) = % Z fFjl,Jé ~~~~~ Jm (&) jjjl,jz ----- Jm (z> :

T 1<1<2<...<jm<n

form an orthogonal family

Theorem 1.3
(a) Let 0 < j1 < jo < oo. < jm and 0 < ky < kg < ... < ky,. Then

/Tjhh 77777 Jm (t) Tk17k27-~-,km (z) dﬂxm (Z)

= 11051k, O oy O -

(1.13)
(b) For P € AL} |, and z € R",
(1.14) P2) = / P () KT (o, £) d*™ (1)

(c) For xz,t € R",
det [, (1,71, 1,)]
(1.15) KT (1)

In particular,

1<i,j<m

det [Kn (,ua L, xj)]lgi,jgm

(1.16) - Z (Tjhjz ,,,,, Jm (g))Q

1<j1<j2<...<jm<n

Remarks
(a) Note that in the case m = 1, (1.16) reduces to (1.1) for K,, (i, z, x).
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After an extensive literature search, we found that (1.16) already ap-
pears for general m in [8, Section 1.5.3]. We may also express it as

det [K,, (1, 4, %)]

(117) = Y T @)

T 1<j1,d2m<n

1<ij<m

as T}, j,....;» vanishes if any two indices j; are equal.
(b) The expression (1.15) may also be thought of as a Christoffel-
Darboux formula, for it expresses the sum (1.12) in a compact form
involving an m x m determinant.

One consequence of the variational principle is a lower bound for
ratios of correlation functions:

Theorem 1.4
Let m > 2,n > m + 1, and x1,29,...,x, be distinct real numbers.
Define a measure v by

dv (t) = dpu (0) ] (¢ = 2,)?

=2
Then
det Kn y Ly Lj i g
Kn (u,xl,x1) > [ <M J)]lSZJSm
det [K, (1, i, xj)]2§i7j§m
1 m
(118) Z Eanm+1 (1/7 Ty, 331) (371 - x])2 .
=2

The upper bound is a well known consequence of inequalities for posi-
tive definite matrices. It is the lower bound that is new.

This paper is organised as follows: in Section 2, we state some ap-
plications of Theorem 1.1 to asymptotics and universality limits. In
Section 3, we first prove Theorem 1.3, and then deduce Theorem 1.1
and Corollary 1.2, followed by Theorem 1.4. Theorems 2.1, 2.2, and
2.3 are proved in Section 4. Theorem 2.4 is proved in Section 5, and
Theorem 2.5 and Corollary 2.6 in Section 6.

2. APPLICATIONS TO ASYMPTOTICS AND UNIVERSALITY LIMITS

The extremal property (1.2) is essential in proving the following: if
@ is any measure with support in [—1, 1], then at every Lebesgue point
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xzof pin (—1,1),

a1 , 1
(2.1) hglor.}ann (u,x,x) p (z) > T
Here 1/ is understood as the Radon-Nikodym derivative of the ab-
solutely continuous part of p. This is more commonly formulated for
Christoffel functions as

lim sup n, (g, z) < p' () 7vV1 — 22.
Barry Simon calls this the Maté-Nevai-Totik upper bound. See, for
example [22], [29, Thm. 5.11.1, p. 334], [32].

Under additional conditions, including regularity of y, there is equal-
ity in (2.1), with a full limit. We say that p is regular in the sense of
Stahl, Totik, and Ullman, or just regular, if the leading coefficients {~,, }
of its orthonormal polynomials satisfy

moy

(22) it T cap (supp [u])’
Here cap(supp [u]) is the logarithmic capacity of the support of . We
shall need only a very simple criterion for regularity, namely a version
of the Erdés-Turan criterion: if the support of u consists of finitely
many intervals, and y/ > 0 a.e. with respect to Lebesgue measure in
that support, then p is regular [30, p. 102].

In 1991, Maté, Nevai and Totik [22] showed that if u is a regular
measure with support [—1, 1], and in some subinterval [ of (—1,1), we
have

(2.3) /log p > —o0,
I
then for a.e. x € I,

1 , 1
(2.4) Jim = K (p, 2, 2) 1 (2) iyt
Totik gave a far reaching extension of this to measures with compact
support J [32], [33]. Here one needs the equilibrium measure v; for
the compact set J, as well as its Radon-Nikodym derivative, which
we denote by w;. Thus v; is the unique probability measure that
minimizes the energy integral

//log P i 75|dl/ (s)dv(t)

amongst all probability measures v with support in J [25], [26]. If
I is some subinterval of J, then v, is absolutely continuous in I, and
moreover, w; > 0 in the interior I° of I. In the special case J = [—1, 1],
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dvy(z) = wy (z)dx = m/%. Totik showed that if p is regular, and

in some subinterval I of J, we have (2.3), then for a.e. z € I,

1
(2.5) lim — K, (g, z,2) ' () =wy(x).
n—oo 1
Further developments are explored in Simon’s monograph [29].
It is a fairly straightforward consequence of this last relation, and the
Christoffel-Darboux formula, that for m > 2 and a.e. (z1,x2,...,Ty) €
i,

m

) 1
(26) lim — det [Kn (M7 T, xj)]lgi,jgm - H

n—oo NM

wr (7))
()

j=1

The right-hand side is interpreted as oo if any ' (z;) = 0. Thus, the

matrix [Kn (4, Zi, )], < ;<,, Pehaves essentially like its diagonal. We

shall prove this in Section 4. Without having to assume regularity, or

(2.3), we can use Theorem 1.1 to prove one-sided versions of (2.6).
For measures y with compact support J, and x € J, we let

(2.7) wy (z) =inf {w, (z) : L C J is compact, fyr, 1s regular, z € L.}

Since v, decreases as L increases, one can roughly think of w, as the
density of the equilibrium measure of the largest set to whose restric-
tion p is regular. In the sequel, J° denotes the interior of .J.

Theorem 2.1

Let 11 have compact support J, of positive Lebesgue measure, and let
wy denote the equilibrium density of J. Let m > 1.

(a) For Lebesque a.e. (x1,Ta, ..., Tm) € (J°)",

S

1 m ‘
(28) lim inf — det [Kn (,LL, L, xj)]lgi,jgm 2 H ; (x])

s L)

<

The right-hand side is interpreted as oo if any ' (x;) = 0.

(b) Suppose that I is a compact subset of J consisting of finitely many
intervals, for which (2.8) holds. Then for Lebesque a.e. (1, T2, ..., L) €
m,

(S

~—

1 o ‘
(2.9) lim sup — det [K,, (i, 2, ﬂfj)]1<ij<m < H 7((37])
m— 00 m - M xj
7j=1

A perhaps more impressive application of Theorem 1.1 is to univer-
sality limits in the bulk, which describe local spacing of eigenvalues of
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random Hermitian matrices [5], [6], [12], [23]. One of the more standard

formulations, for a measure y supported on [—1, 1], is

lim
n—oo

j ey T Qi
n

n—oo

n

, f () T/ — a2\ " ™1 — x? ™1 — x?
= lim det | K, (s 0+ aj——— ———

= det (S (a; — aj))1§z‘,j§m g

where

(2.10) S(t) =

is the sine (or sinc) kernel. There is a vast literature for universality
limits, especially in the case where p is replaced by varying weights. A
great many methods have been applied, including classical asymptotics
for orthonormal polynomials, Riemann Hilbert techniques, and theory
of entire functions of exponential type [1], [2], [5], [6], [7], [11], [12] [16],
191, 28], [29], [33].

For fixed measures p with compact support .J, the most general
pointwise result is due to Totik [33]. It asserts that if p is regular,
while (2.3) holds in some interval I in the support, then for a.e. = € I,
and all real aq,as,...,a,,, there are limits for the scaled reproducing
kernels that immediately yield

1<ij<m *

Simon had a similar result, proved using Jost functions [27], [28]. Totik
uses the comparison method of the author [19], together with "poly-
nomial pullbacks". Without any local or global restrictions on pu, the
author showed [21] that universality holds in measure in {y/ > 0} =
{z:p (x) > 0}.

We prove pointwise, almost everywhere, one-sided universality, with-
out any local or global restrictions on p:

Theorem 2.2
Let 1 have compact support J, and let wy denote the equilibrium den-
sity of J. Let m > 1.

(u’(w)wx/l—ﬁ)mRn <u'x—|—a 1 — 2?2 7T\/1—l’2>
m 9 1= 9. -
n n
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(a) For a.e. x € J°N{w > 0}, and for all real ay,as, ..., ap,

lim inf W (z) R u;x—i—L,...,qua—m
n—oo \ nwy () nwy () nwy ()
> det (5 (a; — ay))

1<i,j<m -

(2.11)

(b) Suppose that I is a compact subset of J consisting of finitely many
intervals, for which (2.3) holds. Then for a.e. x € I, and for all real

A1,0A2, ...y Am,

’ m
limsup( () ) R (u;x+L7m’x+a—m>
oo \ 1wy (2) nw, (z) nwy ()
< det (S (a; — a;

J))1§i,j§m :

(2.12)

Pointwise universality at a given point z seems to usually require at
least something like 1’ being continuous at z, or x being a Lebesgue
point of x. Indeed, when ' has a jump discontinuity, the universal-
ity limit is different from the sine kernel [13], and involves de Branges
spaces [20]. In our next result, we show that one can still bound the
behavior of the correlation function above and below near such a given
x. It is noteworthy, though, that pure singularly continuous measures
can exhibit sine kernel behavior [4].

Theorem 2.3

Let p have compact support J, be regular, and let w; denote the equi-
librium density of J. Assume that the singular part pg of p satisfies
at a given x in the interior of J,

(2.13) lim p, [z —h,x+h|/h=0.

h—0+

Assume moreover, that the derivative 1’ of the absolutely continuous
part of p satisfies

(2.14) 0<Cy = lirtn inf ¢/ (t) < limsup p' (t) = Cy < 0.

t—x
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Then for all real aq,as, ..., ap,
Cy ™ det (S (a; — aj))lgi,jgm

1 m
lim inf R, u;x+L,...,m+a—m
n—oo \ nwy () nwy () nwy (x)

. 1 n ay am
limsup| —— | R, |+ ——Fs, ... 0+ ——

nooo  \ Wy () nwy (z) nwy (z)
< Cy™det (S (a; — aj))1gi,j§m :

IN

IN

(2.15)

At the boundary of the support of the measure, (referred to as the
edge of the spectrum in random matrix theory), the universality limit
takes a different form [12], [15]. For fixed measures that behave like
Jacobi weights near the endpoints, they involve the Bessel kernel of
order a > —1,

Jo (V) VUI, (VV) = Ja (V) VT, (Vu)

2 (u—v) '
Here J, is the usual Bessel function of the first kind and order «. Us-
ing a comparison method, the author proved [17] that if 4 is a regular
measure on [—1,1], and p is absolutely continuous in some left neigh-
borhood (1—m, 1] of 1, and there p' (t) = h (t) (1 — ¢)°, where h (1) > 0
and h is continuous at 1, then

Jo (u,v) =

a b
sl ) =0

uniformly for a, b in compact subsets of (0, 00). Here, and in the sequel,

Ko () = ' ()" ! (9)7 Ko ().
When a > 0, we may allow also a,b = 0. This has the immediate
consequence that for m > 2, and aq, as, ..., a,, > 0,

, LA™ L a
nh—{go <ﬁ> R, (,ual_ 2_;27"‘7 2n2> <H'u ( B 2n2>>
= det (o]]a (ai7 aj))lgi,jgm :

(2.17)

Under weak conditions at the edge, we can prove one-sided universality:

n—oo 2n2

1
(2.16) lim — K, (u,l

Theorem 2.4
Let p have support contained in [—1,1] and let 1 be the right endpoint
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of that support. Assume that p is absolutely continuous near 1, and
for some a > —1,

(2.18)
0<Cy = litmlinf,u’ (t)(1—¢)"* <limsupy (t) (1 —1¢)"* = Cy < 00.
— t—1—
Then for ay,as, ..., a, > 0,
.. 1 " n . aq Am - ’ aj;
fimint (%) 1 (151 = g1 = 505) H“ (1-5)

C m
- (é) det (Ja (a5, ;)< j<m -

(2.19)

If a >0, we may also allow ay,as, ..., a, > 0.

We note that if in addition, ;1 has support [—1, 1] and is regular, then
we may replace the lim inf by lim sup, the asymptotic lower bound by
an upper bound, provided we replace (C1/C3)™ by (Cy/Cy)™.

Our final result has a comparison or "localization" flavor, generaliz-
ing similar results for Christoffel functions. Recall that a set J C R
is said to be regular for the Dirichlet problem [25], [30], if for every
function f continuous on .J, there exists a function harmonic in C\.J,
continuous on C, whose restriction to J is f. Of course, this is confus-
ing when juxtaposed with the notion of a regular measure!

Theorem 2.5

Let p,v have compact support J and both be regular. Assume that
J s reqular with respect to the Dirichlet problem. Let & € J and
W (&), (&) be finite and positive, with

. p(l) ' (§)
dist(1.e)—o v (I) V' ()’

(2.20)

where the limit is taken over intervals I of length |I|, and dist (I,£) =
sup{|z —¢|:xz € I}. Let m > 1. Assume that for n > 1,

yn = (y1n>y2n7 7ymn)

is a vector of real numbers satisfying

(2.21) lim (max Ymj — §|) =0,

n—oo \ 1<j<m
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and
K te) (”%v%)
(2.22) lim | limsup -1 | =0.
e—0+ n—oo Kgl (V’Qn’—n)
Then

(2.23) fim % Ow"’g”) - (”l (5))m.
e Km (V,gn,gr)

Of course in (2.22), [n (1 4 €)] denotes the integer part of n (1 £ ¢).
As an immediate consequence, we obtain:

Corollary 2.6

Let u,v have compact support J and be reqular. Assume that J is reg-
ular with respect to the Dirichlet problem. Let x € J and i (x),v (x)
be finite and positive, with (2.20) holding at & = x. Assume that for
given m > 2 and all real aq,as, ...an,,

i (L) (vt s )
= det (S (a; — aj))

1<i,j<m *

(2.24)

Then for all real aq,as, ...,

/ m
lim W (z) Ry, M;J}A—L’m’m_’_a—m
n—oo \ nwy () nwy () nwy ()

= det (S (a; — @j))1gi,j§m'

(2.25)

3. PROOF OF THEOREMS 1.1, 1.3, 1.4 AND COROLLARY 1.2

We begin with

Proof of Theorem 1.3 (a)
We use o and 7 to denote permutations of (1,2, ..., m) with respective
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signs €, and &,. We see that

I = / / ,Tj1,j2,..‘,jm (tl, tQ, ceey tm) Tk1,k2,...,km (751, tg, ceey tm> d,u (751) d,u (tm)

= Ye [ f <H D (m) (H Ph gy <t@->> Ayt () e (t)
o,n =1 =1

- Z ol H 0oy e
o,n =1

= Z oty H 51@’“77(0—1(2))7
o,n /=1

(3.1)

where 07! is the inverse of the permutation ¢. For a term in this last

sum to be non-zero, we need
(32) jg = /{Zn(g—l(g)) for all 1 S 14 S m.

Since j; < Jo < ... < Jm and ky < ko < ... < k,;,, we see that this will
fail unless

n(c™t () =/Lforalll </l <m.
(

Indeed, if n (071 (7)) # i for some smallest 7, then j;_; = k;_; but either
Ji = kyo-1) = kig1 or Ji = kyo-14)) < ki—1. In the former case, all
of ji, jix1s -y Jm > ki, and k; is omitted from the equalities in (3.2),
a contradiction. In the latter case, we obtain j; < j;,_1, contradicting
the strict monotonicity of the j’s. Thus necessarily n = o, so (3.1)

becomes, under (3.2),
I = ng =ml.

Proof of Theorem 1.3(b)
We first show that every P € AL | is a linear combination of the T
polynomials. We can write

P (331, T2, Im) - Z Cj1ja...jmPir (ml)pjz ($2> < Dijm ('Tm> .
0<J1, 2, Jm<n

Because of the alternating property (1.6), and the linear independence
of
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{pi (21) pjs (%2) D)o () b1y 4., <no DECEsSarTily, when we swap in-
dices j, and j,, the coefficients change sign, that is,

Cir.gwodm = T Chredeefnedme
In particular, coefficients vanish if any two subscripts coincide. More
generally, this implies that if o is a permutation of {1,2,...,m} with
sign €,, then

Cio()io(2)dom) — CoCifa.dm"
Next, given distinct 0 < ji, jo, ..., jm < 1, let j1 < jo < ... < j,, denote
these indices in increasing order. We can write for some permutation
07
i = Jogiy, 1 <8 < m.

Conversely, for the the given {3,}, every such permutation o defines a
set of indices {j;} with 0 < j1, 2, ..., jm < n. Thus

P (Il, X9, Im) = Z Ciiinim Zgapja o p] o) ( 2) "‘pja(m) (l‘m)

OS.}.I <32<---<3m<n

= > GG et (5, ()] 1, e

0§51<52<---<37n<n

= Z 05132 jmlejz Jm (xl’x%'”’xm)'

0§51<32<---<577L<n

(3.3)
Inasmuch as each 75 5, = € ALY |, we have shown that AL | is the

Jij2---jm
linear span of the T" polynomials, and (3.3) is an orthogonal expansion.

Orthogonality in the form (1.13) gives
1 m
hiin = | PO T, O™ (1)

m!

Now our definition (1.12) of the reproducing kernel gives (1.14). B

Proof of Theorem 1.3 (c)
Fix z = (%1, 29, ..., Ts). Let

(3.4) P (t) = P(t1,tg, ..., ty) = det [K, (u, z;, t )]1<z]<m'
By successively extracting the sums from the 1st, 2nd, ..., mth rows,
we see that
n—1 n—1
D h—oPi (@) () o 25 Zopi (1) pjy ()
P (t) = det : : :

n—1 : . n—1 :
ij_o Pim (Tm) Dj,, (E1) -+ Z]‘m:o Dju (Tm) Djr ()
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n—1 n—1
= Z Z (pjl (xl) +-Djm (xm)) Ele.-.jm (tla to, 7tm) .
j1=0  jm=0
When j; = j;, for distinct ¢, k, then 7} ;, ;.. = 0. Thus only terms with
J1,J2y -y Jm distinct are non-zero. As in the proof of Theorem 1.3(b),
given distinct 0 < j1, Jo, ..., jm < M, We can write for some permutation
o uniquely determined by these indices

Ji = Joti
where 0 < j; < jo < ... < j;u < n. As there, this yields

P <t) - Z Z o <p30(1) (xl) “.p.;o(m) (I‘m)> 7}1323m (tl’ t27 Y tm)

0<j1<j2<...<jm<n O

- Z 7—3152-~-3m ('Th L2y ey I) 7}152..45771 (tb t?? s tm) .
0<j1<j2<...<jm<n

So
det [K (1, xiatj)]1§i7j§m =P (1) = mK}" (p,2,1),
and we have (1.15). Then (1.16) follows from (1.12). W

Proof of Theorem 1.1
By the reproducing kernel relation (1.14), and Cauchy-Schwarz, for all
Pe ALY

n—1

P(z)* < ( / P (t)" dp™™ (z)) (/ K™ (pz, 1) dp™ (z))

- ([reraro) g .
Thus

P 2
(3.5) K (p,z,z) > sup ( (f)) :
peacy , [(P(t)” dp*™(t)
By choosing P as in (3.4), we obtain equality in (3.5). Now (1.9) fol-
lows from (1.15). W

Proof of Corollary 1.2
This follows immediately from (1.9) and the positivity of all the terms
there. W

Proof of Theorem 1.4
The upper bound in (1.18) is a standard inequality for determinants
involving symmetric positive definite matrices. See, for example, [3,
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Thm. 7, p. 63]. For the lower bound, let R (t3, 13, ..., t,,) € AL Y. Let
P be a univariate polynomial of degree < n — 1 satisfying P (z;) = 0,
2<j7<m. Let

m

St ta, contm) = > P () (=1 R(t1 to o tjot bt o b)) -

j=1

We claim that S € AL" ', Suppose we swap the variables ¢; and t,,
where 1 < k < ¢ < m. The terms involving P (t;) and P (t;) before
the variable swap are

P (te) (1) R (t1, oy tiets tists oo to—ts oy tosts ooy tn)
+P (tr) (—1)£ R(t1y ooy th1y by thty ooy to—1, togts ooy tn)

and become, after swapping ty, ty,

P(te) (=1)" R (try ooy oty tpts oo Loty by oty ooy tin)
FP (1) (1) R (t1, ooy ity by tpts ooty Bty coos )

Using ¢ — k — 1 swaps of adjacent variables in each R term, the alter-
nating property of R gives

—{P (t) (= 1) R (t1, coos thots s thog 1y coos oot Loty oovy )

+P (tk) (_1)k R (t1> ey b1, tk‘-i-la ey bo—1, te, tf-‘rl? Sy tm)}
In the remaining terms P (t;) (—l)j R (t1,ta, o tjm1, tjr, .y ty) With
J # k, £, we swap t;, and t,, and use the alternating property to obtain
—P (t;) (1) R(t1,t2, .costj—1,tj41, ..y tm). So we have proved that S €
ALY . Moreover, as P has zeros at zy, x3, ..., T,,, we have

S (x1, @9, oy ) = —P (21) R (29, 23, ..., Tpy) -

Next, by Cauchy-Schwarz,

/S2d,u><m

S m/ZPQ (t])Rz (tla'-'7tj—1>tj+17"-7tm)d:u(tl)"‘dﬂ(tm)
j=1

- (o) ()
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Then (1.9) gives

det [Kn (1, i, xj)]lgi,jgm
'52 (T1, T, .oy Tp)
J'S2dlu><m
m! P%(x1) R? (z9, ..., Tp,)
WfP%lpJ [ R2dypxm=

v

v

Write
H t — a:J
7j=2

where P; is any polynomial of degree < n — m. Next, take sup’s over
Py of degree <n —m and R € AL~ 1 . Recalling the definition of v,
and (1.2) gives

det [Kn (1, w3, ;)]

1<ij<m
m' - 2 1
2 s Kaemir (v, 21, 31) (H (z1 — ;) ) mdet (K (1 @i T5) g -
=2

This gives the lower bound in (1.18). W

4. PROOF OF THEOREMS 2.1, 2.2, AND 2.3

We first prove:

Lemma 4.1

Let p have compact support J, let pu be regular, and assume that I is
a subset of the support consisting of finitely many intervals in which
(2.3) holds. Let m > 2. Then for Lebesque a.e. (x1,Ta,...,Ty) € I™,

. 1 wJ T;
(4.1) lim o det [K (1, i, 25)] 1 i im H J
Proof
We already know that for a.e. z € I,
.1 ()
4.2 lim ~ K, (@, x,2) "t =1,
(4.2) Jim K (1, 2, 2) oy (1)

by Totik’s result (2.5). (Formally, the integral condition (2.3) follows
in each of the intervals whose union is /, and hence (2.5) does.) We
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next show that there is a set £ of Lebesgue measure 0 such that for
distinct z,y € I\E, both (4.2) holds, and

1 o (@ @) N
43) i ) (L5ERE) =0

These last two assertions give the result. Indeed for distinct x1, z5...x,, €
I\E, we have

1 ()
7 ()

1 m
e det [K,, (i, x, 37j)}1§¢,j§m H w
=1

1/2
[ 1 ' () ' (2o
= Zga H ﬁKn (,U, xiaxa(i)) ( ( ()))>
o 1=1

wy (z:) Wy (Te@)

— H <lKn(,u,a:i,xi) M/(xi)) +o(l)=1+0(1),

TA\n wy(z;)

by (4.2) and (4.3). Of course the set of xy, s, ..., 2, where any two
x; = x; with ¢ # j has Lebesgue measure 0 in /™.

We turn to the proof of (4.3). It follows from (4.2) that there is a
set € of measure 0 such that for x € I\E, we have

1 1
hm —pi (ZL’) = hm - (Kn—H (,U,,J,’,ZL’) - Kn (/JJ,LL’,J,’)) = 0

n—oo M n—oo M

Then for distinct z, y, the Christoffel-Darboux formula gives for z,y €
IN\E,

1
_Kn 5
~H (1,2, y)

19170 (%) Pt (Y) — P (%) P () =0(1)
n v, Ty |

Tn—1

n

Here we are also using the fact that { } is bounded as p has com-

pact support. H

Proof of Theorem 2.1(a)

Since J = supp[y] is compact, we can find a decreasing sequence of
compact sets {J;},-, such that each J; consists of finitely many dis-
joint closed intervals, and

J:ﬁ&
=1
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(This follows by a straightforward covering of J by open intervals, and
using compactness, then closing them up; at the (¢4 1)st stage, we
ensure that Jy,,1 C Jy by intersecting those intervals in J,,; with those
in Jy). For £ > 1, let

1
(4.4) dpy (2) = dp (2) + o, (2) dz,
so that we are adding a (small) multiple of the equilibrium measure for
Jo to p. Because w;, > 0 in the interior of each .J;, y; > 0 a.e. in Jy,
and so p, is a regular measure [30, p. 102]. Moreover, in each compact
subinterval / of the interior of J;, w, is positive and continuous, so we
have

(4.5) /logmg > —00.
I
By Lemma 4.1, for a.e. (21,2, ..., 2,,) € I™,
. 1 - wy, (z5)
7}1—>Holo n_m det [Kn (/J’Za Li, xj)]lgi,jgm = ]]]1: ,u;<—$j])

As p, > p, Corollary 1.2 gives

. . 1 - Wy (SE )
4.6 lim inf — det [K,, (@, 24, 25)) ;e = L
Since a countable union of sets of the form /™ exhausts J;", this last
relation actually holds for a.e. (x1, 2o, ..., 2,) € JJ". Now [33, Lemma

4.2] uniformly for z in compact subsets of an open set contained in J,
(4.7) glim wy, () =wy(z).

Moreover, w is positive and continuous in that open set. We can now
let £ — oo in (4.6), and use the fact that the left-hand side in (4.6) is
independent of ¢ to obtain (2.8). W

Proof of Theorem 2.1(b)

Let L be a compact subset of supp|[u] such that g is regular. L =1 is
one such choice, because of the Szegd condition (2.3). We may assume
that I C L, since wy, decreases as L increases. Let

(4.8) dv () = i (2),, de,

so that dv is the restriction to L of the absolutely continuous part of
w. Here [ ;logv’ > —o0, so v satisfies the hypotheses of Lemma 4.1,
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while p > v, so Corollary 1.2, followed by Lemma 4.1, gives for a.e.
(331,.’172, 7$m> € [m’

1
lim sup — det [K, (1, 24, 7))
nm

n—oo

1<ij<m

1
< limsup — det [K,, (v, z, %)]

n—oo T

I (%’),

el 2

1<i,j<m

recall that v/ = i/ in I C L. Now take inf’s over all such L and use the
fact that the left-hand side is independent of L. l

We turn to the

Proof of Theorem 2.2(a)

Let u, and Jy be as in the proof of Theorem 2.1(a). It then follows from
results of Totik [33, Theorem 2.3] and/ or Simon [29, Thm. 5.11.13, p.
344] that for a.e. x € Jy, and all real ay, as, .., a,,, and 1 < 4,5 < m,

1 ; :
lim — K, (,ue,x + a—,x + &)
n—oo M, n n
wJé (LE)S
pp ()

((a; — aj) wy, (2))-
Consequently,

1 a Qm
lim —R,, (,ue;x + —1, vy T+ —)
n—oo NM n n

Wy, (x)>m

— == det (S ((a; —aj) wy, (2)))1<; <0 -
(575 e () hsie

Now we use the fact that p < p,, and Corollary 1.2: for a.e. x € J,

and all aq, as, ..., ay,,

1 m
limintf — R (u;:z: + ﬂ, ey T+ a_)
n—oo nM n n

wy, ()™
4 - ( 1y () ) et (5 ((ai = )@ (T))i<i j<m
Moreover we have (4.7). We can now let { — oo in (4.9), and use the

fact that the left-hand side in (4.9) is independent of ¢ to obtain (2.11),
with a scale change. B

Proof of Theorem 2.2(b)
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Let L and v be, as in the proof of Theorem 2.1(b). We can use the
aforementioned results of Totik applied to v, to obtain for a.e. = € I,
and real aq,as, ..., Gy,

. 1 ay a
lim — R (V;:C + — T+ —m>
m

n—oo M, n n

(110) = (mx)) det (S ((a: — ;) wr (7)) 1cs 1o -

V' ()

Now we use the fact that 4 > v, and that ¢/ = v/ in I C L and
Corollary 1.2: for a.e. x € I, and real ay, as, ..., a,,

1 m
limsup —R,, (,u;x + ﬂ, ey T+ a_)
nm n

n—oo n

<wL (1‘)>m det (S ((a;: = a;) Wi (2)))1<; s -

p ()
Now choose a sequence of compact subsets L of supp|u| such that wy, ()
converges to the infimum w, (z). W

Proof of Theorem 2.3
Let n € (0,C}), and choose § > 0 such that in (z — d,z + §),
Cr—n<p <Cy+n.

Here i/ denotes the derivative of the absolutely continuous component
of p. Define

dv =dp in J\ (z — §,x + )
and
dv (t) =du, (t) + (Cy —n)dt in (x — 5,2 +9).
Then dv < du, and v is regular on J (see [30, Thm. 5.3.3, p.148]).

Moreover, the derivative 1/’ of the absolutely continuous part of v exists
and equals Cy — 7 in (z — d,2 + §), while (2.13) implies that

}llir%ys[x—h,x~l—h]/h:0.

By a theorem of Totik [33, Theorem 2.3], we obtain for the given x and
real ay,ao, ..., a,,, that

1 m
lim — R (1/;1: + ﬂ, ey T+ a_)
m n

(411) = (g;f(_w;) det (S ((a; — ;) @y (2)))yi s -

Note that the Lebesgue condition for the local Szeg6 function required
by Totik is satisfied because 1/ is smooth (even constant) near z. Then
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Corollary 1.2 gives

1 m
lim sup — R}, (u;x + @, e T+ a_)
nm n n

n—oo

<°51J_<_$37>m det (S ((a; = @) ws (%)) 1< jem -

As the left-hand side is independent of 7, we obtain

1 m
lim sup — R, <u;x + ﬂ, ey T+ a_)
nm n n

n—oo

< (MJT(f))mdet (S ((a; — aj) wi ()14 j<m -

The lower bound is similar. W

5. PROOF OF THEOREM 2.4
Let
wt)=>01-1t)"te(-1,1).
Choose 6 > 0 such that u is absolutely continuous in (1 — 4, 1), satis-
fying there
(Cr=0)w(t) < p' (t) < (Cat0)w(t).
Here C,Cy are as in (2.18). Let
dv(t) =dp(t) + (Co+6)w (t)dt, in (—1,1 —§]
and
dv(t) = (Cy+ 0)w (t)dt in (1 —0,1].
Then
dv > dp in [—1,1].
Note too that in (1—4, 1), the derivative ' of the absolutely continuous
component of p satisfies
p(O) =i
V(t) T Ca+6

(5.1)

Inasmuch as w > 0 in (—1,1), v is a regular measure in the sense
of Stahl, Totik and Ullman, while v/ (¢) (1 —¢)"“ is continuous and
positive at 1. By a result of the author [17, Theorem 1.2],

. a b
i gl (71 g1 5y ) = a0,
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uniformly for a,b in compact subsets of (0,00). If @ > 0, we may also
allow a, b to lie in compact subsets of [0, c0). Then for m > 2, Corollary
1.2 and (5.1) give for ay, as, ..., ay, > 0,

o I a
hﬁﬁﬁ(ﬁ) R (161 g znz)H”( 23)

Cl ) mn .. 1 m aq QA e ’
> ) B (- O _
> <C’2 m 5) lim inf <2n2> Ry, (1/, 1 SRCR o1 2n2) jlj[ly <1

Cy—o\™
- (02 + 5) det (Ja (: aj»lﬁmém :
Now let 6 — 0+. W

6. PROOF OF THEOREM 2.5 AND COROLLARY 2.6

We begin with a lemma that uses the by now classical technique of
Totik involving fast decreasing polynomials:

Lemma 6.1
Assume the hypotheses of Theorem 2.5, except that we do not assume
(2.22), nor that u is reqular. Let € € (0,1). Then

K (eeen) vy
(6.1) lim in o (rs) > (: ( §>> .

Proof

We may assume that the common support J of u and v is contained
n [—1,1], as a linear transformation of the variable changes the limits
in a trivial way. Let n > 0, and

_ 1w ()
V' (€)
Our hypothesis (2.20) ensures that we can choose § > 0 such that
I
(6.2) ’55133(6—1-77) for I C [§—6,6+9].

Let n > 4 and ¢ = ((n) = [5n], so that n — ¢ > |
choose a polynomial R, of degree < ¢ and x € (0, 1

0< R, <1lin [-22];

n (1l —e¢)]. We may
) such that

(6.3) IR, (t) — 1] < &' in [—g g}

&)
2n?
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(6.4) IR, (t)| < k' in [-2,-6]U[0,2].

The crucial thing here is that x is independent of ¢/, depending only on
0. These polynomials are easily constructed from the approximations
to the sign function of Ivanov and Totik [14, Theorem 3, p. 3]. For the
given £ and n, we let

U, (8) = U (b tay o b)) = [[ Re (€= 1)
j=1

Observe that this is a symmetric polynomial in ¢, s, ..., t,,. Moreover,
for large enough n, we have from (2.21), (6.3), and (6.4),

(6.5) v, (gn> > (1-x")";
(6.6) W, ()] < &' in [-1,1]"\Q,
where

Q = {(tl,tg,...,tm) . Imax |£—t]‘ S (5} .

1<j<m
Next, let P, € ALY , |, and set P = P;¥,. We see that P € AL ;.
Using (6.2), (6.6), we see that

/PQd/Lxm

61 < rn” [ PR IRIE G [ e
Q J™\Q

Now we use the regularity of v, and the fact that J is regular for the
Dirichlet problem. These properties imply that [30, Thm. 3.2.3(v), p.

6]
lim sup % " =1
=00\ deg(T)<n f |T2| dv ‘

The sup is taken over all univariate polynomials 1" of degree at most n.
By successively applying this in each of the m variables, we see that

122y < (140 (1))" / PRy

where the o(1) term is crucially independent of P;. Thus we may
continue (6.7) as

/P2dlu><m

< (c+n)" (/ Pfdyxm) (1+(1+0(1)"&"™).
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Since also
P*(y,) = P2 (y,) 1+ 0 (™),

we see from (3.5), with an appropriate choice of P;, that

Ky <u7 ynyn>
P (1)
> —Nn
— fPQduXm
P (y,) 1+ 0 ()
> su
= peacn, (et 0" ([ Prdrem) (1+ (1+ o0 (1) )
1+o0(1) ..,
= —(nan—f (y,gn,gn) .
(c+mn)
Thus
Ky (u,y Y )
lim inf i >(c+n)™"

T Ky (”%%) -
As the left-hand side is independent of 7, we obtain (6.1). H

Proof of Theorem 2.5
Lemma 6.1 asserts that

K (u,y Y ) TEN™
lim inf i > (V/ Eg) .
T K (V’Qn%) H
Swapping the roles of ;1 and v, Lemma 6.1 also gives
Koy (v 8,00, > (n’ (£>>m
EANZA SV

lim inf
noee Km (u,gn,gn)

Now we apply our hypothesis (2.22) and let ¢ — 0+. B

Proof of Corollary 2.6
We apply Theorem 2.5 with £ = x and for n > 1,

+—= + —om
=le+—— o+ —— .
Y nwy(x) nwy ()

This satisfies (2.21) with { = 2. Now det [S (a; — a;)],; j<,,, > 0, s0
our hypothesis (2.24) easily implies (2.22). Then Theorem 2.5 gives
the result. H
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