On an asymptotic equality for
reproducing kernels and sums of
squares of orthonormal polynomials

A. Ignjatovic and D. S. Lubinsky*

Abstract In a recent paper, the first author considered orthonormal polyno-
mials {p,} associated with a symmetric measure with unbounded support,
and with recurrence relation

TPy () = Appng1 () + Ap—1pn—1 (z), n >0.

Under appropriate restrictions on { A, }, the first author established the iden-
tity

lim ko Pi (%) — lim D3, () + P3ys ()

nooo 3 g ARt mme Ayi Ay,

uniformly for z in compact subsets of the real line. In this paper, we estab-
lish and evaluate this limit for a class of even exponential weights, and also
investigate analogues for weights on a finite interval, and for some non-even
weights.

This paper is dedicated to the memory of Q. I. Rahman

1 Introduction

Let u be a symmetric positive measure on the real line, with all finite power
moments. Then we may define orthonormal polynomials p,, () = y,2" +- -,
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Yn > 0, n > 0, satisfying
DnPmdpt = Omn-

Because of the symmetry, the three term recurrence relation takes a simple
form:

app (2) = Appni1 (2) + Ancipn-a (), 2> 1,

where

A, = i , n>1.

Tn+1 -

The asymptotic behavior of p,, as n — oo has been intensively investigated
for over a century, and has a myriad of applications. In a recent paper [4], the
first author presented a novel approach, and placed the following hypotheses
on the recurrence coefficients:

) lim,, o (An-i-l - An) =0
) There exist mg, ng such that A, > A, for all n > ng and m > mg;
)

=1
> =

—o Y

(C5)  There exists k > 1 such that

=1
2 r <

J

<

(C6)
Z |AJ+1 < o0
(C7)
i [Ajre =24 + Al _
— A;
7=0
He proved [4]:

Theorem A. Under the hypotheses (C1)—(CT), the following limits exist, are
finite and positive, and satisfy

n—0o0 Zk oA n—oo A2n + A3

: (1.1)

uniformly for x in compact subsets of the real line.

It was shown in [4], that if 0 < p < 1, ¢ > 0, and
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Ap=c(n+1)", n>0,

then (C1)—(C7) hold. This rate of growth of recurrence coefficients is typically
associated with an exponential weight such as exp (— |£C|71/p), 0<p<l

Indeed the asymptotics for recurrence coefficients given in [2, p. 50, Theo-
rem 1.3] show that (C1)—(C7) are valid for these specific exponential weights.

In this paper, we shall evaluate the limit in (1.1), showing that it equals
(27 (z)) ", for a large class of exponential weights. We do this by using
asymptotics for orthonormal polynomials and Christoffel functions that were
established in [5].

This paper is organized as follows: in Section 2, we briefly discuss the
case of weights on [—1, 1]. This simple case illustrates some of the ideas of
proof. Our main results, for even exponential weights, are stated and proved
in Section 3. In Section 4, we discuss some limited extensions to non-even
weights. In the sequel C, Cy, Cs, ... denote positive constants independent of
n, x, polynomials of degree < n, and possibly other parameters. We use ~ in
the following sense: given sequences of non-zero real numbers {z,} and {y,},
we write x,, ~ y, if there exists a constant C' > 1 such that

C'<a,/y, <C forn>1.

Similar notation is used for functions and sequences of functions.

2 Weights on [—1, 1]

The result of this section is:

Theorem 2.1. Let i be a positive measure supported on [—1,1] that satisfies
Szegd’s condition

! log p (x)

-1 V 1-— I2

Assume, that for some n € (O, %), w is absolutely continuous in [—n,n)], that
w' is positive and continuous in [—n,n|, and satisfies for some C >0, p > 1,

and HANTIS [_77577] )

dx > —o0. (2.1)

W () = p (y)] < Cllog |z —yl|™". (2:2)

Let {x,} be a sequence of real numbers with limit 0 as n — oo. Then

no 9
Zkiopk (fln) — lim ») nt _ b (2.3)
n—eo 3 i o Ax n—eo Asn + A% 2

Of course this result is quite restricted as we need x,, — O.
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We turn to
The Proof of Theorem 2.1. Under the assumptions of Theorem 2.1, there
is the asymptotic as m — oo,

P () ! (1) (1 - 22) " = @ cos (mf +(6)) + o (1), (2.4)

uniformly for = cos@ in a compact subset of (—7,7n), where

~v(0) = iPV /j [log f (t) —log f (8)] cot 0 ; tdt.

Here PV denotes principal value, and
1 (0) = 1 (cos ) |sin 6] .

This follows from Theorem 2 in [1, p. 41]. We note that other criteria for
asymptotics are given in, for example [3, p. 246, Table 1I(a)], or Theorem 5
in [6, p. 77].

Now let {z,,} be a sequence with limit 0, and for n > 1, write x,, = cos 0,

where 0,, € (0, 7). We see that ¢, — F asn — co. The asymptotic (2.4) gives

(D3 (@n) + DBy (@a)] 1 ()2 (1 = 22)"?

2
== [cos? (2n0,, + 7 (0,)) + cos® ((2n + 1) 0, + 7 (6,))] + 0 (1)
_ 202 2 T
== [cos (2n0,, + v (0,)) + cos (2n9n +5(0,) + 2)} +o0(1)
= % [cos? (2n0,, + v (0,,)) + sin® (200, + v (6,))] + 0 (1) = % +o(1).
Next, the limit
. . Tn 1
lim A, = lim == 2.5
n—o00 n—0o0 Yp41 2 ( )

is an immediate consequence of the fact that p satisfies Szegd’s condition [11,
p. 309]. Thus the second part in (2.3) satisfies

2 2

n n n 1
lim D5y, (x_z +p2_;r1 (zn) - = (2.6)
n—oo A2n + A2n+1 27T

Next, asymptotics for Christoffel functions and the continuity of y’ in [—7, 1]
yield that[7], [10, Thm. 3.11.9, p. 220] that uniformly for x € [—n, ),

1 - 1
li g 2 ! =
n—>1m00 n+1 (k Opk (:v)) (@) /1 — 22

In particular, then, as i/ is continuous at 0,
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Finally (2.5) gives

1 n
lim At =2

Combining the last two limits, we have

lim >i—0Pi (Tn) _ 1

n —1 )
n—oe 3 oA 2

so the result follows using (2.6). ]

3 Even Weights on (—o0, 00)

Following is the class of even weights we shall consider. It is a subclass of
that in [5, Definition 1.1, p. 7]:

Definition 3.1. Let ¢/ (z) = e 22(®) 2 € R, where Q is even,

(a) Q' is continuous in R and @ (0) = 0;
(b) Q" exists and is positive in R\ {0};
(©)
lim Q (¢t) = oc;

t—oo

(d) The function T (t) = tgl(g), t € (0,00) is quasi-increasing in (0, 00), in
the sense that for some constant C' and 0 < z < y =

T (x) <CT (y);

In addition we assume that 7" is bounded below in R\ {0} by a constant
A larger than 1.
(e) There exists C; > 0 such that

Q@) . Q)
Q@ = QW

Then we write i/ = e 2¢ € F (C?, even).

,ae z € (000).

Examples of @ satisfying the conditions above on (—o0,00) include [5,
pp- 8-9] .
Q(z) = lz|”,

where a > 1, and
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Q () = expy (|2[") — exp, (0)

where a > 1, £ > 0, and expy, (z) = exp (exp (- - - (exp (z))) is the kth iterated
exponential. We could actually allow a more general (but more technical)
class of weights, namely the even weights of class F (lip%) from [5]. We shall
prove

Theorem 3.2. Let i/ =e 2@ € F (CQ, even). Then uniformly for x in com-
pact subsets of the real line,

= — — — = o0 (3.1)
n— o0 Zk:o Akl n—oo A2nl + A2nl+l 2me 2Q(x)

In considering orthogonal polynomials associated with the measure dpu (t) =
e 2@t a crucial role is played by the Mhaskar-Rakhmanov-Saff numbers
ag,t > 0. These are defined by the equations [5, p. 13], [8], [9]

= L[ erQa) (3.2)

™ Jo \/(l—x2

We note that a; increases with ¢ and a; — oo as t — 0o. As an example
of Mhaskar-Rakhmanov-Saff numbers, let @ () = |z|%, z € R, a > 0. It is
known that then [8], [9]

1/«
2021 (%)°
={ ———27 tl/o‘ t > 0.
%t { T (@) b2

Another important quantity associated with @ is the nth equilibrium den-
sity [5, p. 16]

ru) = gy [T 2 ve fanal,

— 2 a2 — g2

an
/ Op =mn,
—a,

and satisfies the equilibrium equation
An

/ log
—a,

Here ¢, is a constant.

In many contexts, it is convenient to map o, onto a density function that
is supported on [—1,1]. Let

It has total mass n

on(8)ds + Q(x) = ¢n, T € [—an,an].

r— S

ﬁ@:%%wm,tQAM. (3.4)



Orthogonal Polynomials 7

1
/ oy =1.
-1

Proof of Theorem 3.2. In [5, p. 403, Theorem 15.3, (15.11)], it is shown
that uniformly for 2z = cos € in a closed subinterval of (—1,1) and m = n—1,n,

It satisfies

@t/ (an) W (ana) (1 - %) """

_\/gcos<<m—n+%>0+mr/:a;—g>+0(1). (3.5)

Note that the linear transformation L,, there reduces to L, (x) = z/a, and
LU (#) = ant. Setting

1 1
An(x):§0+nﬁ/ O':;—%,

we see that uniformly for x in a closed subset of (—1,1),

anW (anaj)2 (1 — 3:2)1/2 {pfI (an) +pi_1 (anaj)}

= % {(cosAn (x))? + (cos (A, (z) — 9))2} +o(1).

In particular, setting a,x = y where y lies in a compact set, so that x =
y/an = cos® has 0 = arccos (y/a,) = arccos (0 (1)) = § + o(1), we obtain

o\ 1/2
anW (y)? <1— (i> ) {r: () +po (W)}

2 { (A(y» i (eos (2 (2) - 5))} o)

_ %{<cosAn (%)) n <smAn (%))2} +o(l) = % +o(1).

Replacing y by x, and n by 2n+ 1, we have that uniformly for = in a compact
subset of R,

oW (1) {Phu (2) + 930 (2)} = = +0(1). (3.6)

Next, (1.124) of Theorem 1.23 in [5, p. 26] gives
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In addition, [5, p. 81, eqn. (3.50)]

An+41

lim =1.
n—oo an

Then the second part of (3.1) can be calculated as

A2n+1 o 9 _ 1
(P20 (@) + 220 (1)} = 5 iy

(3.8)

o B @) 403 @)
im — — = lim
n—oo Ay + A, n—oo 4

uniformly for x in a compact subset of R.
It is more difficult to deal with the left-hand side in (3.1). We first note
that

n—1
dim > pi (@) WP (2) fon (2) = 1, (3.9)
k=0

uniformly for x in a range that certainly includes compact subsets of the real
line [5, Theorem 1.25, p. 26]. Our task is to compare this to

n—1 n—1
AT =2 a (1+0(1).
k=0 k=0

We shall show that this last right-hand side behaves like

at

"1
2A —dt(1+0(1)),

and using an alternative representation for o,,, due to Rakhmanov, that this
in turn is close to o, () when « is bounded. Let us now make this rigorous.
First note that a; is a differentiable increasing function of ¢ € (0, 00), with
a; — 0 as t — 0+ and a; — oo as t — oo. Define the inverse b : (0,00) —
(0,00) of a by

b (at) =t t>0.

Rakhmanov’s representation for o,, for even weights asserts that [5, p. 46,
eqn. (2.35)]

o () L /" éds, x € (—an,an). (3.10)

T iy VaZ — 22

In particular,

1 /™1
on (0) = —/ —ds. (3.11)
™ Jo Qs
(The convergence of the integral is established in Chapter 2 of [5].) Now
let m = m (n) = [v/n], where [z] denotes the greatest integer < x. Assume
that = € (0,7]. For n large enough (the threshold depends on r), we have
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/ e s [ s
b(z) a2 —a%  as 0 Qs

o0 () = 00 (0)] =

/2 2 b(r)
< —/ 45 — 7 s—l—/ ids
b(z) a2 — xzas
b(r) 1
= —/ d8+/ —ds.
b(z) /a2 — x2as (as + - £C2) o Gs
(3.12)

Here as as > ay(,;) = x in the first integral, we see that

1

22
_/ ds
T Jb) /a2 — x%a, (as + /a2 — x2)

Y L e —
- a2 b(m)\/W az, m\/m
x

< o (z) + (—)2% (z).

am
Combining this and (3.12) gives

< Um(x)+(i)2+ ¢

on () on (x)

-

2
Here as x € [0, 7] and m — oo, we have (%) — 0 uniformly for z € [0, 7].

In addition, it follows from Theorem 5.2(b) in [5, p. 110] and then Lemma
3.5(c) in [5, p. 72] that uniformly for = € [—r, 7],

1-1/4 1-1/4
O (2) o m/am) (ﬂ) <c(L . (3.13)
(n/ayn) n Vn

Here A > 1 is a lower bound for 7" in R. Thus, using also evenness of o,,, we

have
on (0)

On (x)

1- =0.

lim sup
=0 ge[—r,r]

This, (3.9), and (3.11) give, uniformly for € [—r,r], as n — oo,

n—1 n
35 (5) W2 (2) = l/ Lasa+o01)). (3.14)
k=0 0

T as

Finally, [5, p. 81, eqn. (3.50)] gives, for k > 1,
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k k
1 1 1
[ dfsf .t
k—1 As ag k—1 Qs
ko

<C —
k—1 Qs

k
ds < g ids,
k Ji—1as

13
k

so from (3.7), and using monotonicity of a; in t,
n—1 k 1 n—1
23" <a,;1 -/ —ds) +o (Za,;1> +oq)
k=2 k=1 @s k=2
=1t "
SC;E/,C_ —ds—l—o(/l a—ds)—i—O(l)

n—1

"1
a2 [ s
0 Gs

k=0

1 Qs s
m CcC ™1 |
<C —ds + — —ds+0(/ —ds)
1 Qg m m Qg 1 Qg
C

< Co, (O) + Ean (O) +o (Un (O))

< Con (0) { (%)H/A 4 % + 0(1)}

by (3.13). Thus

<§A;1> / (2/0"aisds) =1+o0(1).

This and (3.14) give uniformly for x in [—r,7],

n—1_9 2
w 1
ko Pi (%) (2) — — (1+0(1)).
( n—1 Afl) 2
k=0 'k
Combining this with (3.8), gives the result. ]

4 The Non-Even, Not Necessarily Unbounded Case

In this section, we briefly explore the extent to which we can extend Theo-
rem 3.2 to non-even exponential weights, possibly not on an infinite interval.
To this end, we first define the full class F (02) from [5, p. 7]:

Definition 4.1. Let Z = (¢, d) be a bounded or unbounded interval contain-
ing 0. Let p/ (v) = e=29®) x € T, where
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(a) @' is continuous in Z and @ (0) = 0;
(b) Q" exists and is positive in 7\ {0};
(©)
lim Q(t) =00 = tli]gl Q(t);

t—c+

(d) The function T (¢) = tg/(g), t € I\ {0}is quasi-increasing in (0,d), in

the sense that for some constant C and 0 <z <y <d=

T(2z) <CT(y);

T is also assumed quasi-decreasing in (¢,0). In addition we assume that
T is bounded below in 7\ {0} by a constant larger than 1.
(e) There exists C; > 0 such that
Q" (x) Q' (z)
Q" ()] Q)

Then we write 1/ = 2@ € F (C?).

< a.e. z € T\ {0}.

Examples of @ satisfying the conditions above on (—o0,00) include [5,

pp. 8-9]
2 = x*,  x €[0,00)
Q) {|x|5, x € (—00,0),

where «, 8 > 1. A more general example is

0 () = exp, (%) —exp, (0), € [0,00)
expy, (J2I”) = expy (0) € (—o0,0),

where a, 8 > t, k,£ > 0, and expy, () = exp (exp (- (exp (z))) is the kth
iterated exponential. An example on (—1,1) is

exp, ((1 — x2)_a) —expy (1), z€][0,1)
expy, ((1—3:2)%3) —expy (1), x€(-1,0),
where o, 3 > 0 and k,¢ > 0.

Instead of just one Mhaskar-Rakhmanov-Saff number, there are now two:
G_n,ap are defined by the equations [5, p. 13]

L Q)

n=— dx;

TJa_n \/(x —a_n)(an — )
Lt QW
T Ja_n \/(x —a—p)(an — )

The nth equilibrium density now takes the form [5, p. 16)

Q(z) =

dzx.



12 A. Ignjatovic and D. S. Lubinsky

1 Qp, ! _ /
on(x) = = (x —a—p)(an — ) w
ds
X , X E[a—p,an].

V(s —a_n)(an —s)

The contraction of ¢, to [—1,1] is more complicated than for the even case:
let

1 1
ﬁn - i(an + a—n), 611 - 5(0/71 + |a—n|)-

We can then define the linear map of [a_n, a,] onto [—1,1] by
Ln(z) = (€= B0)/0n, @ € [a_n,an] & x=LIN#) = B,+0,t, te[-1,1].
The transformed (and renormalized) density is

ol (t) = %on o LI-N(), tel-1,1].

Instead of the asymptotic (3.5), we have uniformly for © = cosf €
[-1+¢,1—¢] [5, p. 403]

a?pn, (Lgl—l] (x)) W (Lgl—l] ($)> (1- ;52)1/4

:\/gcos((m—n-i-%)@-f—nﬂ/;az—g)+0(1)~ (4.1)

Instead of the asymptotic (3.7) for the recurrence coefficients, we have [5,
p. 26]

lim — = —. (4.2)

By proceeding as in Section 3, it is straightforward to see that

-1 1
p%n (L[2nJ11 (‘T")) +p%n+l (L[2nJ11 (.’Iin)) 2 [_1]
lim it W (Lz,n+1 (xn)) -,
neo Agp + Asia 2

(4.3)
for any sequence {x,, } with limit 0. Setting y,, = Lé;ﬂl (), we see that this
becomes

2 2
n n 1
neo Asp +Asi 2
for any sequence {y,} with
Hm Lonss (yn) = lim 222251 g (4.5)

n— o0 n— o0 52n+1
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Unfortunately, it is more problematic to establish an analogue of (3.14). The
asymptotic (3.8) holds uniformly for = € [a_qn, @an], for any fixed a € (0,1).
For this to be compatible with (4.5), we need 8,, € [a—an, Gan], for some o >
0, so in particular, we cannot have a very asymmetric weight. Rakhmanov’s
representation for o,, now takes the form

:l/n ! ds:l/n S S ds.
™) V(@ —as) (es =) T @l Js2 —n— g,)?

Provided both for some r > 0,

on (x

|yn - ﬁn| <r, n>1, (46)

and
la—n|/an — 1 as n — oo, (4.7)

we can prove, much as in the last section, that

On (Bn)
On (yn)

lim ’1—

Of course (4.7) is a very severe asymptotic symmetry requirement. With the
aid of (4.7), we can prove much as in the previous section, that

on (Bn) = l/On ids(l—l—o(l)).

T O

<1§A;1>/(2/0n5%d5) =1+o0(1).

k=0

Thus for W € F (C?) satisfying the additional condition (4.7), and sequences
{yn} satisfying (4.5), we obtain

Yo p (o) W (yn) _ 2i (1+0(1)),
( k=0 A% ) "

and hence

t V2 ) ko Wn) _ o W2 () (PR (o) + PR (yn)) _ 1
n—oo SR ALY n—oco Az + Ajia 2m
(4.8)
It would be interesting to see if the severe symmetry condition (4.6) can be
weakened.
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