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Let {/\j};‘;l be a sequence of distinct positive numbers. We analyze the
orthogonal Dirichlet polynomials {¢n, 7} formed from linear combinations of
{)\;”}::1, associated with constant (or Legendre) weight on [—7,T]. Thus

T R
% /;T wTL*T (t) wm,T (t)dt = 5mn

Moreover, we analyze how these polynomials behave as T varies.

1. Introduction
Throughout, let
(1) {A; };)il be a sequence of distinct positive numbers.

Given m > 1, a Dirichlet polynomial of degree < n [16], [17] associated with this
sequence of exponents has the form

m m

§ :an)\;zt — § :ane—z(logkn)i&7
n=1 n=1

where {a,} C C. We denote the set of all such polynomials by L,,.
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The traditional orthogonal Dirichlet polynomials are just the “monomials”
{\, ’t} themselves. Indeed, in the theory of almost-periodic functions [1], [2], heavy
use is made of orthogonality in the mean:

lim — A ‘t/\ it =
Toeo T / gk-
In the hope that a more standard orthogonality relation might have some advan-
tages, the author [6], investigated Dirichlet orthogonal polynomials associated with
the arctangent density. Thus ¢,, € £,, has positive leading coeflicient, and

/ (b” qu )mzémnu m,n > 1.

These Dirichlet orthogonal polynomials admit a very simple explicit expression, at
least when 0 < Ay < Ap < --- : forn > 2,

1—it 1—it
)‘n - )‘nfl

VAR — A

These orthonormal polynomials have been applied in several questions by Weber
and Dimitrov as well as the author [4], [7], [15], [17], [18], [19]. In a subsequent
paper [8], the author considered orthogonal Dirichlet polynomials for the Laguerre
weight, though it turned out that much of the material there was already subsumed
by Miintz orthogonal polynomials [3]. Miintz orthogonal polynomials have also
been a topic investigated by Gradimir Milovanovic [10], [11], [12], to whom this
paper is dedicated.

®n (t) =

Very recently [9], we investigated Dirichlet orthogonal polynomials for ratio-
nal weights
L

m:m(1+(b t))

and appropriately chosen {c;}. Here L > 1, and 1 = b; < by < --- < b,. We ob-
tained a simple explicit determinantal expression for the orthonormal polynomials,
but could only resolve positivity of the weight for the case L = 2.

In this paper, we let 7" > 0, and consider ¢, r € L,, with positive leading
coefficient v, r, such that

(2) (s brz) / oz (8) Bt ()t = S

We are especially interested in how 1, 7 behaves as T' varies, and in particular how
it behaves as T — oo. Next, define the nth reproducing kernel

(3) sz ) ;.1 (v).
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In the sequel, we also use

sinu
S(u) = P
From the simple relation
. . 1 [T »
(4) AT = 5 [ /M) dt =S (Tlog (3 /M),

and standard determinantal representations for orthonormal functions with respect
to a given inner product, we see that

T vV Anfl,TAn,T
(5)

n
1 S(Tlog A1/X2) S(TlogAi/As)  ++- S(T log A1/ An)
% det S(T log A2 /A1) 1 S(T log A2/A3) T S(T log A2/ An)
S(TlogAn—1/X1)  S(TlogXn—1/X2) S(TlogAn—1/A3) ++ S(Tlogrn—1/An)

so the leading coefficient of ¢, 1 (z) is

o Anfl,T
(6) ’Yn,T - An,T )
where
(7) A, =det[S(Tlog /\j/)\k)hgj’kgn .

It follows easily from the determinantal expression and the fact that
lim, 00 S (z) = 0, that
lim ¢, 1 (z) = A, ™
T—o0
and that i, 7 is an infinitely differentiable function of T
One of the motivations for our study is the celebrated Montgomery-Vaughan

inequality and its ramifications. In one form its asserts that [14, p. 74, Corollary
2], [13, p. 128, Thm. 1]

n

2
T| n
(8) / > aa | dt = (T +27671) > layl,
0 j=1

j=1

where
d =min{|log\; —log \x| : 1 < j,k <n and j # k},
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while |¢] < 1. We hope that a theory of orthogonal Dirichlet polynomials might
contribute to this circle of ideas and to estimates involving Dirichlet polynomials.
We begin with a simple result related to the Montgomery-Vaughan inequality: write
for j>1,T7 >0,

J
9) /\j_Zt = Z er kT ().
k=1
Also write
n .
(10) Un () = drn A"
j=1
Let
cri1 C¢r21 C€r31 " CTnl
0 cT22 C€T32 ' CTn?2
(11) Cron = 0 0 cr33 't CTn3
0 0 0 e CTomn
Theorem 1. (a) For any complex numbers {aj}?zl,
2
(12) — aj)\-_l dt = |\C’T7na||
o J_p | &7

T . . .
where a = [ay ag ...a,]" and the norm is the usual Euclidean norm. In particular,

2
1 T

(13) sup ooz [ 37 aiA ) )Y Jagf* =[Ol
{aj} =T j:] j:].

where the norm is the usual matriz norm induced by the Euclidean norm.
(b) The coefficients {cr i} and {dprn, i} are real.
(c) For j,k > 1,

min{j,k}

(14) Z CT k£CT, 5,0 = S (T log )\g/)\k:) .
=1

Next, we consider ¢, 1
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Theorem 2.

(a)
U1 () = (—ilog An) n,7 ()
1 .
+ 5 (Yo () Kor (67) = Y (D Kono1.1 (4, -T))
= (—ilog A\n) ¥n.r (1)
. n—1
Z —_—
(15) +T Z Yjr (t) Im (1/Jn,T (T) ¥ (T)) .
j=1
(b)
1 T 2 1 & ) |2
ar | [l = o d) 4 5 3 [ (vr (1) 50 (1))
_ =
1 -
(16) = (log \n)* + ZRe (v, 1 ) (T).
Next, we compare the orthonormal polynomials v, r and %, 7 for different
S, T:
Theorem 3. Let S >T.
(a)
1 T Tn,S 2 S Tn,S ?
= — — : < —— | —= .
) A= [ |ens® - 250,00 ar< 5 - (222)
(b)
1/2
Tn,S S
18 2 <=
( ) Yn, T o (T)
(c)
S
(19) K,r(z,z)+ (T — 2) K, s(z,z) > 0.

Finally, we consider the rate of change of several quantities w.r.t. 7"

Theorem 4.

(a)

0 1 1 2 2
(20) ﬁKn,T (Q’J,il') = TKn,T ($,$) - ﬁ <|Kn ({177T)| + |K’ﬂ ((E7 _T)| ) .
()
(21) Ormr) _ Ly ().

oT 2T
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(c)
0 1
(22) T InA,r= -7 (n—K,r(T,T)).
(d) Let cr 1 be the connection coefficient as in (9). Then
0 1
T Tk T ek = [A T (T) + N w1 (T)
1
2 ”7
(23) + ZT/ A wkT( )dt

We prove Theorems 1 and 2 in Section 2, and Theorems 3 and 4 in Section 3.

2. Proof of Theorems 1 and 2

Proof of Theorem 1

(a)
LS| a= o [ S z 2
— ak)\;l dt = — cr k,ij, dt
2T |_p |~ o7 |_p | &=
1 [T i
=57 Z%T ZakCTkj dt
1|
2
n n
=D aker;
=1 |k=j
n 2
(24) =3 |(Craa),| = liCraal.
j=1

(b) First, if j < k,
1 T

1 ity
5T 7T/\.7 i, (—t)dt

T,
= ﬁ[T )\;‘Sd)k,T (S) dS

Y
oT /_T A kT (s)ds = 0.

Also,

Uk, (— ZdiJ
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so is also an orthonormal polynomial (recall the leading coefficient is positive). By
uniqueness,

(25) Y (=) = drr (1),

and hence the {dr ;} are real. Next, by orthogonality,

1

Tk = 5 )\_nlbk 7 (t)dt
1
= A dt
- / Y (1
I
S
1

:ﬁ/ )\lt'l/JkT()dt—CTJk

Thus the {crk ;} are real.
(c) From (4), (24), and (a),

> ;@S (Tlog A/ Ar)

1<j,k<n

n
{=1

2

n
E AKCT k0
k=¢

min{j,k}

= a;ag E CT k,4CT j 0-
1<k,j<n =1

Choosing some a; = 1 and all remaining a’s = 0 gives

J
E 2 _
CT,j,f =1.

{=1

Next choose distinct j, k and a; = a; = 1 with all remaining a’s = 0. Then we

obtain
min{j,k}

95 (Tlog A /) +1 = 2 Z checT,JeJchT,Je

Thus we obtain (14) in full generality. O

Proof of Theorem 2
(a) Write

n—1
U g () = (=ilog An) Ynr (8) + Y Bitbr (1)

Jj=1
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Here, integrating by parts, for j <n —1,

T, —
5= 57 [ v (005 Ot
= o {Vor O T @) —bur (1) T30 -1}

2
| _
o [ o () Dt

= % {%,T (T) Y0 (T) = ¥nr (T)j,r (T)}

= %Im (¢n,T (T) 1 (T)) :

So

Y1 (t) = (—ilog A\n) Y7 (1)
+21T{1m Zwﬂ Yy (8) = Yot (— Zwm TYsr ( )}

= (=ilog An) Yur (1) + oy {%,T (T) K1 (t,T) = ¥n1 (T) Kp1 (8, —T)} :

Also,
o (1) = (—ilog Au) Y r (1 'Zlm (thnr (D) Ty (D)) 5 (1),

(b) The first identity in (16) follows from the second identity in (15). Next, inte-
grating by parts gives

o | Wl
= o | VaFr
@) = {(earTn) (O - (barBon) (D}~ g [ e

Here using (a) twice,
wg,T = - (IOg /\n)2 w",T + P,
where P € L,,_1, so

IR
@7 77 | nriir = = (logA.)”.
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Next,
U () = =iy f; (log Aj) A,
j=1

where all f; are real, so

L (=T) = =i f; (log Aj) NiT

Jj=1

=i) fi(logA) N\ = =), 1 (T).

j=1
Substituting this and (25) into (26), gives

1 T ;2
ﬁ o ’,(/)n,T‘

- % {(%’*Tm) (T) + (Yn,7%n.r) (T)} + (log Ap)?

= 2Re (b1 7) (T) + (log A

3. Proof of Theorems 3 and 4n

Proof of Theorem 3

(a)

1 T In,S ?
A= T . Un.s (t) — P Yn,r (t)] dt

T (s =50 ) (s () — 250 (@) at
oT o n,S ot n,T n,S Vu.T n,T
1 T Tn,S N

o [ (905 0= 22070) (305 @) a
1 T 2 <’YWS>2 S <'Y7IS)2

= s (P de— (S) <2 (dms)
57 | ons 0 ) <g- (2

(b) Then also,
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(c)
1T 2
— K, s(x,t) — Knpr(x,t)]"dt
5T _T\ (2,1) (x,1)]
1 T
(28) =37 | Ens (@O dt = 2K, 5 (2,2) + Ko p (2,2).
-T
Also,
1 (T 9
o |Kn,S ($,t)| dt
2T -T
5o | s 0P Ko a0)
=7 |50 n,S z, Y n,S €,
T 25 S ZS TSMSS
Sk (z, ) |Kn.s (2, 8)] dt
= 7 n,S ) 50 n,S )
|- 25 Jr<p<s

So substituting in (28) above,
0<? 1
T 25 Jr<ji<s
— 2K, s (z,z) + K1 (z,2)
S
— n,T (x,x) + (T — 2) Kn,S (x,x)
1

2T Jr<p<s

Kps(z,x)—

|Kn.s (1) dt}

(29) K5 (,t)] dt.

In particular, (19) follows.

Proof of Theorem 4
(a) Let S > T. Now from (29) above,

Koir (00) = Ko (2.0 2 (1 3 ) Ko (0,2)
1 2
+ — K, s (z,t)|"dt
SO
Kot (z,2) — Ky s (z,2) 1
, , < —
T-85 < s (@)
(30) P N / |Kn.s (1) dt
T oo n,S \<Ly .
T = 52T Jr<p<s
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Next,

1 S
og—/ |Kn.s (z,t) — Kn o (z, 1) dt
2S _S ] E)

S
= Kns(2,2) — 2K, 7 (2,2) + — \Kpp (z,)) dt
25 | ¢

=K, s (z,z) — 2K, r (z,2)

T 1

+ = | Knr (2,2 —l——/ K, r(x,t 2 at
g [fnr et gp | K )

T

=Kys(z,z) + (S - 2) K1 (2, 7) :

+— \Kpr (z,)] dt,
28 Jr<p<s "

SO

N K. ()] dt.
28 Jr<p<s "

Then

S ——— K (2,0 dt.

Together with (30), this establishes

1 1 1
K -9 _ 790
5 n1 (T,2) S—=T28 Jr<jp<s
K’n,S (xvm) —Kn7T (QC,ZL')
S—T

1
(31) < TKHVS (z,x)

\Kr () dt

<

1 1

T K5 (,t)] dt.

Inasmuch as K, 1 (z,2) — Kp s (z,2) — 0 as |S —T| — 0, (indeed, the represen-
tation (5) shows that v, r and hence K, r are infinitely differentiable in T'), this
last inequality yields that

0 1 1 2 2
K (2.0) = ZKn (2,2) = 5= (1K (@.T) + | Ky (2, -T)F)
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(b)
I 2
— n.s (t) — U, ()" dt
= _T\w 5 (0) i (1)
1 2 Tn,S
— n dt —2— 1
= \w SO =27
S 1 2 Tn,S
=—|1-= ns (D) dt | —2—=+1,
T ( 35 Jreiies |V, s (t)] ) Yt
So S 1
Yn,T — Tn,S 2
glml = IS 5y 24— Un.s (B)]? dt.
Vn,T T 2T T§|t\gs| s (0)
Then recalling that ¢, s (—t) = ¥ s (t),
Yn, T _/Yn,S 1 1 1 2
(32) Ti—S* 2T'YnT‘|‘T S%TQT/ [thn,s ()] di.
In the other direction,
QS/ |1/}nS 1pnT()|2dt
1 2
’YnT T 1 2
=1-2"20 o — Y (B dt,
s T5T 23 TS|t|§S| (t)]
SO T )
Tn,S — Tn,T 2
pJmS T g D Yoz (8)[ dt,
s ST Télt\SS| (t)]
and hence

Yn,S — VYn,T Tn,S ’YnS 1 2
: = > .
S—T ~ 28 28 S5— T/ [ionz (I dt

Combined with (32), this gives

Yn,S  Ins 1 2 Yn,8 — Vn,T
, < n, ,
25 25 S— T/ n.r (O dt < =g

Yn,T 1 v 2
< — .
=7 T 5= T2T/ [n,s (1) dt

This gives

8'-}/n,T _ '}/n,T ’YnT
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and hence the result.
(c) Recall that

_ Anfl T
Yn, T An}T )
SO
A 1
Y2, T Tn, T = An,T - An,T
Thus
d 1 —0nyr) =1 2
571 " 72 a7 = 2o gt~ [y (T))
B j=2 Jj=2
= D= A0 e P
8T n,T T = 3,7
=L - Kur 1))
= _T n—~Rnpm ) )
recall that ¥y 7 (z) = A\[™ so |17 (z)| = 1.
(d)
CSA,j,k: — Cr, j,k
1 _ 1 —i
— o [ s o [ T
1 1/1 1
- AT o (D)dt A Mg s (t)dt
55 T<|t‘<s ’ d)kS() + = <S T>/ ¢kS()
+i A [P () = er ) ar
2T i T
SO

€84,k — CT,5,k

S-T

_;i Y o (1)

T S-T28 T<‘t|<SA Vs (8 2ST/ A s (t
i it Vi,s (1) — Vi, (t)

Now let S — T.
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