CHRISTOFFEL FUNCTIONS AND UNIVERSALITY
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ABSTRACT. We establish limits for Christoffel functions associated with
orthogonal rational functions, whose poles remain a fixed distance away
from the interval of orthogonality [—1,1], and admit a suitable asymp-
totic distribution. The measure of orthogonality p is assumed to be
regular on [—1,1], and to satisfy a local condition such as continuity
of p/. As a consequence, we deduce universality limits in the bulk for
reproducing kernels associated with orthogonal rational functions.
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1. INTRODUCTION

Let p be a finite positive Borel measure on [—1, 1], with infinitely many
points in its support. Then we can define orthonormal polynomials p, (z) =
Pn (A, x) = v,2" + ...,n > 0, satisfying

1
/ PnPmdjL = Omn.-
1

We say the measure p is regular on [—1,1] in the sense of Stahl, Totik, and
Ullmann, or just regular [17], if

lim 7711/" =2.

n—oo

An equivalent definition involves norms of polynomials of degree < n :

1P o]
(1.1) lim sup o
N0 [ deg(P)<n ffl ’P’ dp

Regularity of a measure is useful in studying asymptotics of orthogonal
polynomials. One simple criterion for regularity is that g/ > 0 a.e. on
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[—1, 1], the so-called Erdés-Turén condition. However, there are pure jump
measures, and pure singularly continuous measures that are regular.
We denote the nth reproducing kernel by
n—1
(1.2) Ky (dp,x,y) =Y pj (dp, ) pj (dps, y)
j=0

and its normalized cousin by

(1.3) K (dp,z,y) = (@) 1 (9)"? Ko (dpy 2, )
When y = z, we obtain the Christoffel function

An (dpyx) = 1/ Ky, (dp, z, x) ,
which satisfies the extremal property

J 1P dp
deg(P)<n-1 |P (z)]*

A classical result of Maté, Nevai, and Totik [13] (see also [18]) asserts that
if 11 is regular on [—1, 1], and in some subinterval [a, ]

b
(1.5) / log p/ > —o0,
then for a.e. x € [a,b],
(1.6) lim n\, (du,z) = mu' (z) V1 — 22

If instead we assume that p is regular in [—1, 1], while u is absolutely con-
tinuous in a neighborhood of some z € (—1,1), and 4/ is continuous at x,
then this last limit holds at x.

In the theory of random matrices [8], [14], universality limits describe
local spacing of eigenvalues of random matrices. It is a remarkable fact that
the universality limit in the bulk at a given point £ € (—1,1) reduces to the
technical assertion

2% a b
(1.7) lim fon (d“’er f{n(du,é,s)’5 - f(n(duméyé)) _ sinm(a—b)
noee K (dp, €, €) m(a—0)
uniformly for a,b in compact subsets of the real line. Sometimes, K, is
replaced by K,, and we can then allow a,b to be complex. There is a
substantial literature on this limit. Amongst recent results, we note Totik’s
[9], [19] that if x is compactly supported and regular, and (1.5) holds, then
the universality limit (1.7) holds for a.e. ¢ € (a,b). Barry Simon had
a similar result for finitely many intervals [16]. It has also recently been
shown [12] that without any local or global conditions on u, universality
holds in measure in {z : i’ () > 0} .
The aim of this paper is to establish limits for Christoffel functions, and
universality limits associated with orthogonal rational functions. The latter
have been studied and applied extensively for over thirty years, with many

(L4) Mo (djt, ) =
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of the key results collected in the monograph [2]. Some other aspects of
orthogonal rational functions, including asymptotics, are given in [1], [3],

[4], [5], [6], [7], [20], [21].
We shall assume that we are given a sequence of extended complex num-
bers that will serve as our poles

A={a1,a9,03,....} CC\[-1,1].

Thus we are allowing some (or even all) of the a; = co. We let > 0 and
Ay ={z e C:dist(z,[-1,1]) > n}

and assume that all o; € Ay, so that for j > 1,

(1.8) dist (o, [—1,1]) > 7.

We let mp (x) =1, and for k& > 1,

k
(1.9) H (1—=z/a;).

We let Pp denote the polynomials of degree < k, and define nested spaces
of rational functions by £_; = {0}; Lo = C; and for k > 1,

P
ﬁk = ﬁk {al,ag,...,ak} = {TI'k : deg(P) S k}

Note that if all oj = 0o, then L, = Pj,. Moreover, L1 C Ly, for k > 1. We
shall assume that the poles have an asymptotic distribution v with support
in C\ [-1,1], so that

(1.10) Jim log [y (2)|/* = /log -2/t dv(t),

uniformly for z € [—1,1]. An alternative formulation is that the pole count-
ing measures

n—1
1
(111) Vp = E 500 + Z 601‘7' 3

converge weakly to v as n — oo. Here d, denotes a point mass at . The
uniform convergence in (1.10) follows simply from weak convergence because
of the fact that the poles are a distance at least n from [—1,1].

We define orthogonal rational functions ¢g, ¢, ¢, ... corresponding to
the measure p, such that ¢, € L;\Lx—1, and

1
(1.12) /le Pr dpp = 6.
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These may be generated by applying the Gram-Schmidt process to {:rk /7K () }zozo.
We also define the corresponding rational kernel functions

(1.13) CTRER) Zsoj

The normalized form is

K2 (dp,z,y) = i ()2 i (9)V2 KL (dp, 2, y)

and when clear from the context, we shall just write K7 (x,y) and K" (z,y).
Observe that for R € L£,,_1,

1
R(z) = / R() KT (dps,z,t) dyu (£)

-1
This and Cauchy-Schwarz’ inequality, easily yield an extremal property for
the rational Christoffel functions

(1.14) A (dpyx) = 1/K], (dp, x, x) Z {(pj

analogous to (1.4), namely
1 2
. .1;1 ‘R| dp
mt =z
rebos |R (@)

We shall often use the abbreviation A], (z), when it is clear that the measure
involved is p.
Our main result deals with asymptotics of rational Christoffel functions:

(1.15) A (dp, ) =

Theorem 1.1
Let p be a regular measure on [—1,1]. Let I be an open subinterval of
(—1,1) in which p is absolutely continuous. Assume that p' is positive and
continuous at a given x € I. Assume that the poles {a;} satisfy the distance
restriction (1.8) and have the asymptotic distribution specified by (1.10). Let
r > 0. Then uniformly for s € [—r,r],

} dv(t).

(1.16) lim nAj, (az—i— ) = (z)7V1— x2//Re{

n—oo
Here the branch of the square root is chosen so that Vt2 —1 > 0 for t €
(1,00). If 1 is positive and continuous in I, then this last limit also holds
uniformly for x in compact subsets of I.

Remarks
(a) Observe that if all poles are at oo, then | Re {%ﬁ;l} dv(t) = 1, and the

theorem reduces to the familiar limit (1.6) for Christoffel functions associ-
ated with polynomials.

(b) Up to now this theorem has been known only when ' is a Chebyshev
weight such as in Theorem 3.1 below, but under additional restrictions on the
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poles. Our proof heavily relies on a classical explicit formula for Christoffel
functions for Szeg6-Bernstein weights, and a comparison technique essen-
tially due to Totik.

As a consequence, we can prove universality limits for rational reproduc-
ing kernels. In its formulation, we use the notation

etarg(z) — ~ z #0.

K

Theorem 1.2

Assume the hypotheses of Theorem 1.1 in the stronger form that p' is positive
and continuous in I. Then for x € I and uniformly for a,b in compact
subsets of the real line,

b
i K;; (ZC + Kr( )’ T+ RIL(JJ#C)) ei [arg(wn,1(ac—f—%))—arg(nn,l(x-i-m))]
i Ky (5,2)
sinm (a — b)
7 (a—0)

(1.17)

This paper is organized as follows. We present three elementary lemmas in
Section 2. These are used to relate properties of orthogonal rational func-
tions to orthogonal polynomials, and to extend to rational functions, some
well known estimates for polynomials. In Section 3, we establish asymptotics
of rational Christoffel functions for the Chebyshev weight of the second kind.
In Section 4, we prove Theorem 1.1, and in Section 5, we prove Theorem
1.2.

2. THREE ELEMENTARY LEMMAS

In this section, we establish three elementary lemmas, which in some way
relate properties of orthogonal rational functions to analogous properties for
polynomials. The first lemma of this section relates rational and polynomial
reproducing kernels. In its formulation, we let

(2.1) dpi, (8) = dp (t) / |1 (1)
and {pn ;} >0 denote the corresponding orthonormal polynomials, so that

/pn,jpn,kd,un = 0jk-
We also let

n (A, ,t) = pr ) Pnj (t),

and

(2.2) Ko (dy, z,t) = g1, ()" i, (0)'? Koy (dpty, 1)
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Recall that K is given by (1.13).

Lemma 2.1

(2.3) K (2.8) = Ko (dpt2,8) / (701 (@) Tt (8)) -
In particular, for real x,

(2.4) A (@) = A (dppy, @) [y ()2
Proof

Recall our notation (1.12). For j > 0, write

55 ()

i ()

P (z) =
where s; € P;. Let
U, (z,t) = mp_1 () Tt (O K] (2, 1) .

Then we see that for fixed complex z,

n—1————
sj (%) \ 85 (t) mn—1(¢)
U, (z,t) = Tp_1 ()
jgo <7T] ( ))

(@ mj (t)

is a polynomial of degree < n — 1 in ¢t. The reproducing kernel relation for
K] gives, for polynomials P of degree <n — 1,

P@ [ ) PO
S - K e
1

Tn—1 (T Tn—1 (t)
_ w/qzn (2.) P () dp, (1)
That is,
P2) = / U, () P (8) dp, (1),
Since also
P @)= [ K duys.0) P (6)diy (0,

we obtain for all such P,

0= [ P00 (00) ~ Ko (dpys . 0) i (0).
Let
P (t) =V, (l‘,t) - Ky (dy'mj?t) y

a polynomial of degree < n—1 in ¢t. Since K, (du,,, z,t) has real coefficients
in x,t, we also have for real ¢,

P(t) =¥, (x,t) — Ky (du,,x,t).
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Thus,
0= [ 180 () = Ko (@t ,) i (),
so for real t,
Ky, (dp,,x,t) =V, (x,t) = mp1 (z) mp—1 (t) K, (x,t) .
This extends to complex t, as both sides are polynomials in z,¢. B

Our next lemma shows that a relationship similar to (1.1), holds for ra-
tional functions with poles in the {ay} .

Lemma 2.2
Assume that the poles {oj} have asymptotic distribution v, as in (1.10).
Assume that the measure p is reqular on [—1,1]. Then

1/n
R|?
(2.5) lim | sup I8l 1y IHL‘”[QL” —1
n— | ReL,_1 f—l ’R‘ d,U,

Proof
Each R € £,,— has the form R (z) = P (x) /mp—1 (z). Let

gn (2) = 1/ |mp1 (@)
By our hypothesis (1.10), we have

MH%A@U”:mm<—%/bgH—xﬁMV@0::g@%

n—o0

uniformly for « € [—1, 1]. Here g is positive and continuous on [—1,1]. Then

1/n 1/n
, IRIZ (1. . 1P2gnll o1
lim Sup  —g—— 5 = lim sup T 5 =1,
ReLn 1 [~ |R["dp n= | peP, 1 [, |P|” gndp

by a result of Stahl and Totik [17, Thm. 3.2.3 (vi), p. 68]. B

n—oo

Our final lemma shows that we can construct rational functions with any
given poles a distance at least n from [—1, 1], that decay as we recede from
a given point = € [—1,1] :

Lemma 2.3

Let n € (0,1) and A, = {z: dist (2,[—1,1]) > n}. There exists T > 0 with
the following property: given any x € [—1,1] and any 3 points o, 3, A € A,
there exists a rational function R € L3 (c, B,A) such that R(z) =1 and

(2.6) ROP<1—7(t—x)?, te[-1,1].

Remark
We emphasize that 7 is independent of z and «, 8, A, depending only on 7.
R will have numerator and denominator degree at most 2.
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Proof

Choose 1; € (0,1) so small that if z € A,,

(2.7) lz| > my;
t

(2.8) ‘1— > ny forte[-1,1];
z

We shall consider three configurations of poles:

(I) At least one pole « satisfies |a| < 4 and [Im | > 13 /4.
If none of the given three poles satisfies this, then either
(IT) At least two of the poles « satisfy |a| > 4.

or

(ITI) Two poles « satisfy both |a| <4 and |Ima| < 73/4.
We turn to

Case (I)

Let a have the specified property, and

R(t):;<1+t_a $_5‘>.

t—a' rv—«

Clearly R(z) = 1, R is a rational function of denominator degree 1, with
pole at «, and straightforward calculations show that

]R(t)\2:;<1+Re <i:gi:i)>

T (R ().

and hence

_ (Ima)? (z —t)?
(z —a) (t —a)”
(n5/16) (t — )*

> 52 ;

for t € [—1,1], and by our assumptions on |a| and |Im «|, namely |af < 4
and |Im o] > 73 /4. Thus for ¢t € [-1,1],

6
M 2

2. HF<1- - (t—a)”.
(2.9 ROP <1- (12
Case II
Here we choose «, 8 with ||, |3] > 4, and let

PRI
(2.10) R(t)=1—p— =%

(1—t/a)(1—t/B)

where
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, PAl-o' (t —x)*
()] g a g (p(lt/a)(lt/ﬁ)>’

1—|R (1)
p(t—x)?

T —t/a)(1—t/B)P <2Re ((1—t/a) (1=1/B)) = p(t— x)2) ,

(2.11)

Here

Re ((1—t/a) (1 -t/B))

(1Yo (L
= 1 tR( +B>+tR<a>
1 1 1 1
> 1—-_-_ ~ >z
- 4 4 16 — 4
LR
p(t—x)* 1
SRS <2 4”>
()
16 (5/4)* 4

recall p = . Thus for t € [-1,1],

1
2.12 RA)P<1— —(t—a).
(212) RO <1102 (- 2)
Case II1
Here we again choose R by (2.10), but with
(2.13) p = +n7/32,

and with «a, 8 having the properties specified in Case III. The sign of p is
chosen to be the same as the sign of Re ((1 —t/a&) (1 —¢/3)), which we shall
show is constant in [—1,1]. Indeed, for t € [-1,1],

_ Imal n3/4
Im (1 —t/a) = [t| —5 < “5= =m/4,
|al m

by (2.7). Then inasmuch as |1 —t/a&| > n,, we have

[Re (1 —t/a)| =ny —ny /4 >n1/2,
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with similar inequalities for . Then
[Re (1 —t/a@) (1—t/B))]
= |Re(1—t/@)Re(1—t/8) —Im(1 —t/a)Im (1 —t/B)]
> (11/2)" — (m/4)" = ni/8.
Inasmuch as Re ((1 — ¢/a@) (1 —t/B)) is continuous, it will have a constant
sign for t in [—1,1], and it is that that we choose as the sign of p. Then
(2.11) gives
1—|R (1)
o] (t — z)”
(L —t/a) (1 —t/B)
ol (t—2)* 1 2
———— (m/8) == (t—2)",
TESTR T

recall (2.13) and (2.7). Considering this, (2.9), and (2.12), in the statement
of the lemma, we can choose

T = min Lff iiﬁ
4007 256 (1 4 n)* |

(mi/4—41pl)

3. CHRISTOFFEL FUNCTIONS FOR CHEBYSHEV WEIGHTS
In this section, we state a special case of Theorem 1.1 for the Chebyshev

weight of the second kind:

Theorem 3.1
Assume that p is the Chebyshev measure of the second kind, so that

(3.1) W(z)=vV1—-2%2 ze€(-1,1).

Assume that the sequence of poles A = {au, aa,...} satisfies the hypotheses
of Theorem 1.1. Then uniformly for x in compact subsets of (—1,1),

(3.2)  lim nN (2) = & (2) 7v/1 = x2//Re{ vit-1 } du(t).

n—oo t—x

We note that with purely notational adjustments to the proof, we can
allow varying poles in Theorem 3.1. That is, we can consider at the nth

stage poles {a, }?:_11 in A,. We would need to assume that

1 n—1
n 0o0 + Z Ocr
7j=1
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converges weakly to v as n — co. However, we cannot prove such an exten-
sion in Theorem 1.1 because of the difficulty of establishing (4.1) below for
varying weights.

We shall use a classical representation for the Christoffel function for
Bernstein-Szegd weights:

Lemma 3.2

Let
1— 2
dp ()= 7T gt e (-1,1),
[Tn—1 (¢)]

where T, is given by (1.9). Let x = cos@, where 0 € [0, 7]. Then

AL (A, @) o, () V1 — 22

1
(3.3) = n— =4I, (0)+ ———sin((2n — 1) 0 + 2T, (7)),
2 2v1 — 2
where
V1—22 log gn ( dt
(3.4) T, (0) = YT py / %89 Vit
t—x J1-1¢2
and
1 Vg () vV1—12
(3.5) I (0) = —PV/ 9n (1) dt,
27 1gn(t) t—=
and PV stands for Cauchy Principal Value Integral, while
11—
(3.6) gu(8) = ———.
T ()]
Proof

This is the special case of Theorem B.4(b) in [10, p. 440], where S (t) =
|mn_1 (t)]?, and ¢ = n — 1. There T, () is denoted I (f;6), with

;2 2

sin“ 6 1—2

f(0) = = = gn (2) -
Tt (03O ras @ "
The representations (3.4) and (3.5) for I';, and I, are given in Lemma B.5
of [10, pp.440-441]. W
We can now deduce:

Lemma 3.3

Assume the hypotheses of Lemma 3.2. Let v, denote the pole counting mea-
sure as in (1.11). Let [a,b] C (—1,1). Then uniformly for = in |a,b], as
n — oo,

(3.1) TN (i) 5, 2) V=2 = Re{ Vf_;l}dun 0+0(1).
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Remark

We note that this lemma does not require the poles to be a fixed distance
away from [—1, 1], nor does it require weak convergence of {v,}. Moreover,
the order term does not depend on the particular choice of {7, }. It depends
only on the size of \/1177

Proof

We first recall some standard integrals [15, Example 1.3.5, pp.45-46 and p.
225]:

1 | d
(3.8) ~PV i

——==0, z€ (—-1,1);
7T _18—T+1—g2 v ( )

(3.9) 1/1 1 ds 1
' ) 185—u+1—3s2 Vuz =1

From these, we readily derive (by writing v/1 — s2 = M, etc.)

ue C\[-1,1].

V1-s2
1 V1 —s2
(3.10) PV/ Y T s = —a, z € (—1,1);
T 1 S—=x

(3.11) 1/1 17_(92ds:\/u2—1—u,u€(:\[—1,1].
TJ-1

S—Uu

Then we see that for z € (—1,1) and v € C\ [-1, 1],

1 L1 V1—s2
PV/ YT s
™ 1U—8 S—x

1|1 P V1—s? 1 V1 —s2
= [/ Sds+PV/ Sds]

U—T |7 )1 u—S T 1 S—x
Vu?z -1

3.12 = 1- :
(3.12) -

We now apply this to evaluate 1+ 2T, (6). Observe that g,, of (3.6) satisfies

n—1

log gn (t) =log (1 — t2) -2 Z log
j=1

t
1— —
Qj

i

SO

n—1
g () —2t { 1 }
Ind — 2423 Re .
gn(t)  1—1¢2 = aj —t
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Thus, recalling (3.5),

1
1+—F;(0)
1 V1 — 2
- b 2
2nm V/ 1—t2+ ZRe{aj—t} t—z dt

1 2 -1
= — R dvy (1),
n+/ e{ t—w}y()

where we have used (3.12) and (3.8), and the fact that v, has a point mass
of size 1 at infinity. We now substitute this into (3.3), and observe that the

remaining terms are O <1 /V1— :c2>, independently of n and the choice of
{mn}. W

We can now give the

Proof of Theorem 3.1
By hypothesis, v, converges weakly to v as n — oco. Moreover, the function

V-1
Re Y=

x € [—1,1]. Thus for fixed z € (—1,1),

. t2—
71151;0 Re{ — } /R { P }du(t).

The previous lemma now gives pointwise convergence of the Christoffel func-
tions. Indeed, we have shown

%A# (dpt; ) vl—w2 / {

|7Tn 1

is uniformly continuous for ¢ in A,, including at oo, and for

}du(t) +o(1),
which in view of Lemma 2.1 can be restated as

(313) TN (@) () VT a2 = / {

To prove the uniform convergence for z in a compact subset of (—1,1), we
use the just stated uniform continuity of Re{ Y fi;l } Let € > 0. Then we

can find L > 1 and {xj}le, such that for all z € [—1,1],

e

}dy() o(1).

min sup
1<5<L te A,
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Note that L and {z;} are independent of n. Then for all z € [-1,1], and
appropriate 1 < j < L,

/Re{ tti;l}dun(t)—/Re{ tti;l}du(t)
) o]
x —
2 -1 t2—1
+ /Re{ — }dun(t)—/Re{ — }du(t)
/Re{ tti;jl}dun (t)—/Re{ tti;jl}dy(t) .

The right-hand side is independent of x € [—1,1], and approaches 2¢ as
n — o0o. This easily yields the stated uniform convergence. Of course the
1/v/1 — 22 term implicit in the order term in (3.7) prevents proving uniform
convergence throughout [—1,1]. W

(dvy (t) +dv (1))

< 2+ max
1<5<L

4. PROOF OoF THEOREM 1.1

We first prove a comparison result for Christoffel functions:

Lemma 4.1

Let p,w be regular measures on [—1,1], and J = [a,b] be a subinterval of
(=1,1) such that for some positive constant ¢, p = cw in J. Assume that
the sequence of poles A = {1, aq,...} satisfies the hypotheses of Theorem
1.1. Assume that for x € (a,b),

Ar(d
(4.1) lim | limsup M ~1|) =o.
e—0+ n—00 nxtlen] (d,u, ZC)
Then for x € (a,b),
(4.2) lim A (dw, ) =c.

noo N, (dp, @)

If (4.1) holds uniformly in (a,b), then (4.2) holds uniformly for x in compact
subsets of (a,b).

Proof

Let € > 0 and = € (a,b). By hypothesis, there exists n > 0 such that all our
poles lie in the set A, of Lemma 2.3. Let 7 be the number from that lemma.
From the [en] poles ay,_[cn], p—fen]+15 -+ @n—1, We can construct at least
[[en] /3] rational functions with denominator degree at most 2 and with the
properties specified in the Lemma 2.3. By multiplying these together, we
obtain a rational function Sj.,,) € Ly {an_[en},an_[m]ﬂ, ...,an,l}, such
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n|/3
2)[[5 1/17t€[_1’1]'

[Sien (0] < (1 —r(t—2)

Then there exists x € (0,1), depending only on the distance from z to
[—1,1]\ (a,b), such that for t € [-1,1]\J,

|S[€n} (t)} < K"

(In addition, if we restrict = to a compact subinterval of (a, b), then we may
choose k independent of x.) Then with £,,_1 = £,_1 {a1, a2, ...,an—1}, and

'Cn—[sn}—l = [’n—[en}—l {ala a2, ..., an—[en]—l} )
2
o B e
rétos R (@)
1B |Spen|” deo

Ri€L, _[en)—1 |R1 ’2 ‘S[an] ‘2

d R
< g fJ|Rl| M+ o | 1HLOO 11] / _
R1€Ly[ep)—1 |R1 (x )| |Ry (x 1 1]\J

Here we have used the hypothesis that 4 = cw in J. Now because of the
regularity of the measure p, Lemma 2.2 gives

IRi2 1y < (1+o0(1)"En! / Ri? du,

where the o (1) term is independent of Ry, and decays to 0 as n — oco. Thus

X, (dw,z) =

IN

A (dw,z) < e+ s (140(1)" ]Rlegnf <1R1( )2 )

= [e+r"(1+0(1)"] A en) (dis @) .
Inasmuch as k < 1, this gives

T
(4.3) lim sup M <ec.
n—00 Anf[sn] (dp, )
Note that if we restrict « to a compact subinterval of (a,b), then this holds
uniformly for x in that compact subinterval, since x and the o (1) term are
independent of x. The other direction is similar. Using the regularity of w,
we obtain as above

1 o n J 1B deo
n+[en} (d,Uw ) < [C 1 + K2 (1 + 0(1)) ] Rlélll:i—l <|R11(5L’)‘2>
= [+ &1+ 0(1)"] A (dw, ),

and so 5 (d )
W, T
i n+[en) <L
A TN o) =€
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This, (4.3), and our hypothesis (4.1), easily yield the result. B
Now we deduce:

Theorem 4.2

Let p and w be regular measures on [—1,1]. Let I be an open subinterval
of (—1,1) in which w is absolutely continuous with respect to p. Assume
that x € I is such that the Radon-Nikodym derivative Z—z 15 positive and
continuous at x. Assume, moreover, that (4.1) holds uniformly in some
neighborhood of x. Let r > 0. Then uniformly for s € [—r,r],

Ar (dw, 2
(4.4) fi 2 (o2t n) do
n—oo \© (d,u, T+ %) du
If ‘é—;‘j is positive and continuous in I and (4.1) holds uniformly in I, then

this last limit is also uniform for x in any compact subset of I.
Proof

Let € > 0 and p
A= ﬁ () +e.
Choose an interval J C I containing z in its interior, such that
d
<A ted
dp

Let wy be the measure such that dw; = dw in [—1,1]\J, and dw; = A dp in
J. Then in [-1,1],
dw < dwq
so for all ¢,
(4.5) A (dw, t) < A7 (dwi,t) .

Next, wy is regular on [—1, 1] by a localization Theorem of Stahl and Totik
[17, Thm. 5.3.3, p. 148]. Indeed, w; is regular when restricted to J (where it
is a positive multiple of a regular measure) and is the restiction of a regular
measure in [—1, 1] \J, so is regular. Thus w; and p are regular, and dw; = A
dp in J, so Lemma 4.1 gives uniformly for s € [—r,7],

AL (dwy, T+ £)
lim
Combining this and (4.5) gives, uniformly for s € [—r, 7],
A (dw,z+ 2 d
limsupf(w—x;‘) <A= ad () +e.
Here the left-hand side is independent of ¢, and ¢ is arbitrary, so uniformly
for s € [—r, 7],

= A.

N (dw,z+ 2
(4.6) lim supw < du
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In exactly the same way, given ¢ € (O, ‘é—;“: (:c)), we can let B = z—l‘j (z) — ¢,

and choose an interval J containing x in its interior, such that

dw

—(t) > B, te J

g 2B te
Let wy be the measure such that dws = dw in [—1,1]\J, and dws = B du
in J. Then in [-1,1],

dwsy > dw
SO
(4.7) Ar (dwa, ) > A7 (dw, ) .
But w2 and p are regular, and dwes = B dp in J, so Lemma 4.1 gives

uniformly for s € [-r, 7],
A7 (dwa, @ + 2)

lim = B.
w50 N, (dp, o+ )
Combining this and (4.7) gives
N (dw,z + £
it 0 (T R) e
n—co A (dp,z + 2) dp

Here the left-hand side is independent of ¢, and ¢ is arbitrary, so

A (dw, z + 2 d
lim inf Z(—’;) > (x).
n—co X' (dp,xz+2) ~ du
Together with (4.6), this gives the result at . The uniformity in x follows
easily with simple adjustments, when Z—;‘j is positive and continuous in /. W

We can now turn to the

Proof of Theorem 1.1
We swap the roles of y and w in Theorem 4.2. Let w denote the Chebyshev
measure of the second kind on [—1, 1], so that w is absolutely continuous,

and
() =V1—-22 2z e (-1,1).

Let 7 > 0. It follows from Theorem 3.1 that uniformly for x in compact
subsets of (—1,1) and s € [-r, 7],

(4.8)  lim n\] (dw,x + %) = 7w (x) V1 - xz//Re { ti;l } dv(t).

n—oo t

Moreover, w will satisfy (4.1) with w replacing p. Our given measure p will
have Radon-Nikodym derivative
Uy — pir)  p(x)
dw Ww(x) V11— 22
that exists a.e. in I. We now just apply Theorem 4.2 and (4.8) to deduce
the result. B
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5. UNIVERSALITY LIMITS

We shall base our universality result on one from [11], but first need some
concepts from potential theory for external fields [15]. Let 3 be a closed set
on the real line, and

W (z) = exp (=Q (x))

be a continuous function on X. If ¥ is unbounded, we assume that

lim W (x)|z| =0.

|z|—o00,z€X

Associated with 3 and @, we may consider the extremal problem

1nf<//log dw()dw +2/de>

where the inf is taken over all p081t1ve Borel measures w with support in X
and w (X) = 1. The inf is attained by a unique equilibrium measure wq,
characterized by the following conditions: let

Ve (2) = [ log —
denote the potential for wg. Then

Vee + @ > Fw onX;
V¥e +Q = Fy insupp wg].

|dWQ()

Here the number Fyy is a constant. Usually wg is denoted by py, vw, pg,
or vg, but we use a different symbol to avoid confusion with our measures of
orthogonality p and {pu,, }, and the measure v that describes our distribution
of poles. Following is one of the main results from [11]. We emphasize that

the measures {u#} in its statement are not initially the same as {p,} in

(2.1).

Lemma 5.1

For n>1, let ,u# be a positive Borel measure on the real line, with at least
the first 2n + 1 power moments finite. Let I be a compact interval in which
each ,u# is absolutely continuous. Assume moreover that in I,

(5.1) dpf () = b (z) W3 () da,
where
(5.2) W, =e 9n

is continuous on I, and h is a bounded positive continuous function on I.
Let wg,, denote the equilibrium measure for the restriction of Wy, to I. Let
J be a compact subinterval of 1°. Assume that

o0
(a) {WIQH} ) are positive and uniformly bounded in some open interval
n=

containing J;
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(b) {Q),}o2, are equicontinuous and uniformly bounded in some open inter-

val containing J,;
(¢) For some C1,Cy > 0, and for n > 1 and & € I, the Christoffel functions

An (du#, > satisfy
(5.3) Cr < A" (dpif €) W2 () fn < Co

(d) Uniformly for £ € J and a in compact subsets of the real line,

) e
(5.4) nlggo " (dﬁ,g) W (€ 1 1) =1

Then uniformly for £ € J, and a,b in compact subsets of the real line, we
have

Ky | dpif 6 + =%, £+ =2
55 lim < Ko (dni £) Ko (dpf .6) _ sinm(a—b)

ne R (i 6,€) D

Proof
See Theorem 1.2 in [11, p. 748]. A
We now let

(5.6) dp, (8) = dp (t) / [mp—1 ()]

and as in Section 2, let K, (du,,,x,t) denote the corresponding reproducing
kernel, with normalized cousin

(5.7) Ko (dy, 2,t) = g1, ()" i, (8)1? Ko (dpty, 1)
In order to apply Lemma 5.1, we choose
1
(5.8) W (z) = e @) = ,xel-1,1],
1 ()"
so that

() 11 | ()| 1 11 1 T
Q r)= —log|mTp—1(T)| = — E o - —
n n g | Tn—1 nj . g i

We shall need the equilibrium density for this external field. It is known [7],
but we provide a proof, as there are additional restrictions there.

Lemma 5.2
The equilibrium measure p,, for the external field @, on [—1,1], is given by

, 1 V1
(5.9) Pn (a:):m/Re{_}dun(t),xe(—l,l),



20 KARL DECKERS AND DORON S. LUBINSKY

Proof
Define p), by (5.9). We have to prove that there is a constant C' such that
for y € [-1,1],

1
1
log ———pl, (z) dz + Qp =C,
/1 8y —al” () (v)

for this property characterizes the equilibrium density [15]. It suffices, in
turn, to establish the differentiated form of this, namely

1

1

—PV/ ——pl, (z)dz + Q) (y) = 0,
1Yy —x

y € (—1,1), where PV denotes Cauchy principal value. Integration of this

latter relation, with the appropriate justification [15], then yields what we
need. Since

d 1/n
Q; = —log |mp_ g Re < )
(y) Iy g | 1( Ty

while p/, is also a sum, we see that it actually sufﬁces to prove for a ¢ [—1, 1],
(allowing v = 00) that

(5.10) —PV/_ll yipa( )d:c—Re(

1
:07 Yy e (_171 )
y) )

aj—

where
1 a?—1
/
= ———Red —— .
When a = oo, then pl, (z) =1/ <7r\/1 - :L'2>, and this last relation follows

from (3.8). Suppose now that « is finite. We see that

L
PV/ ol (x) dz

1y—x

1 1 dx
= a? — PV
Re{ v [ et

: {E o] )

21 1 1
= Re{ a [0 — ]}:—Re{ },
a—y a?—1 a—y

by (3.8) and (3.9). So we have (5.10). B

The proof of Theorem 1.2

In the sequel, we let I be a closed subinterval of (—1,1) in which u is ab-
solutely continuous, and in which ' is positive and continuous. There is a
slight notational conflict with the statement of Theorem 1.2 where I is open,
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but we can just take the I here to be a compact subinterval of the I there.
Let us recall that we defined pu,, by (5.6). We choose W,, (x), x € [—1,1] by
(5.8). We let wg, denote the equilibrium measure for W,, restricted to I.
The reason we work on the interval I, rather than [—1,1], is that we need
the bound (5.3) on the Christoffel functions to hold uniformly on I, and we
don’t have that bound throughout [—1,1]. This complicates issues, as we
have a simple formula for the the equilibrium measure for W,, on [—1, 1],
but not such a simple one on I.

Let p,, denote the equilibrium measure for W, on [—1, 1], as in the lemma
above. It is also known that we can then obtain a representation for wq,, via
balayage of pp|(_117\; onto I [15, Thm. IV.1.6(e), p. 196]. Thus if I = [a, b],
a representation for the balayage measure [15, Corollary 11.4.12, p. 122]
gives
(5.11)

1/ VE=a) -
110\ |z —t|/(z —a) (b— )
In order to apply Lemma 5.1, we choose

ho) = (x), v €l

™

and d,u?‘ié of Lemma 5.1, by

i (8) = h (W2 (t)dt = ——/ (t)dt, t € 1.
[Tn—1 ()]

We define h = 1 and dufl (£) = du (t) / |7n_1 (t))? in [—1,1]\I. Thus, with
u,, defined by (5.6),

i = pie

We can now show that under our hypotheses on the poles, all the hypotheses
of Lemma 5.1 are satisfied. o
(a) Let J be a compact subinterval of 7°. We must show that {w'Qn}

n=1
are positive and uniformly bounded for ¢ in some open interval containing

J. As all {v,} have support in A,, some 1 > 0, Re{ Y tLl} is uniformly

t—x

o0
bounded for z € [—1,1], and |t| < 2 with ¢t € |J supp|vy]. For z € [-1,1],
n=1

and |t| > 2, we have the trivial bound

V2 —1 2|t
< =4.
t—ax |7 |t]/2
It follows that p/, of (5.9) admits the bound
C
, €T < B € E _17 1 )
pl () < g, € (-1,1)
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where C'is independent of n and z. This and (5.11) easily yield the uniform
boundedness {w’Qn (x)} in a suitable open interval containing J.

n
(b) We see that

On (2) = /1og\1 — a/t|dvy (1)

Q’n(:c)——/Re{t_lx}dun(t).
etz
ly — =

1
- (< .
v x'/!t—fﬂllt—yl v (1) < n?

Thus {Q/,} even satisfy a uniform Lipschitz condition in [—1, 1], so are cer-
tainly equicontinuous on an open interval containing J.
(c) Lemma 2.1 gives

SO

Then

Q
S
|
Q
Q
&
A

dvy, (1)

n

IN

At (g, ) = A (2) ™ o ()

Thus, with our choice (5.8) and as ,u# = lbys

Nt (duaff @) W2 (@) = A (2)7 /.

We can now apply the uniform convergence in (1.16) in Theorem 1.1, for x
\/t2—1}

t—x

in an open interval containing I, to obtain (5.3). Note that Re{

is bounded above and below by positive constants for = € [—1,1] and
o0

te nL:Jlsupp[Vn}. One way to prove this is to note that m/lliﬂ Re{ Vttigl}

is the Poisson kernel for the exterior of [—1, 1] and hence has to be bounded

above and below by positive constants for ¢ in each compact subset of

C\ [~1,1], and for x € [-1,1].

(d) This also follows from the previous considerations and Theorem 1.1.

Then, by Lemma 5.1, we have

% a b
lim Kn (d,un,§ i Kn(d”n7£7§)7£ + Kn(dumé,&)) _ sinw(a —b)

ne0 Ko (dpiy, €, €) m(a—1b)
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uniformly for a,b in compact subsets of the real line. Using Lemma 2.1, we
can recast this as

b

K7 (64 mien € mten) ™ (F manes) ™1 (6 maen

)

"h_’IgO K7 (£,6) ‘ﬂ'n_l (§ + %) Tp—1 (f + —

K’n(dl"’n7£7£

b

Kn(dpn,&:€)

a b
Ko (d""’g t Rt T Kn<dum£,5)> 1 ()]

)

lim
n—00 K (dpy, €, €)

b

e K’n (dluna 57 f) Q0 ((l - b) ’

uniformly for a, b in compact subsets of the real line. Here we have used the
continuity of y/ at . The limit above is easily reformulated as (1.17).H

(1]
2]
8]
(4]
(5]

(6]

(7]
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