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ABSTRACT. Let g > p > 0, and consider the Nikolskii constants
1P,

in R
deg(P)<n—1 || P|,

Anpq=

where the norm is with respect to normalized Lebesgue measure on the unit
circle. We prove that

1_1
limsupn? Ay q < Eq,

n—oo
where
£y = inf Hf”LP(R)7
170 L, &y
and the inf is taken over all entire functions f of exponential type at most 7.
We conjecture that the lim sup can be replaced by a limit.
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1. INTRODUCTION!

Define the normalized L, norms of polynomials P on the unit circle:

1 ™ PPN 1/11 )
”P”p:<27r/ ’P(e )’ dG) ,ifp < oo

—Tr
and
[Pl = sup [P (2)].
|z|=1
Classic Nikolskii inequalities assert that given ¢ > p > 0, there exists C' depending
on p, q, such that for n > 1 and polynomials P of degree < n,

P 1 1
1Pl - (et
171,

(1.1)

These inequalities are useful in studying convergence of orthonormal expansions and
Lagrange interpolation, and in analyzing quadrature and discretization of integrals.
A proof for trigonometric polynomials, which includes this case, appears in [1,
Theorem 2.6, page 102]. The converse sharp inequality, namely

P
171, _,
171,

follows from Holder’s inequality. It is a longstanding problem to determine the
sharp constants in (1.1). In a recent paper dealing with L, Christoffel functions,
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we obtained the asymptotically sharp (n — oo) form for ¢ = oo, and p > 0 [4]. In
this paper, we obtain asymptotic upper bounds for ¢ > p > 0. We emphasize that
p and ¢ are not necessarily dual/conjugate L, exponents.

The asymptotics involve the Paley-Wiener space LE,0 < p < co. This is the set
of all entire functions f satisfying || f|| L,®) < 00, and for some C' > 0,

F(2) <0 sec
Note that L2 C L4 for ¢ > p. We define

f
(1.2) Epq = inf I lye ferLry.
1Nz, )
Also define for n > 1, the nth Nikolskii constant,
1P|

1.3 Ao = in P

( ) P deg(P)<n—1 ||P||q
‘We prove:

Theorem 1
Let ¢ >p>0. Then
. 11
(1.4) limsup Ay, pgne = < &4

In [4], we showed that

. 1
Jim A pcon? = Ep oo,

so for ¢ = 0o, the lim sup can be replaced by a limit. We offer:

Conjecture

1 1
(1.5) nan;o Appgne s =& 4.

In the sequel, C, C4, Cs, ..., denote positive constants independent of n, x, ¢, and
polynomials of degree < n. The same symbol does not necessarily denote the same
constant in different occurrences. For real z, we use [z] to denote the greatest
integer < z, and [z], = max{0,2}. We prove the upper bound in Theorem 1 in
Section 2, and discuss some of the difficulties of proving the Conjecture in Section 3.

Acknowledgement

In an earlier version of this paper, we proved a weak asymptotic lower bound, as
some evidence towards the conjecture. A closer look at this bound showed, however,
that it is zero and therefore useless. We thank Vili Totik for this observation.

2. PROOF OF THEOREM 1

We shall use Lagrange interpolation at the roots of unity. Let n > 2, and for
l7] < [n/2], we let
Zjn = €27/,
and define the corresponding fundamental polynomial

1 2"—1
2.1 4 = ——
(21) )= =y
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Throughout, we also use the sinc kernel

S(t) =

sin 7t

t
We start with:

Lemma 2.1
Assume that C > 1 and k =k (n) is such that

Then as n — oo,
(2.2) L (2717) = (1) e <t: - j) +o(1),

uniformly for j and t with

¥l t
2.3 — =0(1); —=o0(1
(2.3) —=o(l); —=0o(1)
Proof
We see that
eifrtk/n sin (ﬂtk)

T =

Uin (eQm't/n>

ei™(x %) gin (W% — 71'%)

leiﬂtk/n (71).7 sin (7T (% _ ]))
F o Dan (3 ()
eiﬂ'tk/n (_1)] S (% _j)
RS (1 (%)

Here ¢™(5=%) = 1 + + 0(1) uniformly for j and ¢ satisfying (2.3). Moreover, by
continuity of S at 0, S (3 (% —4)) =5 (& — 7) = 1+ o0(1) uniformly for the same
range of j and t. W

Now for each f € LP | and any p > 0, a result of Plancherel and Polya [2, p. 506],
[5] asserts that

(2.4) Z n)|P < 0/ )| dt,

n=—oo
where C' is independent of f. The converse inequality, with appropriate C, holds
only for p > 1. Thus for p > 1, and some Cy,C5 independent of f, [3, p. 152]

oo oo [eS)

(2.5) a Y o< / FOPd<c S 1Fmr.

n=-—o00 - n=-—o00

As a consequence, any such function f admits an expansion

(2.6) F)=Y Fl)SE-9),

j=—o0
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that converges locally uniformly in the plane. Indeed, for p > 1, this follows from
the Plancherel-Polya theorem [3, p. 152] that we have just quoted. For p < 1, (2.4),
(2.5) also imply that f € L2, so yet again (2.6) holds. Note too that L2 C L4 for

q > p. In particular, if f € LP for some p > 0, then ||fHLOO(]R) < 0.

Lemma 2.2
Let ¢ >p > 1. Then

. 1_1
limsupn?~ 1A, pq < Epg

n—oo
Proof
Let f € LP, not the zero function. Fix m > 1 so large that at least one of

T

f(4),1j] < m,is not 0. Let

(2.7) Su(2)= > FG) (1)l (2).
l7|<m
We have
15wl
Sl

Let r > 1 and s > 0. Lemma 2.1 gives

S

"ls, (627rit/n> Sdt:/T N rG)S—g) d

n—00
- T lilsm

n 27r/n e
lim — / S, ()] df = lim

n—o0 27 —27r/n

(2.8)

Next, we estimate the rest of the integral. Let z = ¢ 0 € [0,x]. If 0 < j < [n/2],
(2.9)

2 1
[€jn ()] <min{ 1, ———— » <min{ 1, : <min?1, L 7
nlz — zjy| sin (9—2;71'/n) Ind — 2jr|

n

by the inequality [sint| > 2 |¢[, |t| < Z. For 0 > j > — [n/2], we have instead
7r
[in (2)| < €—jn (2)] < min {1, } .
! ! [nb — 24| |

Hence if » > 2m, and 7 > 6 > 271 /n

s.@I< | X 10|

li]l<m
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The same estimate holds for —r < § < —27r/n. Then for some C independent of
n? f? T?
n 1S, (2)| dO

27 27r /n<|0|<m

p
do
<o Surol) o
j§m| ()| 27tr /n<|0|<m |n9‘p
p
(2.10) < | Y IrmH|

l7]<m

where again, C' is independent of n and r. Combined with (2.8), for s = ¢, p, this
gives

- 1/p
- (#1800
limsupn?r~9A, ,, < limsup

i " (ST 18 (2))7 o)

(7,

1/q

1/p

Sien f )8 =) di+C (S D) ')
r . N 1/q
(17 [t 7 @5 )" at)
Recall that m is fixed. Letting r — oo gives
o . NI 1/p
. 1_1 (f—oo‘z\j\gmf<]>5(t_])) dt)
limsupnr~aA,,, <

i (1= [ S f ) S =) ) "

Now the triangle inequality and the Polya-Plancherel equivalence (2.5) allow us to
let m — oo, giving

. 1_1
limsupne~ A, 4 < .
n—oo I1£1l L, )

11z, ®)
As we may choose any f € L2, we obtain the result. B
Next, we handle the more difficult case p < 1. We let

k—1

1 11— 2k
Uk(z):EE zJ:E - =Ly (2).
=0

Observe that from Lemma 2.1, uniformly for ¢ in compact sets, as k — oo subject
to the restrictions C~! < k/n < C,

(2.11) Us (e’““/") = ¢imth/ng (tk> +o(1).

n

Lemma 2.3
Let 0<p<1and q>p. Then

. 11
limsupn?z~ 1Ay, pq < Epg-
n—oo
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Proof
Let fe LP. Let € € ( ) Choose a positive integer k such that kp > 2 and let

= ( Z f(]) (71)j gj,n—[en] (Z)) U[%n} (Z)k7

|i|<[log n]

a polynomial of degree < n — 1. Fix r > 0, s > 0. As ‘U%n )‘ <1 for |z| <1,
we have from Lemma 2.1 and (2.11),

2nr/n

S (2)]" d6

n

27 —27r/n
s

= /T ( Z f(j)(_l)jéj,nf[sn] (eZTrit/n)) U[k%n] (€2m't/n) dt

-r

l7]1<[log n]
- [ | X s@sea-o- j>+o< > If(j)l) (Js (G)| +o) ar
" |li1<log n] 1< [log n]

S

- [ = sosea-a-p) s

" |lil<logn]

dt+o(1).

Here we are using the fact that

oo oo

D= Y IfWDI<IflL w IF I <

j=—o0 j=—o0

recall (2.4), and that each f € L2 is bounded on the real line. Next, uniformly for
te[—rr],

F=e)— > fGSEL-eg) 1)

l7]<[log n]
< 3 G =08 n— .
|]1>[log n]
It follows that
2nr/n
Jim 7/ 1S, (2)]° do
n—oo 27 —27r/n
(2.12) = / (=) (Et)(ksdt
' —r k ‘
Next, for all |z| < 1, [£;, (2)] < 1, so with 2 = €%, 0 € [-7, 7]
k
‘S’n (Z)| < ‘U%n )‘

A
)
VR
o
S
—| ™
|
2
~
>
IN
T
VRS
o
S
=
~
ol
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Hence,

" 1S, ()" d6

27 27r/n<|0|<m

1\
< cmm/ |
amr/n<loj<n \ [£7] [0]

< CDP / |t| " dt < C.DPr—krHT,
[t|>27r

Here C is independent of 7,n, but depends on ¢, k. Combining this with (2.12)
gives

1_1
limsupn?~ 9A, 54

(% fj,r 1S, (2)]7 d@) 1/p

< limsup T
— ™ /q
" (7, 180 ()] dB)
x /p
. (2 /7, 180 ()" d6)
< limsup

n—oo n Tr/n 1/q
(E 3274/” 1Sn (2)]* d0)
) 1/
(J7, 15 @ =ep |8 (5[ e + cDr—ten)
1/q
(J7 1 @ =epit|s (56)[* at)
Since the left-hand side is independent of r, we can let r — oo to obtain
[e’e} 1/p
R (S lf @ =epl|s (5[ at)
limsupn?r~ A, <

o (11 e —opes (g ar)”

( 1 )1/p1/q (foooo ‘S k(l s) dt)

e (1w t)

Now we can let ¢ — 0+, and use dominated convergence, noting that |S (t)| < 1
for all ¢ and S (0) = 1. We obtain

f
hmsupn575A ”Hﬂ

n—o00 = Hf”L ¢(R)

and taking the inf’s over all f gives the result. B

3. REMARKS ON PROVING THE CONJECTURE

One needs to prove
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This was achieved for ¢ = co in [4], but is much easier in that case. The reason is
that in considering

1Pl

1Pl
one can assume ||P|_ = P(0) = 1, and then only has to deal with integrals
in the numerator. For ¢ < oo, one has to consider the fact that integrals over
several different subarcs may make substantial contributions to ||P[|,. It is very
likely that in an extremal polynomial P attaining the inf A, , ,, the polynomial
is "concentrated" around the point, where its maximum modulus on the circle is
attained. That is, the absolute value of the polynomial decays away from this point,
which can be assumed to be 1. Once one has a suitable form of concentration, one
can estimate tail integrals much as in Section 2. Unfortunately, all our attempts to
prove this "concentration" or "decay" failed.
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