GREEN EQUILIBRIUM MEASURES AND REPRESENTATIONS
OF AN EXTERNAL FIELD

A.L. LEVIN! AND D.S. LUBINSKY?

ABSTRACT. We establish a representation for external fields involving Green
potentials. This is the analogue of the representation of Rakhmanov and Bu-
yarov involving logarithmic potentials. We also establish related results, and
present an example.

1. INTRODUCTION

Let @ be convex on R, with
mﬂgnQ =0,

and with @ growing at oo faster than log |x|. Then @ admits the representation

(L1) Q) = / " gs, (2)dr.z € R,

where {S;} is a suitable increasing sequence of compact intervals and gg, denotes
the Green function for C\ S, with pole at co. This representation was discovered by
Rakhmanov [14], and it turned out to be indispensable in the study of orthogonal
polynomials for the weight W = exp (—Q), and in several other contexts [2], [6],
[7]. Actually (1.1) was proved in [14] for a special class of convex . The general
result was announced in [3].

Inspired by that paper, the authors proved (1.1) in [9], using results of Totik
[17] on equilibrium measures for the family of weights {w*} yso- This was then
applied in studying orthogonal properties for non-even weights. A far reaching
generalisation of (1.1) appeared in a recent paper of Buyarov and Rakhmanov [4].
They proved that (1.1) holds (for z € U,S; C R), for example, for any continuous
function @, and beyond. Note that (1.1) may be rewritten as

(1.2) Q(z) = /OOO {log ca;ST e (x)} dr,

where

U () = / log dw- (s)

is the (logarithmic) equilibrium potential for the set S;.

Since the study of rational functions is intimately connected with Green poten-
tials, there is good reason to believe that an analogue of (1.2) for Green potentials
will be useful for problems involving rational functions, just as (1.2) is useful for
problems involving polynomials. For a wide class of functions @ on a set F (that is
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not necessarily a real interval) in a domain G C C, we show that there is a suitable
increasing family of compact sets S, C E,7 > 0, such that for t > 0 and z € S,

(1.3) Q(z):/ot{ ! —vwf(z)}dT.

Capg ST

Here capS; denotes the Green capacity for the set S;, and if g (z,£) denotes the
Green’s function for G with pole at &,

V)= [ a0l ©
denotes the Green potential for the Green equilibrium measure wf for S.. We
emphasise that in the sequel the symbol V' is associated with Green (and not loga-
rithmic) potentials.

Since {S;},. is increasing, so that the integrand in (1.3) is 0 for 7 > ¢, one also
deduces from (1.3) that

(1.4) Q(z) = /000 { L ye? (z)} dr,z € Urs0S-.

capgS-

But what is a suitable {S;}, . ,? This is easy to explain. We have

v Gar= [ [ godu @] ar
/ LU ]

.

Hence if we define the measure p, on S; by

(15) = | Gar,

we obtain, by Fubini, that

(1.6 [V @ar= [ oeoa©=ve ),

where V#+ is the Green potential of u,. We also see from (1.5) that
wy (Sy) = /Otwf (Sy)dr = /0th =t.

(Recall that w¢ has mass 1 and is supported on S, C S;). Thus g, has mass ¢, and
is supported on S;. Now assuming that (1.3) holds, we obtain from (1.6) that

(]‘7) Vut (Z)+Q(Z) :Ct,ZGSt,
where we set

todr
1. = .
(18) “ /0 capgS-

Moreover, assuming, for the moment, that

E=JSs.,

>0
(which is not always the case), and keeping in mind that

(1.9) yed (z) < — 1

—,2€G
_CapGSTv ’
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we obtain from (1.4) that
(1.10) VH (2)+Q (%) > ¢,z € E.

The relations (1.7), (1.10) imply that u, is the Green equilibrium measure of mass
t for the external field Q). Hence if (1.3) holds, then the set S; must coincide with
the support of p,.

In the next section, we describe the class of functions for which (1.3) will be
proved, and present the main theorem. We also recall some basic notions and
results from potential theory. The rest of the paper is devoted to proofs. We could
prove (1.3) using the above-mentioned results of Totik (which can be extended to
deal with Green potentials), but we preferred to follow the same steps as in [4],
thereby obtaining some other useful results, parallel to those proved in [4].

2. PRELIMINARIES AND MAIN THEOREM

Let G be any domain in C, whose boundary dG has positive capacity, and let
g (z,€) denote the Green function for G with pole at £. So g is characterized by the
following properties:
(i) As a function of z, with ¢ fixed, g (z, ) is non-negative, subharmonic in C\ {£}
and harmonic in G\ {£};
(ii) g (2,&) +log |z — £| remains bounded as z — &;
(iii) g (2,&) = 0 for q.e. z € IG where q.e. (quasi-everywhere) means except for a
set of capacity 0.
Given a finite positive measure ;1 on G, we recall that its Green potential V* is
defined by

V“(z)=/g<z,f)du(£),zeG-

The support of p will be denoted by S,,, and we always assume that S, is a compact

subset of G. Such a V* is l.s.c. (lower semi-continuous) and superharmonic in G.
Also

(2.1) lim V*#(z)=0 for qe. =€ 0G.

z2—x€0G

Hence by the minimum principle, V# > 0 in G (but may attain the value c0).

Furthermore, V* is continuous in the fine topology (this is the weakest topology
making all potentials continuous). This implies that for any zg € G and any ¢ > 0,
the set

(2.2) {zeG:|VF(2)=VH(2)] > e}

(with obvious adjustment for the case V# (zp) = 00) is thin at zg. All these notions
and facts can be found in, for example, [16, Chapters 1, 2] or [8, Theorem 5.11].
When using the fine topology, we shall say so. Thus, unless otherwise mentioned,
all limits and topological notions are with respect to the usual Euclidean topology.

Given a function @ : E — (—o00,00|, we say that Q is admissible on E if the
following properties hold for F and @Q:

(A.1) E is closed in G.
(That is, E is closed relative to G).

(A.2) E is not thin at any of its points.
(Such an E is called regular).
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(A.3) E has empty interior, and for any compact K C E, the complement G\K 1is
connected.

(A.4) Q is l.s.c. on E and the set {z € E: Q(z) < oo} has positive capacity.
(In particular, cap (E) > 0, though this follows from (A.2) as well).

(A.5) For any zo € E with Q (z0) finite and for any € > 0, the set
(2.3) (€ B:1Q(2) - Q(20)] < e}

is not thin at zg.
(Since @ is l.s.c., this also gives

liminf @ (2) = @ (20)).

z—20

(A.6) If zp € OG or zy = oo is a limit point of E, then
lim @Q(2) = occ.

z—20,2€EE

Note that (A.1), (A.4) and (A.6) imply that for any N > 0, theset {z € E: Q (2) < N}
is a compact subset of G.

Remarks
(a) If @ is admissible on E, then @ + V# is also admissible, as follows from the
properties of V# above.
(b) All of the above are satisfied if, for example, F is a smooth arc, possibly un-
bounded, and @ is piecewise continuous on E, satisfying (A.6).
(¢) For some of our results, we do not need all of (A.1) to (A.6), and shall point
this out where relevant.

Next, we need well known results on Green equilibrium potentials: let

M, = M, (E) = {u: S, C E and i (E) = t}.
For j1 € M, consider its energy integral
I o =1(wQ)
= [ [ueore@+ @l du©

= / Vidp + 2t / Qd.

Theorem 2.1
Assume (A.1), (A.4) and (A.6).
(a) There exists a unique w, € M, such that

(24) It = It (,LLt) = inf {I ([L) YRS Mt} .
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Moreover, I, is finite, and p, has finite energy:

(0 g)/V”tdut < 00.

(b) The support S,,, of p, is a compact subset of G, and more precisely for some
N,

Sy, €C{z€E:Q(2) < N}.
(c) Setting

6= e (Q) = ! {It _ / Qdut} ,

we have
(2.5) Vit (2)+Q(2) > ¢, qe. 2z € E;
(2.6) VHEe(2) +Q (2) < ¢, all z € 5y,

This measure (i, s called the equilibrium measure of mass t for the external field
Q, and c¢; is called the equilibrium (or extremal) constant.

Remark
Since t~1(Q satisfies the same conditions as does Q, it suffices to prove the theorem
for t = 1. For this case, it appears in [16, Theorem I1.5.10], but under two additional
restrictions. First, instead of (A.6), it is assumed in [16] that @ (z) — log|z| — o
as z — oo (if E is unbounded), while we only assumed that @ (z) — oo in this
case. Second, no assumption on @ is made in [16], if E has limit points on 9G.
This is due to the (tacit) agreement that the phrase “closed subset E C G” used
there, actually means that the closure of E in C still belongs to G (otherwise the
result is incorrect, if @ is bounded near dG). Yet the proof of Theorem 1 requires
only minor modifications of that in [16], so we only indicate two places where (A.6)
comes into play.
Proof
(a) Being l.s.c., and since Q > —oo on E, @ is bounded below on compact subsets
of E. Then (A.6) ensures that @ is bounded below on the whole of ' (and of course
attains its minimum on FE). Since V# > 0, it follows that the infimum in (2.4) is
> —oo. That it cannot be oo, is proved by standard methods, using (A.4). Denote
this infimum by I; (that is, I; with ¢ = 1).
(b) Let

Ey:={z€E:Q(z) <N}.
According to (A.6), Ey is compact and we use (A.6) again to show that for N large
enough,

(2.7) I =inf {I () : p € M, S, C Ex}.

Once we have this, the rest of the proof is exactly the same as indicated in [16, pp.
28-29, p.132]. To prove (2.7), it is enough in turn, to show that for N large enough,

(2.8) 9(2,8)+Q(2)+Q(&) >1+1N,(2¢) ¢ Ex X Ey

(see [16, pp. 29-30] for deduction of (2.7) from (2.8)). But (2.8) is obvious for large
N, since g > 0,Q is bounded from below, and either Q (z) or @ (§) is larger than
N. O

Under additional assumptions on E and @, one can strengthen (c¢) of Theorem
2.1:
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Theorem 2.2
Assume (A.1), (A.2) and (A.4) - (A.6), that is, we only drop the geometrical con-
dition (A.3) on E. Then (2.5) can be refined to

(2.9) Vi (2) 4+ Q(2) > ¢, all z € E,

so that (2.6) becomes
(2.10) VE(2) +Q(2) =crall z€ S,

Moreover, Q is continuous on S,,, and V¥t is continuous and bounded on G.
Proof
This is standard. By (2.5), the exceptional set

E ={z€E: V" (2)+Q(2) < &}

has capacity 0, so it is thin at every point of E. Then the continuity of V#¢ in the
fine topology (see (2.2)) together with (A.2), (A.5) ensures, for any zy € F, the
existence of {z,} C E\E' such that

(Ve + Q) (2) — (V** + Q) (20) ;7 — o0.

Then (2.9) follows from (2.5). Since V*: is l.s.c., while ¢, — @ is u.s.c. (upper
semi-continuous), (2.10) shows that V*#¢ and @ are continuous on S,,. Then V¢
is continuous in G (cf. [16, Thm. II.3.5] and recall that the Green potential of p,
differs from the logarithmic potential by a harmonic function). The boundedness
of V¥ in G follows by the maximum principle for Green potentials (cf. [16, Cor.
II. 5.9)). O

Finally, recall that for the case @@ = 0, the following classical result holds:

Theorem 2.3
Let K be a compact subset of G, with cap (K) > 0. There exists a unique probability
measure w?(, supported on K and such that for some constant ¢ > 0,

(2.11) Vi (2) =cqe. z€K;

(2.12) vk () <callzeG.

We call w$- the Green equilibrium measure for K. Furthermore if E = K also
satisfies (A.3), then

(2.13) cap (K\Swg) =0
and the Green equilibrium measures formed for K and for SwIG( coincide. Also,

(2.11) holds at every regular point of K; if K is regular, then Swg = K and V¥%
is continuous in G.

The Green capacity of K (relative to G) is defined by
(2.14) capg (K) = ¢ 1,

where, of course, ¢ is as in (2.11-12).
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Next, for a measure o supported on F, we set

(2.15) c(o):=c(0,Q):= mﬁ%n Vo+Q),
and
(2.16) S7:=587(Q):={2z€E:V°(2)+Q(2) =c(0)}.

Notice that S is a compact subset of G (by (A.1), (A.4) and (A.6)). We see from
these definitions, that the equilibrium conditions (2.9), (2.10) are equivalent to the
inclusion

(2.17) S, C 57

Hence, under the assumptions of Theorem 2.2, (2.17) holds with o = y, (and with
¢ (o) in (2.15) equal to ¢t). Moreover, i, is the only measure in M; that satisfies
(2.17) (see [16, Theorem II.5.12]). Now we can formulate the main result. It will
be convenient to use the abbreviations

Sy = S/w St = Ghe: = Ve,
(2.18) wyg o= wsut; wt = w8,

and recall that ¢; coincides with ¢ (). Thus w; is the (unweighted, classical) Green
equilibrium measure for the support S, = S; of y,; and w’ plays the same role for
the set S* where VFt +Q = V! + @Q attains its minimum. Also, as p, is not affected
if we replace @ by @ + Const, we assume that

(2.19) rnbinQ =0.

Theorem 2.4

Let Q be admissible on E and satisfy (2.19).

(a) The family {Si}, is an increasing family of sets. Moreover, if we set
So:={2€E:Q(z) =0},

then

(2.20) So= () S

t>0

St:US—rgﬂS'r:St;t>07

T<t T>t
and there exists a countable set N C (0,00) such that

cap (S*\S;) =0,t ¢ N.

(¢) The equilibrium measure u, and the extremal constant c; have the representa-
tions

t t
1
2.21 - LT o = dr.
(221 e /o“’ T /ocastTT

(d) The external field Q) has the representation

(2.22) Q) = /O h (caplg - -V (z)) dt,z € | S

t>0

(b) There holds
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Remarks
(a) Let
Soo = U St'
t>0
It follows from Theorem 2.2 that if S, # F, then
(2.23) Q(z) >sup{c, — V' (2)},2z € E\Sx,
t

and one can assign @) an arbitrary value on E\S, (but subject to (2.23)) without

affecting the family {S-}__ . Obviously,

{z:Q(2) =00} C E\S,
but it is worth noting that there may exist z € F\Sy with Q (2) < co.

(b) The convergence of the integral for ¢; in (2.21) implies that cap.S, cannot
approach 0 too rapidly as 7 — 04; in particular it is not possible that

capeSr =0 (1), 71— 0+.

3. EXTREMAL PROPERTIES OF ¢, Sy

We first establish

Theorem 3.1
Under the assumptions of Theorem 2.2, we have
(3.1) et =c(py) =sup{c(o):0€ M;,7<t}.

Moreover, if (A.3) is satisfied, that is, Q is admissible, then equality holds in (3.1)
only for o = p,.

Proof

For any measure ¢ on E, we have, by the definition (2.15) of ¢ (¢), and by Theorem
2.2:

(3.2) Vit Q—c(o)>0=V"+Q—c,on S,.
Hence
(3.3) V? >Vt +c(o) —con S;.

Let 7 > 0 and 0 € M,. Then by (2.12), (2.14),

/V”dwt = /V”"da < T .
capg St

t
Vidw, = | V¥tdu, = )
[ Vi = [vean= g

(Note that although F is regular, S; need not be regular, so that (2.11) holds q.e.
in S;. However u, has finite energy, hence it is C-absolutely continuous, that is,
sets of capacity 0 have zero pu,—measure). On integrating (3.3) against w;, we thus
obtain

Similarly by (2.11),

t—r1

. — > .
(3.4) e —c(o) > p——
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This holds for any 7, and if 7 < ¢, we get (3.1). Next, if 0 = p,, where 7 > 0, we
obtain that

t—T1
3.5 —c; > }
(3:5) @ o= capgSt
Reversing the roles of ¢ and 7, we also get

t—T1
3.6 —c; < )
(36) @ = capaSr

(We shall use (3.5) and (3.6) later on). Assume now that ¢ € M,,7 < ¢, and
¢ (o) = ¢;. Then (3.4) shows that 7 = ¢. Also, (3.3) then becomes

Ve >Vton S,.

Integrating this against w;, we obtain as before

(3.7) L / Voduw, > / Vido, = —

capgSt capgSt '

Hence
/UN—Vﬂm%zq
and since the integrand is non-negative, the set
K:=5,n{z: (V7 =V") (2) >0}

has ws-measure 0. On the other hand, K being an intersection of S,,, with an open
set (recall that V' is continuous while V7 is l.s.c.) must have positive w;—measure,
if it is non-empty. We have thus showed that K is empty, so

(3.8) Vi(z)=V7(2) all z € S,,.

Now the assumption (A.3) comes into play. It implies (via the maximum principle
for harmonic functions) that strict inequality holds:

Vet (z) < z € G\S,,.

capg S’
Therefore, if S, ¢ S,,,

/V”dwt - /V“fdo <t
capqSt

and we obtain a contradicition to (3.7). So S, C S, and then (3.8) shows that
V9 is bounded on S,, hence has finite energy. Since we have simultaneously (from

(3.8))
Vo<Vton S, and VI <V on S,

we conclude by the principle of domination for Green potentials (cf. [16, Theorem
I1.5.8]) that V° = V* in G and hence o = y,. [J

Next, given a compact K C FE of positive capacity, we set for ¢t > 0,

(3.9) Fi(K) = Fy (K, Q) = —Cap’; _ / Qdusxc.

This functional was introduced in [10] and it is an analogue of the so-called F'
functional of Mhaskar and Saff [16, p.194]. The latter plays an important role in
the determination of the support of the equilibrium measure. The functional (3.9)
plays a similar role in the context of this paper - see the example in Section 5. For
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the following result, we recall the notation (2.18).
Theorem 3.2

Let K C E be compact, with cap(K) > 0. Under the assumptions of Theorem 2.2,
there holds

(3.10) Fi (K) < F;(S:) = —c.

Moreover, if (A.3) is also satisfied, then equality occurs in (3.10) iff
(3.11) S; C S, €S

Proof

This is very similar to the proof of Theorem 3.1. On integrating
Vit Q>c¢ in B
against wg, we obtain

CtS/(Vt+Q)dwKS !

capo K

+/deK = —F (K),

with equalities if K = S;. So we have (3.10). Moreover, equalities can occur iff

(3.12) Vi+Q=c, wi ae.,
and

1
3.13 Ver = .e.
( ) CapGK7 by a.€

Now as S, cannot contain isolated points (for example, by (2.12)), we see that
(3.12) must hold on a dense subset of S,,,., that is this subset is contained in S*.
Since S* is closed, we obtain the second inclusion in (3.11). Note that we did not
use (A.3) here. Similarly, equality (3.13) must hold on a dense subset of S;. Also,
due to (A.3), we have
1
capg K

outside S, , so that the above dense subset of S; is contained in S, ,. Since the
latter set is closed, we conclude that S; C S,,,. O

V@K <

Now, for any ¢ > 0, the set
E..={z€eF:Q(2)<¢e}

is compact, and it has positive capacity by (A.5), while ming @ = 0 (recall (2.19)).
Then (3.10) gives, with K = E.,

a < —-F(FE.)<e+

capg B:

Here ¢; > 0, since it is the minimum of the non-negative function V* + @ - recall
that the Green’s function g (z,&) is non-negative. On letting first ¢ — 0 and then
e — 0, we obtain

(3.14) tlir(& ¢ =0.

Next, we have seen above, that the equilibrium relations (2.9), (2.10) of Theorem
2.2 can be written in the form

(S, =) S, C S (= ™).
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It is easy to construct ) for which strict inclusion occurs. Then V! 4 @ may attain
its minimum on E also outside S;. This can never happen for other ¢ € M;. More
precisely, we have

Theorem 3.3
Let @ be admissible on E. For any measure 0 € M, with 7 <t and o # p,, we
have

(3.15) S7 C 8.
Proof
Consider the function
u(z):=[V7(2) —c(o)] = [V'(2) — ],
which is superharmonic in G\ S; and bounded below (V7 > 0 while V' is bounded).
Furthermore, we have by (2.1), for q.e. z € 9G,

limu(z)=04+¢ —c(o) >0,

zZ—T
the last inequality following by Theorem 3.1. Next, as V* is continuous and V7 is
l.s.c., we obtain for z € S;,

lim inf > >0
Al ) 2 e 2

(recall (3.2)). Since o # p,, w is non-constant and the minimum principle for
superharmonic functions yields

u(z) >0,z € G\S,.
(We need (A.3) here). Since u < 0 on S (recall (2.15), (2.9)), we obtain (3.15). O

We conclude this section with a concavity property of the functions ¢; and
¢y — V*t(z), with z fixed.

Theorem 3.4
Assume the conditions of Theorem 2.2 and fix z € G. Then the functions c¢; and
¢t — V' (2) are concave functions of t.

Proof

Let t = aty + (1 — @) ta, where « € (0,1) and consider the function
(3.16) u(z) =aV (2)+(1—-a) V2 (2) = V' (2),z € G.
By Theorem 2.2,

(3.17) u(z) > acy +(1—a)ey, — e,z € S,

so that

/udwt > acy, + (1 —a) e, — ¢

On the other hand, an integration of (3.16) yields

1 p—
capgS;

/udwt <laty + (1 — a)te — 1] 0.

We have used here the equilibrium relations of Theorem 2.3. Therefore

(3.18) acy, + (1 —a)e, — ¢ <0
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and the concavity of ¢; follows. Now w is superharmonic in G\S;, and tends to 0 as
z — zg € 0G, at least for q.e. zg. Also, u is continuous, bounded, and is bounded
below on S; by a non-positive constant (see (3.17), (3.18)). Hence (3.17) holds for
all z € G. After substituting there u (z) from (3.16) and rearrangement, we obtain
that ¢; — V* (z) is concave. [J

4. PROOF OF THEOREM 2.4

Proof of part (a) of Theorem 2.4
We start with the proof of (2.20). Assume that z € S;, for all ¢ > 0. Then as
V! >0 and Q > 0 by our assumption (2.19), we obtain from (2.10) that

0<Q(z) <¢ forallt>0.
Then (3.14) gives Q (z) = 0, that is z € Sp. This proves the inclusion
() S: € So.

t>0

For the other direction, we consider two cases.
Case 1: F is compact
Let 0 < € < t. Since F is regular, we have for all z € F,

VEEE) Q) = g+ Q).

Hence the left-hand side attains its minimum on F exactly for z € Sy. This means
that

(4.1) So = SF and c(ewg) =

3

capg
(recall (2.15), (2.16)). Then the inclusion

(4.2) So C S, 1> 0,

follows by Theorem 3.3 (obviously ewg # p, as € < t).
Case 2: F is not compact

Then @ (2) — o0 as 2 — JG (or as z — 00). Hence one can find a bounded open
set G; with G1 C G such that

Q(z)>1,z€ EN(G\Gy).

We set

K:=ENG;
and note that K is a compact subset of GG, and every z € K that belongs to G; is
a regular point for K. Thus, for ¢ > 0,

VR () Q) =

,z€ ENGy,
capGK+Q(Z) z 1

while for z € E N (G\G1), the left-hand side is at least @ (z), that is > 1. It then
follows, as in Case 1, that if € is small enough, (4.1) holds with E replaced by K
and we deduce (4.2) as before.

Next, we prove that the family {S;} is increasing in ¢. We shall prove a stronger
statement, namely

(4.3) S; € 8" C S5 ¥t,6>0.
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The first inclusion is clear (recall (2.17) and the remarks thereafter) and the second
follows from Theorem 3.3, if we replace ¢ there by ¢ + § and take o := p,. O

Proof of part (b) of Theorem 2.4
We first show that the family {y,}, is increasing, and continuous in the weak *
sense. Both assertions follow from the relation

(4.4) Moy — Hy € Ms VE, 0 > 0.

The proof of (4.4) is exactly the same as in [4], but we include the proof for the
reader’s convenience. Let

Qt I:Vt+Q*Ct.
Then Q; is also admissible on F (see Remark (a) after the definition of admissible
Q), Q: > 0 on E, and Q; = 0 precisely on S*. Thus

So (Qt) =S

Let 41 := p5 (Q:) be the equilibrium measure of mass ¢ for Q;. By what was already
proved, we have

Sy € 8" =S (Q1) € Sy
(The last inclusion follows from Theorem 2.4(a)). Hence
SFLJ"N% = Su,
so that the equilibrium relations for p can be stated as
VH 4+ Qi = const = mbin (VF+ Q) on Suyy,-
Inserting here @, we arrive at

VHEtH 4 Q = const = mbin (V“J”“ + Q) on Sy,

This means that the measure o+ 1, (of mass t+46) is the equilibrium measure y; 5
for the original Q). Hence (4.4) follows. O

Now let

(4.5) Si—o = J S Sivo =1 S-
T<t T>t

so that (see (4.3))

(4.6) Si—0 S Si—0 €8 €5 C Sipo

Since p.. converges weakly to u, as 7 — ¢ (by (4.4)), we must have

(4.7) S |JS-=5i%.
T<t

Next, if € Siyq, then z € S, 7 > t, so that

(4.8) Vi(z) +Q(z) =cr, 7 > L.

By Theorem 3.4, both ¢, and V7 (x) are concave functions of 7, therefore they are
continuous, and if we let in (4.8), 7 — t 4+ 0, we obtain

Vt (‘T) + Q (SC) - Ct,VfL’ c St+0.
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This shows that S; g C S, and together with (4.6), (4.7), we have the first state-
ment of part (b), namely
Sy =50 C Siyo=5"

Next, by well known properties of capacities (see [15, p. 128, Theorem 5.13 (a), (b)]
for a proof for classical capacities, but the same proof works for Green capacities),
we have

(4.9) rl—l)rtrio capeSr = capeSi+o-

Since the family {5} ., is increasing, capS- is an increasing function of 7. Hence
it is continuous if t ¢ N, some countable set N. Then (4.9), (4.6) show that for
t¢ N,
(4.10) capaSi—o = capgS; = capeS' = capgSito-
Since S; C S!, this implies that the Green equilibrium measure formed for S?
coincides with that formed for S;. Therefore (see (2.13) of Theorem 2.3 and recall
that we are assuming (A.3) in the present proof), we have

cap (S'\S;) =0
and this completes the proof of (b). Another consequence of (4.10) is that for ¢ ¢ N,

(4.11) w, converges weakly to wy as 7 — .

Indeed, let 7, /" ¢t,n — oo. Then w,, — wg, , in the weak * sense, by Lemma
2.10 in [8, p. 154]. Moreover the proof of that lemma shows that the first equality
of (4.10) ensures that wg, , = w;. Thus we get (4.11) provided 7 — ¢t — 0. Now let
Tn \ t,n — 00, and assume that w,, converges weakly to o. Clearly
So- Q St+0 == St.

Also,

capgS;, — capgSi.
Therefore the equilibrium relations (2.11), (2.12) yield (via the lower envelope the-
orem and the principle of descent), that ¢ = wgt. But wgt = wg,, as we have
already mentioned, and this completes the proof of (4.11). O

Proof of parts (c), (d) of Theorem 2.4
By (3.5), (3.6) and the above properties of capsS:, we obtain that

d 1
act: t%N

Being concave, ¢; is absolutely continuous, and in view of (3.14), we conclude that

|
(4.12) o = / ir
(

) capgS,

capeSt’

To show that p, and @ have the desired representations, one may proceed exactly
as in [4, pp. 800-801], replacing there g; (the Green function for S; with pole at
o0), by ﬁ — V% in the present notation.

We suggest, however, a different proof. We shall show that for ¢,d > 0,

1
(4.13) Wersls, < 5 {/Lt+6|5t - /Lt] < wi,
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where v|g denotes the restriction of the measure v to S. Based on this, we complete
the proof of Theorem 2.4 as follows. By (4.13), (with a similar inequality for ¢ — §
instead of t), and (4.11), there holds

d
%zwt,tgé/\/.

Since p, is absolutely continuous in ¢ (recall (4.4)), we obtain the desired represen-

tation .
,utz/ wrdT.
0

Then the equilibrium relation (2.10) gives (see (1.6) and (4.12)) that
i 1
Q(z):/ ( _yer (z)) dr,z €S,
0

capgSr

and since {S;} is increasing, while V¥~ (z) = ﬁ g.e. in S; for 7 > ¢, we obtain
the last statement (2.22) of Theorem 2.4. OJ

Proof of (4.13)

For the case of logarithmic potentials this result was proved by Totik (cf. [16, The-
orem IV.4.9] or [17, Lemma 5.7]). The proof is basically the same for our case,
but some changes are required. Also our notation is different from that in [16], so
we provide the details. The main ingredient is the following analogue of Theorem
IV.4.5 in [16].

Theorem
Let p,v be measures of compact support in G, having finite potentials. Assume that
for some constant ¢ we have

(4.14) VE(2) <VY(2)+cVzeG.

Let A be a subset of G in which equality holds in (4.14). Then

Vja < Hya-

Assuming this theorem, we proceed as follows. Since S; C S;is5, we have, by
Theorems 2.2 and 2.3,

(415) (Vt - Ct) + ) (th+5 - > Z Vt+5 — C¢+46, Q.€. in St+5~

capgSi+s

Furthermore, equality holds q.e. in S;. Therefore, if we set
o 1

a.—ct+5—ct—m

we can rewrite (4.15) as
(4.16) Vies < VHH@es 1g g, in Spps

with equality q.e. in Sy. Now, (3.5) ensures that a > 0. Also pu, 5 is C—absolutely
continuous, hence (4.16) holds s, 5 a.e., and we conclude by the principle of domi-
nation (cf. [16, Theorem II1.5.8]) that (4.16) holds everywhere in G. Since equality
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holds g.e. in S;, we obtain by the above theorem that
(e + 5wt+6)\st < (/Lt+6)|st .

(Note that all measures involved are C'—absolutely continuous, hence they vanish
on sets of capacity 0). So we have the first inequality in (4.13). The proof of the
second is similar: we have

(Vt — ct) +6 (V“’t — L ) <yt Ci1s, q.e. in Sy
capqSt

(actually equality holds q.e. in S;). On setting
0

b= capGSt — (Ct+§ - Ct)

we obtain that
VHeHwe < Yhes 4b qee. in Sy,

with actual equality g.e. in S;. Here b > 0, by (3.6). We then continue as before,
and obtain

(/v‘t—&-é)‘st < (pg + bwy) g,
and this is the second inequality in (4.13).

Thus it remains to prove the above theorem. Since the Green potentials V#, V¥
differ from the corresponding logarithmic ones U*, U" by a harmonic function, we
see that (4.14) is equivalent to

Ut (2) <U"(2)+u(z),vYz € G,

where u (z) is harmonic in G. If u (z) were a constant ¢ say, this would be Theorem
IV.4.5 in [16]. However, the only property of ¢ used in the proof of that Theorem
is, that the average of ¢ over a circle centred at some point is independent of the
radius of this circle. Since harmonic functions enjoy this property, we see that
Theorem IV.4.5 actually was proved in [16] for ¢ replaced by a harmonic function.
This completes the proof.

5. AN EXAMPLE
Let
G = {Z :Rez > 0},E = (0,00),

and let @ be convex. Then the convexity of Q and the convexity of the Green’s
function for the right-half plane guarantee that S; is a compact interval, say,

St = [at,bt] C (0, OO) .

(This follows just as for logarithmic potentials). We place a symmetry hypothesis
on ), which is akin to that of evenness when dealing with logarithmic potentials:
Qx)=Q (:c_l) ,x € (0,00).

Then the uniqueness of u, gives
atbt =1.
Now if 0 < a < 1,
K’ (a?)

capg [a,a_l] = capg [a2, 1] = W’
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where K and K’ are complete elliptic integrals:

K(k)—/l de K (k) =K (K); k> +k?=1
o V1 —22) (1 - k222’ ’ '

Also,
1 dx

K@) =) (= D)
(All these may be easily derived from Example 5.14 in [16, pp.133-134], by mapping
G conformally onto the unit ball in such a way that [a, a‘l} or [aQ, 1] is mapped
onto [—a, a] for some 0 < o < 1. One uses the conformal map to transform the
equilibrium density w.r.t. the unit ball to that w.r.t. G. See [11] for a very similar

situation; some of the necessary calculations appear in [1, p.121 ff.].) Thus for the
set [a, a_l]7 F; is

d(A}[a,a—l] =

= K (a2) 1 ™t dx
—Fi(a) = —F; ([a,a7"]) =t K’ (a2) TR (a2) /a Q@) V@2 —a) (1 - a’2?)
If we take
Q(z):=x+27",
then

™ 9 1
—Fi(a) = K—/(ag){tK(a)“‘a}
™ 1
= —tK(k)+ —,
7 K0+ 75
with k := a2. Differentiating with respect to k and setting = 0 gives
dK 1 1] dK’
— - — | K’ — |tK —| — =0.
[t - /2] (k) [t (k) + ﬂ] o

Since [5, 8.123.2, p.907]

(5.1)

K E K

dk T kK2 Ok
where
1— k222
1— 22

is the complete elliptic integral of the second kind, we also obtain
dK’_dﬁ(,)dk’_ k[ E K
dk — dk' Kk2 K|

dk K
Then (5.1) can be rearranged to

E K 1 ] B Kk
¢ L G N N ) _ _
[ {kk/? 2 } 21{3/2} + ( * \/E> {kk’2 2 } 0,

EK' + E'K — KK']

or

tkk’2 [
_ 5 E? + 2k E’ _ K 14+ k2 E’
- 23/2k2 T k3/2k12 2k3/2k2  E3/2)2°
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Since the term in [] in the left-hand side is /2 [5, 8.122, p.907], we obtain that the
defining equation for a; is

1+ k2 E'
TR LR Eoy—. )
VEk vk
that is,
rt = 0K (@) (% + a2) — 28 (a2) fa.
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