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ABSTRACT. We study the average growth of pth powers of L, noms on the
unit circle of Erdés-Szekeres polynomials

n

Pn({sj},2) =[] @ —=%)

j=1

where 1 < s1,52,...,8n, < M and M,n — oo. In particular, we show the
average growth is geometric and determine the precise geometric growth. We
also analyze the variance.
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1. INTRODUCTION

In a 1959 paper, Erd6s and Szekeres [12] posed the problem of determining the
behavior, especially as n — oo, of

n

M, = inf M (s1,82, ...y 8n) = inf H(l — 2%7)
81,82,..-,8n>1 81,82,..-,8n>1 1
I= L (J2|=1)

over all n—tuples of positive integers ss, So, ..., s,. The best current upper bound
is the 1996 estimate of Belov and Konyagin [6]

M,, = exp (O ((log n)4)> .
The best lower bound is still that of Erdés and Szekeres:
M, > V2n.

Erdss later conjectured that M, grows faster than any power of n [11]. The
complexity of the problem is perhaps best illustrated by the contrast in the re-
sults of Bourgain and Chang [10]. They proved that there exist {s1, $2,..., 8n} C
{1,2,...,N} with n/N — 1/2 as N — oo such that

M (81,82, ...,8n) < exp (O (\/ﬁ\/@loglogn))

but if 7 > 0 is small enough and n > (1 —7) N, then for all {s1,s2,...,8,} C
{1,2,...,N},
M (81,82, ..., 8n) > exp (Tn).
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There is an extensive literature - see for example, [5], [7], [8], [9], [10], [18], [19].

There is also an extensive literature on the closely related pointwise growth of
n

Sudler products H(l —27), where all s; = j, and also some other special {s;}, are
j=1
considered. See [1], [2], [3], [4], [13], [14], [15], [17], [21].
The primary focus of this paper is the average behavior of L, norms of Erdés-
Szekeres polynomials, motivated by the contrast mentioned above in the results of
Bourgain and Chang. For 0 < p < oo, we set

v, = (5 [ Ipenrw) .

Given s1, So,..., 8, > 1, we set

n ({35}, Hl—z

For M > 1, and p > 0, form the average of the pth powers of the L, norms over all
1<s; <M:

1
(1) A= S Pl
1<51,82,...,8n <M
The corresponding variance is

1/2

12 vm =1 Y {IP s - 4, (0w}

1<s1,82,...,8p <M

The following simple expressions facilitate analysis:

Proposition 1.1

(a)

[NE]

M n
(1.3) A, (M,n) =2"= / ( Z|s1nktp>

V, (M,n)* = (Q"P ) / / (MZ |s1nk3|smkt|)> ds dt — A, (M, n)*.

Perhaps surprisingly, the growth of M relative to n is a factor only when M
grows much faster than n. The formulation of our results is particularly simple for
p=2

Theorem 1.2
Let {Myp},{ni} be sequences of positive integers with limit oo such that for some
p € [1,00],

(1.5) lim Ml/n’“ = p.

k—oo
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(a) Let sg € (ﬂ', %71’) be the unique root of the equation tans = s in the interval

(71', %7‘(’) Then

) .

(1.6) lim Ay (Mg, ng,)/™ = Zmax{l, - <1 - Smso) }
k—oo P S0

(b) If p=1,

(1.7) Jim Vs (M, mp) ™ = V8.

Remarks

(a) If for some L > 0, we have My = O ((nk)L), then p =1, and

lim Ay (M, i)™ =2 {1 - Smso} — 2.434...
k—oo S0
while

lim 15 (Mye, i)™ = /3.

Recalling that we squared the norm before averaging, this indicates the average

Lo norm of these polynomials grows roughly like ( 2 {1 — b”;ﬂ”}) = (1.56...)".
Note that when all s; = j and we take the sup norm, Sudler showed [20] that the

norm grows geometrically, but smaller, namely,
1/n

lim || (1 - 27) =1.219... .
j=1

n— oo
Loo(|2|=1)

(b) It is possible to analyze the variance for p € (1,2), for then the first term
in the right-hand side of (1.4) dominates the second term. However, this is quite
technical, and there are other factors that arise, for example, from the diagonal
s=t,te [0, g] in the first term in (1.4), so is omitted.

The case of general p is more complicated. When n is fixed, however, the situa-

tion is rather simple:

Theorem 1.3
Fix n>1. Then for p > 0,

(1.8) lim A, (M,n) = 2" (2 / ’ (sint)pdt>
™ Jo

M—o00
and
(1.9) A}@OOVP(M,TL) =0.
For general p, we let
(1.10) gp (t) = |sint|]” ,t € [-m, 7).
Its Fourier series has the form
(1.11) gp (t) = %—i—Zazj cos 2jt,

Jj=1
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where
1 s
aj:,/ gp (t) cosjt dt, j > 0.

™ —T
(As g, is even, the sine coefficients are 0, while the identity g, (7 — t) = g, () shows
that the odd order cosine coeflicients agj41 = 0). We also need for k > 1,
sinkjs

ap >
1.12 F = — E k.
( ) k (S) 9 +j:1 a2.7k k]S

Theorem 1.4
Let p> 1. Let {My},{nr} be sequences of positive integers with limit co such that
for some p € [1,00], (1.5) holds.

(a) Then
(1.13) lim A, (Mg, np)™ = 22 max { ~ag, ~ || Fi|
. L Ap ks Mk = a 2@@, P koll Lo [0,00) [ 2
where ko 1s a positive integer such that
1 1
1.14 F = sup || F] > - > —ayp.
(1.14) 1 Exo | . 0,00 zgr;ll il 0,000 2 5 > 500

(b) When p > 4, this simplifies to

. n 1 1
(1.15) leII;oAp (Mk,nk)l/ . _2pmax{2a0,2p}.
(¢c) If p=1 and p > 2, then
(1.16) Hm V, (Mj,ng)"/"™ = 20172,
k—o0
Remarks
From Holder’s inequality, the average without pth powers, namely

. 1
Ap (M,?’L): W Z ||P7l ({Sj}a)Hp
1<s1,82,...,8n, <M
satisfies for p > 1,
Ay (M,n) < A% (M,n) < A, (M,n)"/?,

so under the hypotheses of the above theorem,

k—oo

1/p
, 2 [/ 1
limsup 4, (My, )™ < 2max {F/ |sint|” dt, p ||Fk0Loo[07oo)}
0

where Fj, arises from the {Fj} for p. In the other direction, we have from our
results for A; (M,n),

1 2 7T/2 4
liminf A} (My, 1) /mi > 9 f/ lsint|dt | = —.
k—oo T Jo ™

In particular,
4
liminf A% (M, n;f)l/"’c > —.
k—o0 s
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This paper is organized as follows: we prove Proposition 1.1 and Theorem 1.3
in Section 2. We prove Theorem 1.2(a) and 1.4(a), (b) in Section 3 and Theorems
1.2(b), 1.4(b) in Section 4. We present some further results in Section 5.

2. PROOF OF PROPOSITION 1.1 AND THEOREM 1.3

Proof of Proposition 1.1
(a) We have

1 T ) $.0 p . ) /2 M .
1Pn ({55}, = o H (2 sm% > df =2 p;/O H |sin s;0" db.
™

=1 j=1
So
| M M 9 [T/2 "
Ay (M,n) = — Z Z 2nP— / H |sin s;6|" df
s1=1s5=1 sp=1 ™Jo j=1
) w/2 "
= 2"P— ko|?
71_/ ( Z|sm | >
(b) We have
1
VoOLn? = g 3 Pl - A (Mom)?

1<s1,82,..,8n <M

B (M,n) -4, (Mvn)27

say. Here as above,

2
M w/2 n

M
B, (M,n) = ]\/}" Z . / H |sin s;0|" dO

=1s2=1 sp=1

2 /2 pm/2 1 "
— sinkfsin kol | do df.
V[ <M; ¢>|> 5

w
oy

(2.1) = (2m

3

Proof of Theorem 1.3
Recall that if f :[0,1] — R is continuous, and « is irrational, while {ka} denotes
the fractional part of ka, the theory of uniform distribution [16] gives

L1 G e
Jim g 31 (e = | rwa

Applying this to f (t) = [sin7t|”, we see that for t/x irrational, and hence for a.e.

tel0,m],
sm7r{ } / |sin 7t |? dt.

. 1L , . LM
(2:2) i g D binktl” = fim )
1 M
M Z |sink;t|p S 1.

In addition,
k=1
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Lebesgue’s Dominated Convergence Theorem shows that

n

2 ﬂ'/2
lim A, (M,n)=2""— / </ |sin t|” dt) de.
M — o0 ™

(b) Let B, (M,n) be glven by (2.1). The theory of uniform distribution [16, Chapter
6] shows that for a.e. (6,¢) € [0, g] we have

lim — Z |sin k6 sin kp|”

M—oo M
0
<sin7r{k:} sinﬂ{k¢}
Pt m m
1 1
/ / (|sint| [sin7s|)? ds dt
o Jo
2 (% ’
(/ |sins|pds>
T Jo

- 2n
9 %
lim B, (M,n) = 2*"P (/2 |sin s|? ds) = lim A, (M,n)?,
M —o0 ™ Jo M —o00

so we obtain (1.9). W

y

[l
F
8
2=
M=

Then

3. PROOF OF THEOREMS 1.2(A), 1.4(A) AND 1.4(B)
Let

M
harp (t Z sin kt|? .
k:

Lemma 3.1
Let p> 1.
(a) There exists Cp > 0 such that for M >1 and s,t € R,

|harp () — harp (5)] < CpM [t — s|.
(b) Given e > 0, there exists My and dy such that for M > My and ’t — g’ < d60/M,

‘hMJ, (f) - 1‘ <e.
2
Proof
(a) We use the fact that there exists C}, > 0 such that for u,v € R,
|[sinul” — [sinv]”| < Cp Ju—v].
Then

i b= o)l = Co jpo g M+ 1)
=S £+,

E\Q

|hM,P( ) hM,p S

(b) Now

T 1 1 1
hM»p(§):M P 1:2+O<M>'
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The result then follows from (a). B
We can now prove a preliminary lower bound:
Lemma 3.2

Let p > 0 and {My},{ni} be sequences of positive integers with My — oo as
k — oco. Then

2 (2 1
liminf A4, (Mk,nk.)l/"" > 2P max —/ |sint|? dt, v .
k—oo T Jo 2limsup,,_, ., M, /™
Proof

First, from (1.3) and Hélder’s inequality,

s op? [F
Ay (M )/ > 072 / hoan,p (1) dt.
0

Using Fatou’s Lemma, and uniform distribution as in (2.2),

™

o 3
lim inf A, (Mj, ng)"/™ > 2p7/211minthk7p(t)dt
0

k—oo m k—o0

2 (2 ([
2”7/ / |sin w6|” do | dt
T Jo 0

1
2”/ |sin 6|” d.
0

(3.1)

Next, let ¢ € (0,4). From Lemma 3.1(b), there exists Ky and o such that for
k > KOa

™

E e o1\ b (1 \™
/r 5 hl\fk,p (t) kdt > [( 5 <2 - E) dt = MO (2 - €> s
2 M 2 M

2" M
1/’!7.;c
ng < 2@ p(l_
Ap(Mk,nk) = <7TM> 2 <2 egl.

so that

Letting £ — oo,

.. 1/ng P 1_ iminf ——
11}<:Ig£pr(Mk7nk) 22 <2 E>hkni£fM£/nk'

Here as ¢ > 0 is arbitrary, we obtain

n 1
liminf A4, (Mkmk)l/ k> op~l e
k—o0 limsup,,_, . M,/"™"

Combining this and (3.1) gives the result. B
We now consider the special case p = 2, where there is a simple formula for Ay ;.

Lemma 3.3

(a)
(3.2) hara (t) = % (1 + ﬁ _ W) '
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(b)

1 sin sq
(3.3) lharzlle o5 = 5 (1 — > +o(1),

S0

where sq € (71', %71') is the unique root of the equation tans = s in that interval.
The sup norm of hp 2 is attained at a point of the form ty = 31 (1+0(1)).
Proof

(a) This uses the standard trick from Fourier series:

| M
hago(t) = Wi (1 — cos 2kt)
k=1
M. :
1 1 sin (2k + 1)t —sin (2k — 1) ¢
2 2M 2sint
k=1
1 sm(2M+1)t 1
2 4M sint aM”

(b) If first ¢ € [0, 53777], then sin (2m +1)¢ > 0, so

11
< < 4.
0= b2 ()< 5+ 7
3 T s
Ift€ 3537, 5] then
1 1 1
< <4 - 4
0 = hue®=5+mra T i
1 1 1 3 0«
< 4 4 a2
T2 AMsindgEo  AM M’2<22M+1>

So \\hk172||Lx[0,%] is attained in the interval [21\}“,% - } As M — oo, uni-

formly for s € [77, %w], we have

L s 1 14 1 sin s
M2\eM 1) oM 2M sin 5

The function % has a unique minimum in (7r, %w), at the point sg, where tan sg =
so. Then we have the result. l

Proof of Theorem 1.2(a)
We first establish the asymptotic lower bound. Let ¢ € (O, i) From Lemma 3.1(a)
and Lemma 3.3(b), there exists g > 0 such that for large enough M,

tar— ol 2 1 gin 5 "
haro ()" dt > 0O (Z(1- )
/t a2 () _2M+1<2( w ) °)

—_°%0
M™3M+1
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so that
lim inf As (M, )1/nk > Liminf 22 2 249 Une rq 1 sin s
imin imin e — —
k—o0 2 foo T T k—oo m2My + 1 2 S0 c
_ 2! (1 (1 - Sinso) —5) .
p\2 S0
As e > 0 is arbitrary,
1/1 i
liminf A, (Mk,nk)l/n’“ >22- ( (1 — SmsO)) .
k—o0 P 2 So

Together with Lemma 3.2 and the fact that 1 (

__ sinsg 1 . . .
ot ) > 3, this gives

2 [z 1/1 Si
22 max{/ |sint|2 dt, — ( (1 - 511180))}
T Jo p\2 50
1 .
- Qmax{l, <1 — Smso)}.
p S0

We now turn to the matching upper bound. Let R > 0. We have

R
/ " hare (0" dt <
0

~2M+1

lim inf A (Mj, nge) ™

Y

(3.4)

n

Next, for t € [

«[0,5]"

} we have from (3.2), for large enough M

hara () <2 (1404 — ) < 1(1+2)
M2 =0 2M  2Msin 2M+1 R

-2
Combining the above estimates, gives for large enough k,

Az (My,ny) = 22> UWH / ]th, ()" dt

21\/I+1
2 R T (1 2 Tk
22 = ——— ||h " =1+ :
[2Mk+1” el o g1+ 3 (2( +R)) }

Az (Mkvnk)l/”k < 2? (1+O(1))max{p2 <1_ bIHSO) (

50
Since R may be made arbitrarily large, we obtain

2M+17 2

IN

Then using Lemma 3.3(b),

1 .
lim sup As (Mk,nk)l/"k < Qmax{l, - (1 - smso) } .
k— o0 1Y So
This and (3.4) give the result. B

We turn to the more difficult case of general p. Recall that we expanded gp, (t)
|sint|” as a Fourier series in (1.11) and defined F}, by (1.12). Recall too that

By (t =17 Z |sin kt|”.
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Lemma 3.4
Let p>1, R>1, and € € (0,1).

(a)
1 sin (5 (2M + 1) ¢t)
(3:5) s () = 20 ( ) + Z 42 2M sinjt
(b) There exists N such that if
1 sin (j (2M + 1)t)
. h = 1+ —
(36) Mp (F) 2 ( + ) + Z @2 2M sin jt ’
then for M > 1 and t € R,
(3.7) |hatp (8) = harnp (B)] < €
and
o
(3.8) Z |a2j| <e.
J=N+1
(c) Let M > R. With N as in (b), let
7r R
. = — | : |sin jt| > — <5< .
(3.9) T {tE[O,Q} |sm]t|_Mforl_]_N}
Then for t € T, we have
1 C
(310) hM,p,N (t) < 5040 + Ea

where C' is independent of M, R, N,t.
(d) Let 7 = [0,Z]\Z. Then for t € J, and M > My (), we have

(3.11) hrrp (8) < 5P [[Fill 0,00 + 32

(e) Given 1 < jo < N, there exists for large enough M, ty € [07 g] and n >0
such that for [t —ty| < HF,

(3.12) Pt (8) = 1Fi 0.0y — &
Remark
The sets Z and J depend on M, N and R, but we do not explicitly display this
dependence.
Proof
(a) We have
M
harp () = i Z 24 Zagj cos 2jkt
k=1 j=1
a = 1 Y
0
= 3 + ZanM ZcosZykt
j=1 k=1
a0 |~ [sinjM+1)t 1
T2 +Za2]{ 20M sin jt oM
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by the usual sums of Fourier series. Here as g, has left and right derivatives at each
point of [—, 7], it equals its Fourier series there. In particular at ¢t = 0,

(3.13) 0=+ a,
j=1

so that (3.5) follows.
(b) A direct computation shows that if p = 1,

11 sy
Ay — —— —— .
A VR R

If p > 1, integrating by parts twice shows that

plp=1) [T . p2 ,
a2j:_W/® (sint)’™ cos (24t) dt.

Consequently if p > 1, there exists C' > 0 such that for j > 1,
C
=
Then if N is large enough,

= sin (j (2M +1)t) =
harp (t) —h t)| = ; <
nrp () = harp, v ()] j;}\;ﬂazg N i it 7242

Thus we obtain (3.7) and (3.8).

(c) Here
N
1 1 1
< cao (14 o )+ o Y lay
h/Mvva (t) — 2(10 ( + 2M> + 2R = |a2]|
1 C
= %ty

where C' is independent of M > R and N, t.
(d) We assume that M >> N2R. Let t € J. Then for some 1 < j < N, we have
|sin jt| < %. For the given ¢, let

R
St:{jzlgjgNand |sinjt<M}.

Let jo be the smallest integer in S;. Then necessarily jot is close to a multiple of
7. Let us make this more precise. Since 0 < jot < jo5, there exists an integer
0 <mg < % such that |jot — me7| < § and mo7 is the closest multiple of 7 to jot.
Then

B fsin (ot — mom)| > 2 ljot — mor

M = S ( Jo mom = Jo mom
(3.14) o Mg TR TR
Jo 2]0M 2M

We claim that we can assume either my = 0 or jy, mg are coprime. For suppose
mg # 0 but jg, mg are not coprime. Then jo = j1k and my = m1k for some k > 2,
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and we have

o o (1
|sinji1t| = |sin(j1t — mym)| = sm(k(]ot—mmr))‘

< Dof_mo o R R

k Jo %M M

as k > 2. This contradicts our choice of jo as the smallest element of S;. We next
claim that

(3.15) Sy CH{kjo: 1 <k<N/jo}.

If first mo = 0, then |sin jot| < %, and since jg is the smallest member of S, so
necessarily jo = 1. So all this last statement asserts is Sy C {1,2,..., N}, which
follows from the definition. Next suppose mgy > 0 so that jo and mg are coprime.

If 71 is not a multiple of jo and j; € St, we have for some m; < j;/2 that

’megﬂ
Ji 2M

as at (3.14). Then
mo ) R
Jo g1 M

. ) R
= ‘mojl 7m1j0| < MNQ < 1.

Then mgj; — mijo = 0, and so jo|j1, a contradiction. Thus we have (3.15) in all
cases. Next, we can write

mo S TR2M + 1
3.16 t=— h < —
( ) j077—|—2M+1,W ere |s| < 5 9N

Then from (3.6),

N sin (j (2M +1) %ﬂJrjs)
> + a2

1 1
(3.17) hM,p,N (t) = —ag (1 + — ; — .
=1 2M sin j (%7‘(‘ + ﬁ)

2 2M

If first mo = 0, this yields uniformly in s,

N .
1 1 sinjs 1
(318) thva (t) = iao (1 + W) + ]221 agjjT + 0 (M> .

Next suppose mg # 0 but jo, mg are coprime. The main contributions to the sum in
(3.17) come from those j < N that are multiples of jo, say j = jo¢, where £ < N/jo.
Then

sin (j (2M +1) 2 + jS) sin ((2M + 1) fmm + jols)
2Msing (274 5pir)  2Msin (6mr+ jolori)
B sin (jols)
 2Msin (jolariy )

_ sin(jols) 1
EZ +O(M)’



ERDOS-SZEKERES POLYNOMIALS

uniformly for |s| < =t 2041

j = jol € S;. For the remaining terms, we have as jo { jm that jo > 2, so

Sin —T —_—
T\G T a1

sin%’ —0(]\14)

Then no matter whether m = 0 or jp, m are coprime,

LT js
sin —| —

Y

1 sin (jols) 1
(3.19) hM,p,N (t) = §a0 + Z ‘ azjoeW + O i)
1<0<N/jq
Hence
00 1 1
2 — Fj, (s)] < M M
@200 Vhaspy =B (< 3 Janl +0 <M) <eto (M) ’

by (3.8). Together with (3.7), this gives

Tty (8) ﬂd@+%+0<&>

IN

IN

1
sup || F] +2e4+0(—]).
kZI; ” kHLOO[O,oo) (M)

For large enough M, we obtain (3.11).
(e) With t given by (3.16), we have from (3.7), (3.19), (3.20),

hMNQZEJQ—%+O<L>.

13

5 =551 - Note that this holds even if we do not know that

Here we can choose any 1 < jo < N and any s with |s| < ZE2MHL - Ag R can be

oM -
as large as we please, we can choose a suitable ¢ and then a suitable jo with

hatp (8) 2 1Fo ll . j0,00) — 4€

for large enough M. The Holder estimate in Lemma 3.1(a) yields the result. W

Next we establish further properties of the {F}} defined by (1.12):

Lemma 3.5
Let p > 1.
(a) There is an integer ko > 1 such that

1
HFko”Loo[O,oo) = sup HFkHLw[om) > HF1||LOC[0,OO) > 5o
E>1 2

and for k > ko,
||Fk||LOO[O,oo) < ||Fk0HLOQ[O,oo) :
(b) In addition,

1
1Bl 0.0y = 2 (0) = 5

(¢) Fach Fy is nonnegative in [0,00). Moreover, if p > 2, then with sy as above,

1 sin sq
1ol 2. 0,00) = SUP 1 Ell 0,00y < 5 (1 N ) '
E>1

S0
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Proof
(a) Now
lim Fl(s)z%zFl(mw), m > 1.

§—00

If [Fillp_j0,00) = % then for all m > 1, F{ (mm) = 0. Here

o0 . . . .
COS7S8)S8 —SInjs
F{(S):Zaze(j js) js

js?

j=1

o0

=0=F|(27) %Z

But then from (3.13), ag = 0, which is false. So
1
F > || F > ~ap.
sup 1kl 2 0,00y 2 1E1ll L o,00) > 590
Next, for each k,

1 — 1
15l fo,00) < 590 + > lagl — 540
=2k
as k — oo, so for sufficiently large &k, we obtain
1kl f0,00) < 11112 __j0,00) -

Thus there is a kg as described above.

(b) Now
1 (o]
(3.21) F, (0) = Sao + Z: (4.
Here
T 1 = ;
1 = 9p (5) = an + Zagj (—1)J ;
j=1
1 o0
0 = g,(0)= 5%‘#2_:1@2]',
so adding,

l=ag+2 Z Qygj-
j=1
Substituting in (3.21), gives
F5(0) =

(c) Suppose that p > 2. This essentially follows from the inequality hasy (t) <
har2 (t). By Lemma 3.3(b), for all ¢,

. .
0< hary () < 5 (1 - Smso) +o(1).

l\.’)\»—~

S0
Given € > 0, we can then choose N, My so large that for M > M, and all ¢,

) .
—e < hppn () < = (1 - SmsO) +e,
2 S0
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as at (3.7). By taking scaling limits of the left-hand side, much as in the proof of
Lemma 3.4, we will obtain the result. Let us make this precise. Let jo > 1 and
s € R. From (3.20), with ¢ given by (3.16), we obtain

. :
—2: < F, (s) < (1 _ o 80) + 2.

Since ¢ > 0 is arbitrary,

S0

Here s € (0, o] is arbitrary, so we obtain the result. The nonnegativity clearly also
follows for p < 2. A

Proof of Theorem 1.4(a)

We first establish the asymptotic lower bound. Let ky be as in the lemma above.

Let € € (0,1). From Lemma 3.4(e), Lemma 3.5(a), and Lemma 3.1(a), there exists

for large enough k, i € (0,00) and n > 0, such that for |t — t;] < Mik, we have
by, p (t) 2 ||F’€0 HLOO[O,OO) — &

Then

V

tr+ 1/”’C
E 1/np .. ne 2 kT, Nk
liminf A, (M, ng) > liminf | 2"*P— (HFko 2o 0,00) = 5) dt
k— o0 k—oo T Jt n oo [Ys

LI o

1
2 (IFrall o) = <)

As € > 0 is arbitrary, this last lower bound and Lemma 3.2, give

111612101;pr (M, ng) /i > 2pmax{2a0,2p3p”Fko”Lw[O,oo)

11
(3.22) = 2¢ max{2a07p||Fko||Lm[0,oo)}7

recall Lemma 3.5(b). Now let us establish the corresponding uper bound. We split
[0, %] =T U J, where the latter are as in Lemma 3.4. From Lemma 3.4(c), (d),

A, (M,n) = 2”1’% </I+/J> Bty (0)" dt

w2 (1 cl” n
< 2 p; (2 [2a0 + R} + meas (J) [”FkOHLm[O,oo) +35} ) .

Here meas (J) < <. (as is clear from (3.14) and the fact that there are O (N?)
pairs (jo,mg)) so

" 1 c1™ 1 u

Ap (Mkank:) < C2" P max a0 + — s A |:||Fk0||L [0,00) +3€:| ’

2 M;, oL

R

1 Cc 1

= limsup 4, (Mk,nk)l/"’“ <2Pmax < -ap+ =, — [||Fk0||L [0,00) +3E] .
k—o0 2 R P <

As R may be as large as we please while € may be as small as we please,

n 1 1
limsup 4, (Mk,nk)l/ ¥ < 2P max {2a03 — [ Fo I, [0 oo)} :
p oo b

k—o0
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This and our lower bound (3.22) give the result. B
We next look at p =4 in some detail:

Lemma 3.6
Let p > 4. Then

(3.23) Tim ([

1
|%mgf:§:%QW%hmmw'

Proof
The Fourier series of (sint)* can be deduced from trigonometric identities:

a4 301 1
sint)* = 2 — ~ cos 2t + - cosdt.
(sint) g~ 5008 t+ g Cs t
Then we see from Lemma 3.4(a) that
3 1 1\ 1sin((2M +1)t)  1sin(2(2M +1)¢)
8 2M 2 2M sint 8 2M sin 2t

hara (t) =

Here there are really only 2 of the ” F” functions:

3 1sins 1sin2s_

Fy(s) = 2 — 228
18)=5-5375 t3 25
3 1sin2s
r 2,z
2(s) =g+ 375,

For k > 3, F}, = %. Recall from Lemma 3.5(c) that these are nonnegative functions.
We see that

1
0< Fy(s) < 3 = 5 (0)
Next if s € [0,7), we have sins > 0, so
3 1 1
0<F(s)<o4>=-
shE<g+5=3

If s > %’/T, then
3 1
0< F, <z 4=
shl)<g+g
It remains to deal with s € [7r, %w] Here a plot of the function F» (s),s € [71', %71']

shows that its maximum is 0.4922... . Combining the above estimates for F} and
F5, we see that

1 1
+ CYr 0.375 + 0.106 + 0.0132 < ok

1
sup || Fel__j0,00) = 3= F5(0),
E>1

so that from Lemma 3.4(c), (d), (e),

1
||hM74||L3Q[O,oo) - 5 + 0(1) .

Finally for p > 4, hasp < hasa, which together with Lemma 3.1(b), gives the result.
|

Proof of Theorem 1.4(b)
For p > 4, this follows from the lemma above and (1.13). W
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4. THE VARIANCE

Recall from (2.1) that

. 9 2 em/2 pm/2 .
Byt = (202) [T [ i, 000" a0 a0,

where
M

Hary (6,6) = 2= 3 (Jsin b fsin ko)

k=1

Lemma 4.1
Let p > 1.

(¢)

Hp (6,0) < \/hM,2p (0) hat,2p (0),
(b) There exists Cp, > 0 such that for M > 1 and s,t,u,v € R,

(4.1) [Hap (5,1) = Harp (u,0)] < Cp (M |s — uf + M |t —vl).
(c) For p > 2,
T 1
42 sl (fog)fog)) = Hmo (5:3) +o ) =5 +o(0).
Proof
(a) This follows directly from Cauchy-Schwarz’s inequality and the fact that Hsp, (6,0) =
hoar2p (6).

(b) This follows much as in Lemma 3.1(a) .
(c) From (a),
1 npll L ([0,7]%[0.5])) = 1Parzellfo 5]

Also from Lemma 3.6,

1 T
Iaraplly jo5) = 5 +0 (V) = haran (5 ) +0(1).
]

Lemma 4.2
If p>2and p=1,
lim B, (Mg,n;)"/™ =221,

k—o0

Proof
Firstly,

By (Mj, )"/ ™

IN

{ <272T) [0 (sl osygoz) ™ o de}l/nk

(4.3) < 2% <; + 0(1)> ,

from Lemma 4.1(c). We turn to the corresponding lower bound. Let € € (O, %) It
follows from Lemma 4.1(b), that there exists n > 0 such that for s,¢ € [0, g] with
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_ = U _m R
|s— 2| < & and |t — Z| < &, that

Hyp (t) >

2 pm/2 w/2 n
) [ G e
0 w/2— Jw/2— 5% 2
2 2 n 2 /1 n
_ np % e :_
(2 7r> (M) (2 €> '

Letting M = M}, and n = ng, and k — oo, gives as p =1,

— &

N | =

so that

B, (M,n)

v

2
Here € > 0 is arbitrary. Together with (4.3), this gives the result. B

1
liminf B, (Mp, )™ > 22 < - 5) :

Proof of Theorem 1.4(c)
Recall from (1.4) and (2.1) that

(4.4) V, (M,n)* = B, (M,n) — A, (M,n)*.
We shall show that the term B, (M}, ny) is geometrically larger than A, (Mj, ne)’.
From Theorem 1.4(a), with p = 1,

. n 1
khngo A, (Mk,nk)l/ k — 9P max {2a0, Fko”L,,o[O,oo)} .

Here ) L )
5010 S %/7# (Sint)2 dt = 5

and from Lemma 3.5(c)

1 sin sg
Pl o < 5 (1- 752,

This last right-hand side is larger than % Then

. 2
lim A, (My,ng)?/™ < 222 (1 — Smso)
k—o0 S0
< 272(1.217..)°
< 2271 — lim B, (My,ng)"/™,

k—o0o

by Lemma 4.2. Now (4.4) gives the result. B

Proof of Theorem 1.2(b)
This is the special case p = 2 of Theorem 1.4(c). B

5. FURTHER RESULTS

We can also estimate the average over subsequences of the integers that generate
uniformly distributed subsequences, rather than requiring all 1 < s; < M:
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Proposition 5.1
Let {p; }j>1 be an increasing sequence of positive integers such that for each irra-
tional « € (0,1) and continuous f :[0,1] — R, we have

1 — !
.1 lim — ; = t) dt.
(5.) i 32 (pse) |
For M > 1, let Py = {p1,p2,.-pm}. For n > 1, and p > 0, let

APy == S Pl

81,82...8n, €EP

Let {My},{nr} be sequences of positive integers with limit oo. Then

, 2 (2 1
liminf A, (P, ,np)"/™ > 2P max { = / |sin ¢|” dt, = .
k—oo ™ Jo 2limsupy,_, o, M,/"™*

Proof
We see that as in Proposition 1.1,

2 21 & !
A, (Par,m :2”7’7/ — sinp0|” | do
p (Py,n) A (Mkz—l| k0|

and can then proceed as in Lemma 3.2. B

For example, the prime numbers satisfy (5.1), and for any positive integer L, so
also do p; = j,j > 1. Another direction is to replace the uniform bound M on
{s;} with varying bounds. When these grow very rapidly, there is a simple explicit
formula for the average of the Lo norm:

Proposition 5.2
Let {Mj}?zl be positive integers satisfying for 2 < m < n,

m—1
(52) M, >3 M.
j=1
Let
1 2
Ap = o P, ({si},)5 -
S nan . 2 IPdsidol
1<s;<M;,1<j<n
Then
o T 1
(5.3) A= ] <1+2Mj),
j=2
Proof

The proof is essentially via induction. Let P,, denote the set of all polynomials

of the form H (1—2%) with 1 <s; < M,;,alll <j < m. We observe that
j=1
we obtain all polynomials in P, from those in P,,_; by multiplying by factors
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(1 — 2%m) where 1 < s, < M,,. So fix a polynomial P in P,,_;. It will have degree
at most M, because of (5.2). We see that for m > 2,

o
ZHP (1—=2")l

Sm=1
1 " ’LS
e (Ene )
- Sm=1
1 ™ Mm
= 5 |P (ei9)|22 Z (1 —cos s, 0)do
- Sm=1
= o [ 1P 1M+ 1)~ 2D, ()} d6,

—T

where

Dy, (0) = % —|—Zcosk9

is the usual Dirichlet kernel of Fourier series. Here ‘P w)‘Q =P (ew) P (e_w)

is a trigonometric polynomial of degree at most Zm ! M; < M,,. By the usual
reproducing kernel property of Fourier series, we then have for m 2 2,

(5.4) / [P (¢)|* Dag,, (6)d6 = |P (¢°)]” = 0.
(Note that when m = 1, we have P = 1, so we instead obtain 1.) Then for m > 2,
M.,
S I12 2
Do IP () (1 =z)ll5 = My + 1) | P]3 .
sm=1

Adding over all P in P,,_1 gives the identity

Yo IPlz=@Ma+1) Y (1Pl

PEPy, PeEPm -1

Applying this repeatedly gives

> IPIE = (2My) H (2M; +1

PeP,

where we have used the fact that for m = 1, we have 1 rather then 0 in (5.4).
Dividing by M1 M,...M,, gives the result. B

When we have an infinite sequence {M,,} satisfying (5.2), the product in (5.3)
converges, and so the average grows like ¢2™ for some constant c.

One interesting question is the distribution of the norms of the polynomials.
Numerical calculations suggest some sort of bell curve for the distribution of the
Lo norms. It would be good to have a theoretical justification of the bell shape.
Following is a typical example that was generated using our algorithm, with M = n,
and n = 10,11, ...,20. Here are the steps:

(1) Uniformly sample (with repetition) from the set of all possible n-tuples
(51,82, ..., 5n) with each 1 <s; < M.
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2

102

Jj=1

(2) Calculate

2
(3) Store the result and return to step (1) until the desired number of polynomials

have been sampled.
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L2
Norms

Mean L2 Norms for n=M (10 to 20)

350 ~

300 ~

J

Ln

o
1

Number of Polynomials
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o
(=]
i

30 ~

1.2 14 16 1.8 2.0 2.2 2.4
L2 Norm
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