Converse Quadrature Sum Inequalities for Freud
Weights 11

D.S. Lubinsky! and G. Mastroianni?
1John Knopfmacher Centre,
Mathematics Department,
Witwatersrand University,
Wits 2050, South Africa.
e-mail: 036dsl@cosmos.wits.ac.za

?Dipartimento di Matematica,
Universita degli Studi della Basilicata,
Via Nazario Sauro 85,

85100 Potenza, Italy.
e-mail: Mastroianni@unibas.it

26 October 2000

Abstract

Let W := exp(—Q), where @ is of smooth polynomial growth at oo, for
example Q(z) = |z|®, 8 > 1. We call W? a Freud weight. Let {zin}j—,
and {/\jn}?zl denote respectively the zeros of the nth orthonormal poly-

nomial p, for W2 and the Christoffel numbers of order n. We establish
converse quadrature sum inequalities associated with W, such as

I (PW) () A+ J2])" o, @

< CY N W (@jn) [PWIP (250) (1 + [ajn )

Jj=1

with C independent of n and polynomials P of degree < n, and suit-
able restrictions on r, R. We concentrate on the case p > 4, as the case
p < 4 was handled earlier. Moreover, we are able to treat a general
class of Freud weights, whereas our earlier treatment dealt essentially with

exp (— \x|6) ,8=2,4,6,.... Some applications to Lagrange interpolation

are presented.

1 Introduction and Results

Let W := e~ ?, where Q : R — R is even, convex, and is of polynomial growth
at co. We call W?2 a Freud weight. Corresponding to W2, we can define ortho-
normal polynomials

Pn(T) = Y02 + ooy Yy = Y (W?) > 0,



such that

We denote the zeros of p,, by
Tpn < Tp—1n < ... < Tin.

The Lagrange interpolation polynomial L,[f] to a function f : R — R at
{z;n}}j—, is a polynomial of degree at most n — 1 satisfying

The convergence as n — oo of L,[f] associated with exponential weights
in various settings has been studied by many authors [1], [2], [3], [4], [5], [11],
[13], [14], [21], [23]. One of the most successful approaches to establishing mean
convergence of L, is converse quadrature sum, or Marcinkiewicz-Zygmund, in-
equalities, which have the form

1/p

I PWe < C [ D AjnW 2 (@jn) [PWI (2)0) ; (1)

j=1

where ¢, are appropriate weighting factors, 1 < p < oo, and C' is independent
of n and polynomials P of degree < n. Moreover, {)‘j"}?:l are the Christoffel

numbers of order n for W2, so that

00 n
/ PW2 = Z >\jnP (.Tjn) y
— 00 =1

for every polynomial P of degree < 2n — 1. Since xj_1, — Zj» has the “same
size” as \j, W2 (xr,), (with an appropriate definition of o, ), one may replace
ANinW ™2 (z;,) in (1) by Tj_1.n — Tjp-

The main feature of this paper is the proof of (1) in L, spaces with p > 4,
for Freud weights, and under mild conditions on W. In earlier papers [9], we
could only establish such inequalities for p > 4 under an implicit bound on the
orthogonal polynomials associated with the weight W?2. At that time this bound
was known only for W (z) = exp (—|z|”),a = 2,4,6,... . Thus in dispensing
with that bound, we remove a major defect of the results of [9].

For those requiring further orientation on Marcinkiewicz inequalities, a sur-
vey of these was presented in [10]. Other recent papers involving this technique
include [1], [3], [4], [5], [9], [11], [12], [15], [24], [25]. To describe our results, we
must define our class of weights:

Definition 1.1
Let W := e~ @, where Q : R — R is even, and continuous, Q" is continuous in
(0,00) and Q' > 0 there, while for some A, B > 1,

ASMSB,:EE(O,OO).

Q'(z)
Then we write W € F.



The archetypal example is
W (x) = Wp (2) := exp(— |2|”), 8 > 1.

An important quantity associated with W? is the Mhaskar-Rakhmanov-Saff
number a,,, the positive root of the equation

2 (1 autQ (ayt
w=2 [ wtQed) ),

T Jo V1-—1t2
One of its features is the Mhaskar-Saff identity [17]

|| Pe @ ”LOQ(IR):” Pe @ ”L an,an]vP € Pn,
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where P, denotes the polynomials of degree < n. Note that for Q(z) = |z|°,
p >0,
ay = C(B)utP,u >0,

where C'(3) admits an explicit representation [17]. Our main result is:

Theorem 1.2
Let W =¢"Q ¢ F and p > 4. Let r, R € R satisfy
1 1
r<l——r<RR>-= (2)
p p
and for some § > 0,
b (=800 _ g (0. (3)

Then for n>1 and P € P,_1, we have

1/p

/ [PWIP (@) (1 |e)" de < C | Y NjuW 2 () [PWI (270) (14 |ju)™

oo =
(4)
where C' is independent of n and P.

Remarks
(a) f W (z) = Wga (x) = exp (— \x|5) ,8 > 1, (3) reduces to

3 1 , 1
6(1—p>+r—mln{1—p,R}<O. (5)

This is the same condition as in Theorem 1.1(b) of [9, p. 529], except that there
we allowed < 0, at least for R # 1 — %. In this weaker form (5) was shown to
be necessary for (4) to hold, but sufficient only if 5 = 2,4,6, ... .

(b) In Theorem 1.2 of [9, p. 530], it was shown that if (4) holds for p > 4, then
necessarily for some ¢ > 0,
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Thus our result is very close to sharp. Moreover, it was shown that if we assume
the bound

—1/4
sup|pn+1<a:>pn_1<x>|w<x>max{n2/3,1"””'} <ca;'?, ()
xE€R

an

with C independent of P,n, then (4) holds if (2) does, and if also

_a) r—min{1-1,R} 0(1), ifR#A1— %;
=gl = { o ((logn)*f"), fR=1- 1 (7)

ns(

The bound (6) was known only for W () = exp (— |x|5> ,3=2,4,6,... at the

time of writing of [9]. It almost certainly follows now for all 5 > 1, from the
detailed asymptotics of Kriecherbauer and McLaughlin [6] for p,,.

The essential feature of this paper is that one does not need the bound (6)
to establish (4), provided one uses Kénig’s method.
(¢) In Theorem 1.2 of [9] the case p < 4 was also handled, but then the only
restrictions on 7, R were

1 1
r<l——r<RR>—.
D p

The problems for p > 4 arise from the behaviour of p,, near +a,: very roughly,
|[pnW| (2) behaves in magnitude like |1 — |z /an|_1/47 and the latter is not in-
tegrable over [—a,,a,] for p > 4. We note that the latter problem may be
alleviated by adding two extra interpolation points, an idea of Szabados. See
[21], [14], [1].

(d) As a corollary, we can deduce mean convergence of Lagrange interpolation
for functions that are Riemann integrable in each finite interval, and that are
of suitably restricted growth for large |z|. Similar results were proved in [13]
for continuous functions, but under a slightly weaker growth restriction (there
¢ = 0 was allowed in (9)):

Corollary 1.3
Let W € F and let p >4, A € R, > 0. Assume that f : R — R is bounded
and Riemann integrable in each finite interval, and that

lim [fW|(z) (1+]z])* = 0. (8)

|z]|— o0

Assume that for some € > 0,

n%(k%)agfmin{l’a}fA =0 (n"%),n— . (9)
Then
lim || (f (z) = Lo [f] (2)) W () (1 + [2]) ™2 ||, @)= 0. (10)

n—o0

This paper is organised as follows: we state technical lemmas in Section 2,
and then prove Theorem 1.2 in Section 3. We prove Corollary 1.3 in Section 4.
In the sequel C, Cq, Csy, ... denote positive constants independent of x,n, P €
P,.. The same symbol does not necessarily denote the same constant in different



occurrences. We shall write C' # C(X) to indicate that C' does not depend on a
parameter . The same symbol does not necessarily represent the same constant
in different occurrences. We use ~ in the following sense: if {b,, }°, and {¢,, }22,
are sequences of nonzero real numbers, we write

b, ~ ¢,
if there exist C1, Cy > 0 independent of n such that

C; < bn/cn < CQ;” > 1.

2 Technical Preliminaries for Theorem 1.2

In this section, we present technical lemmas required for the proof of Theorem
1.2, most of which were proved elsewhere. At a first reading, the reader may
wish to skip this section. Throughout, we assume that W € F.

We begin with a well known lemma giving conditions for boundedness of
integral operators on L, :

Lemma 2.1

Let1 < p< oo and q:= 1%' Let (9, i) be a measure space and S, R : Q%— R.

For p—measurable f: Q —R, define

T(f)(u) = /Q S(u,0) F(v)du(v).

Assume that

IN
=
_
=

sup/Q S (u, )| | R(u,v)|"dp(v)

ue)

sup/Q S (u, )| | R(u,v)| " dp(u)

vEQN

IN
=
_
N

Then T is a bounded operator from L,(du) to L,(du), more precisely,

1T\ L, () —Lp(dp) < M.

That is, for every u measurable f,

(/IT[f]”du>1/p <M </|fpdu>1/p.
Proof

See [3, Lemma 2.5, p.745] or [4] for a proof. O

Our next two lemmas deal with Hilbert transforms. Recall that if g € L; (R),
we may define for a.e. x, its Hilbert transform

H[g] (z) := PV/ 9(t) dt := lim 9(t) dt.
—o0 & — e—0+ {t:|t—z|>e} T -1




We set

Ton : = Tin (1 + n’2/3) i Tntln i= Tpn (1 + n72/3> ; (13)

Lin ¢t = (@jn, Tjm1,0) 3 | Ljn| = Tj—1,n — Tjn; (14)

Xjn ' = Xi,, = characteristic function of I;n; (15)

h) : =1+al; (16)

buta) = [1= e, )
x

I (18)

For fixed R € R, we set

|Ijn - ) |z — xjn‘ <2 |Ijn| ;
Fin (@) = h(@;n) "o, () *x{ L.
j j |x‘—wj‘n| { \z—lmjnl + h(xljn) } sz —zynl > 2| La].

(19)
Konig’s method involves replacing z_im by H|x Ijn}' This is achieved with the

aid of the following lemma:

Lemma 2.2
Uniformly forn > 1,1 <k <n,z € [Tyn, T1n),

B (20)  Hlvah™ (@)

Tkn(x) = a”}L/Q |an| (ZC) T —x) |Ik ‘
n n

Proof
See [9, Lemma 5.2, pp. 542-545]. O

The following lemma deals with properties of Hilbert transforms:

Lemma 2.3
Let b € R and p > 1 with

1 1 1
——<b<1l—=0<a<—-. (21)
p p p
Then for g: R — R supported on [—2a,,2a,],
I H [g] By N1, 1=2an 200 < C | 985 |11, (=240 2a0] (22)
with C' # C (g,n).
Proof

This essentially goes back to Muckenhoupt and results on A, weights [18], [20].
However, because of the dependence of (22) on n, we provide some of the details.
First let us show how to get rid of the dependence on n. We use the fact that

IH [g] () 11 = [t Mz, < C g @) L =1t I, ®) (23)

with C # C(g). This follows from our restrictions on a, which ensure that
|1 —]¢]|”" is an A, weight. See [18] or [20]. Now for a given g, set

gn (u) := g (apu),n > 1.



Applying (23) to g, and making a substitution ¢t = x/a,, gives

[l G- ez [l (3)

with the same C' as above (so that C' # C (g,n)). Since

H [gn] (x> =H 9] (z); 9n (x> =g(z),

n a n

p p —ap

_ =l iz,

1 N
Qnp

!
Qnp,

we obtain for some C' # C (g,n),

I H (9] Y L, < C Nl gvn® L, ®) - (24)

Next, an old result of Muckenhoupt [18, Lemma 8, p. 440] shows that under
our restrictions on b,

| Hg]h" |z, ®< C |l gh° |z, @) (25)

with C' # C (g). We now “glue” these last two inequalities together in a straight-
forward fashion. Firstly,

” H [g] hb"/};a ||Lp[—2an,2an]
< CLIHIR I san 30 +0h 1 HIUR" Lo (2 20 [ Sansban]) |

(26)

with C' # C (n, g). The first term in the right-hand side of (26) may be estimated
by (25) as

I H g 0" Ml [~ 3a, 3an]
< Cllgh’ |, @< C || 9¥n "R’ L, &), (27)

since a < 0. To estimate the second term in (26), we split

9 = gX[_%anaian] + gX[_zan72an]\[_ian7%an]
= 191+ 92
Now by (24),
B 9 o[ o o)

< Cdl | 9290 Nz,
b —
= C’an || gll)na HLp([—2an,2an]\[—%an,%an])
< Cllgvn R L, w) (28)

since h ~ a?z in [—2a,,2a,]\ [—%am %an]. Next, for |z| > %am

Cat [ lg o)

19n

Car 00 i,y s 20 e 2]

H 1] ()]

IN
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with C # C (n,g). Here ¢ = p/ (p — 1) is the dual parameter for p. Then

b

@ Hlovn® g, (-20, 20\ 30 3an])

b—1+1 _
SN N PR ISVREP RO PR EEVREPRE

Hereb<1—%:%,so
b—1+21 _ p—1 1
an 7 || AP ||Lq[7ian¢%an]w an ° (anb‘”l)q =1,
and then
b —
29 ” H[gl]wna ”Lp([72an,2an]\[7%an,%an])

< Clovnh’ N, [ tan2an)

again since a < 0. This last inequality, (26), (27) and (28) give (22). O

Our final lemma in this section lists some bounds involving the orthonormal

polynomials {p,} :

Lemma 2.4
(a) For n>1 and z € R,

W] (z) < Ca; 26, (x) 74,

(b) Let a,r, R € R with

and

Then for n>1 and x € R,
@,/ [paWh'| (2) < O, " (2) BT (2) < O, (2) B (x).
(¢) For n large enough, and uniformly for 1 < j, k <n,

AanV_2(3:kn) ~ Tk—1n — Tkn = |Ikn| 3
DLW (kn)  ~ a7 Ton| ™ 5 (k) 5
lfxln/an ~ n72/3;1+xnn/an Nn72/3;
L 4 -1/2  Gn —1/2 .
n ¢n (mkn) n wn (xkn) ’
d)n (xk") ~ q/}n (‘rk'i'l,") ~ d)n (l‘k-‘rl,n) ~ ¢n (IEkn) if k < n;
h(zkn) ~ h(Trtin);
|2 = @kl ~ [T — Tpnl, T € Ljn,
if |xjn —xkn| > 2|I,| or |j—k|>2.

|Ikn| ~ |Ik+1,n

(30)

(31)



(d) Let b € R,L > 0. Then there exists ng = ng (L) such that for n > ny and
P e P, we have

I PWH |1, < CHPWA | (o (1-tn-2Y.an (1-Ln-2/)) - (40)

(e) For n > 1,
Con’? > a, > Cyn'/B. (41)

Proof
(a) This follows from Corollary 1.4 in [7, p. 467].
(b) From (a), it suffices to show that

G ()" 3 R (2) < C. (42)

But a— i <0, and r— R < 0, so we see that this last inequality holds iff it holds
for ¢ = a,, and at = a,, (42) reduces to (31). Since ¢,, > 1,,, the second
inequality in (32) also follows.

(c) Firstly (33) follows from Theorem 1.1 and Corollary 1.2 in [7, pp. 465-6];
next (34) follows from Corollary 1.3 in [7], while a slightly weaker form of (35),
(36) follows from Corollary 1.2 in [7]. For (35), (36) as stated, see [8]. For (37),
see (11.10) in [7, p.521], and then (38), (39) follow easily.

(d) See Lemma 2.1(d) in [9, p.533].

(e) See Lemma 5.2(b) in [7, p.478]. O

3 Proof of Theorem 1.2

Throughout we assume that W € F, that the hypotheses of Theorem 1.2 hold,
and assume the notation of Section 2. We shall break the proof of Theorem
1.2 into several steps. Note that if (4) of Theorem 1.2 holds for a given r, then
it holds for smaller r, and if it holds for given R, then it holds for larger R.
Moreover, recall (2). We may then initially assume that

1 1
——<R<1—-, (43)
P P

while preserving (3). Indeed, if R > 1— %, we may replace Rby Ry = 1— % -1,
with §; > 0 small enough, while keeping R > r; Ry > —%. Note here that a,
does grow like a positive power of n.

Step 1: Express PIW as a sum of two terms
Let P € P,_1. For 1 <k <n, set

o a2 PW ) 1)
" (P, W) (2kn)

In view of (34), we have uniformly in &k and n,



We write

(PWh™) (z) = (Lp[P]Wh")(z)
_ 1/2 r - h (xk:n) H [X nhiR] (ZL’)
= a’n/ (anh )(LL') ;ykn [ T — Tpy - k|I]<7,| ‘|
1 T g X nhiR
+a/ 2 (p,Wh)(x)H L; Yien len| ] (z)
= :Ji(z) + Ja(x). (45)

Note that in view of the behaviour of the smallest and largest zeros (see (35))
and the infinite-finite range inequality (40), we have for some C independent of
P and n,

HPWhTHLp(R) < C ”PWhTHLp[mnn,xln] < C (HJ1||Lp[xrm,m1n] + ||J2HLP[:Enn,m1n]> :
(46)

Step 2: Estimate J;

(We begin with J as it is easier to handle). For some small enough d; > 0, we

let 1
a:f—él.

Since a,, grows faster than some power of n, (3) then implies (31). Thus we
may apply Lemma 2.4(b) and then Lemma 2.3 to deduce that

n -R
wmwﬁmﬁh]
k=1

| kn‘

12l L, ) < C’

Lyznn,z1n]

—a - nh_R
< Cllvn hRZyanTI ‘
k=1 kn Lp[$7zn;$0n]
[l |7 Up
S C { kn } / w;ap
_’; |Ikn| Tin
- n ) 1/p
< C Z{w%(wkn)}PWhR’(xkn)} [T | 9, " (wkn)l
Lk=1
rn 1/p
< C Z|I;m|}PWhR](a:kn)p] : (47)
Lk=1

In the second last step, we used (37) and (44) and in the last step, we used the
fact that 1/4 —a > 0, so that 1/)71/4_6‘ is bounded above independent of n, z.
Step 3: Estimation of J;, Part 1

By Lemma 2.2, with the notation there,

[ T1(@)] < | [ykn] Trn ()R ()
k=1 k=1

Here by (19), and (36) to (39), uniformly in n and j # k,

fkn (.’IJ) ~ fkn (xj’ﬂ) in Ijna

10



SO

r 1/p
n n D
illiypennen = C |3 [ Sl o @) || ()
j=21in Lg=1
[ n n D 1/p
S C Z |Ijn| l:Z |ykn| fkn(‘rjn)hr (xjn):|
| =2 k=1
< C(Si+8+8S;), (48)
where (recall (19))
- - TPy /p
S (@) G (250) " k| B (0)
S1 o= Z [ Zjn| Z ‘ykn| (Zjm — Trom)? (49)
i— in n
_] 2 _k;ﬁj 4
- - 1Py 1/p
S (@) G (250) " k| B (0)
Sy 1 = Z |Ijn‘ Z ‘ykn| |£L‘ — |h (:Ek ) (50)
in n n
L N=y 1]
- 1/p
- =B (2n) b, (Tjn Y pr Tin)
S = [l |yl ) ﬁf = - 6
i=2 L n
Using our estimate (44) for y;,, and (37), we obtain
M 1/p
S < O 1l |PWH| (a)"
_j:1
M 1/p
< C DLl | PWEE] (z)" | (52)
j=1

asr < R.
Step 4: Estimation of S
Now it follows from (36) that

)
Tl ~ 2657 (o) ~ 207 (010) 0 (o)~ b o) ~ (- Tl )

(53)
Then we see from (49) and (44) that

n n p r
Z [ijk |PWhR} Tkn |Ikn| AD‘| ] ) (54)

J=1

where by := b1 := 0 and if 2 < j # k,

3_1 1.1
[lkn|® P ‘Ijn|2+p h" (mjn) h— R (Tkn)

(@jn — Tn)

bk =

11



Defining the n x n matrix B := (bjx)} -, we see that if £ denotes R" with
the usual £, norm, then

n 1/p
k=1

If we can show that for some C; independent of n, that

1Blley~er < Cr, n> 1, (55)
then we obtain for some C # C (n, P),
n l/p
S, <C [Z |\ Len| | PWRE|” (x;m)l . (56)
k=1

Let us set & = {1,2,3,...,n} in Lemma 2.1, and let us set there u({j}) =
1, 1 <j<n,and

s =ts i = () ()

We see that Lemma 2.1 gives (55) if we can show that

sup > S(j, k)R(j, k)? < C;

I k=1

S(j,K)R(,E)P < C,
St;pz_: (J. k)R(j, k)

that is, if we recall the choice of {b;;}, S, R and that 1% + % =

Supz|ikn| I n|2 (hR(( )))q < o

jn — xk:n)
k#J
[l || *
su — - < C. 57
pZ x]n wkn)z B ( )
7k

Swopping j and k in the last inequality, it follows that we must show for £ = 1, 2,

- ‘Ikn| |1 n|2 < (xjn) )W
sup <
i ; (@jn — @pn)? \ (@)

(=

where
01 :=q;092:=0.

Using (36-39 ), we can estimate the sum by an integral: we must show that for
(=1,2,

1/4 r ) oy

sup %"% (l’jn)_l/4/ Pn () (hhff;")) dt < C.
j {t€[znm z1n]:t—2in|>ClLnl} (¢ x]n) (t) (58)
58

12



Split the range of integration into 3 ranges:

S1 1 ={t €@, 1] 1|t —xjn] > C L] and h(t) > 2k (Tn)};
1
Sy = {t € [Tnn, T1n] [t — 2jn] > C|Ijn| and A (t) < Qh(:njn)};
1

S; 1 = {t € [Tun, T1n] [t — Tjn] > C|Ljn| and 3 < h(t) /h(zj,) < 2}.
(I fsl :
Here . 1

[t = @jul 2 L+ [t]) = L+ fagu)] 2 5 A+ ]t]) = 5hO),
S0
_ 7Y R (250)\
T =sup —o,, (zjn 1/4 O ( < J") dt
1 jp n ¢ ( J ) s, (t—xjn)Z hR(t)

< Csup 6, (@) (20) / O ()RR (1) dt. (59)
J S1
We claim that for £ = 1,2, the exponent —Roy — 2 < —1. Indeed for £ =1,
“Roy—2=-Rg—-2<% 90«1,
p

by (43) and since p > 4 = g < p. Also for £ = 2,

—Roy—2=-2.
Since the range S; involves a range of ¢ with |t| > h (5 ), and since ¢, (t)71/4
is bounded above except in a neighbourhood of +a,,, while —i > —1, we may
split the integral in (59) into that part with |¢| € [%an, Qan], and the rest, and
then estimate each integral to deduce that

T, < Csup %gﬁn (zjn)_1/4 plr—Roe—1 (@jn) -
J

For j such that |z;,| < %an, ¢, () ~ 1, while (r—R)o, —1 <0, £ = 1,2,
so we see that the term in the last right-hand side is bounded. For j such that
|z | > %an, we see that the term in the last right-hand side is bounded by

Gn L1 (r—R)o,—1
CznG a,,

5
= Cnsa~Moe <,

again as r < R and oy > 0. Thus

(I1) f82 :

Here we see, much as for Sy, that

1
[t = @jnl 2 Sh(@jn),

13



SO

o 0 s ¢n (t)—1/4 (hr(x,n)>az
T, : = Sup ~ G (Tjn) s (t—zj)° hR(J’f) “

Here if £ =1, Roy = Rq < 1, (by (43)) while if £ = 2, Ro, = 0. It follows that

G (1) H7I0 (1) dt
P

%h(xjn,)
< cC / 6 (1) V4 RR (1)
0
< Ch(zy) 1.

(As above, one splits the range of integration into that part for which |¢| €
[%an, Qan] and the rest; of course the former range may be empty). Then

Ty < C'sup %% (o) RO (20) < O (61)
J

exactly as for T7.

(111) sz :
Here h(t) ~ h(zjn), so

o [ e O (h%xm))” "

C—a ,
T3 . - bl}p n djn ($]TL hR(t)

j s (t—j3)°
’1 B m —1/4

[£22%
s (t— xjn)z
Let us estimate the integral assuming that z;, > 0. We see by the substitution
1—- L = (lfiﬂ)sthat

< Csup 2o, (a) 1 HO ) [ dt. (62)
J S

an

—1/4

-
Ldt
/83 (t —Zan)Q
_|—5/4 —1/4
< Caytf-Gm / - vy
Gn {s:ls=112C|jul/ (an]1=222 )} (s — 1)
_|=5/4 -1/4
< Ca;bl 1_@ / 1 5ds
Qn {s:\sfl|ZCn*1‘lf%|_3/2} (S — 1)
g |1/
< Ca,'n|l —=2
an

In the second last step, we used (36). Substituting in (62) and using (r — R) o <
0, we obtain

T3 < C.
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This last estimate, (60) and (61) give (58) and hence (55). Then we have finished
estimation of Sj.

Step 5: Estimation of S5

Proceeding as for S7, we see from (50) that

1/p
n n p
Sy <C DY | Y bjk [PWAE| (2hn) |Ikn|1/p] ; (63)
j=1 Lk=1
where by, := byj, := 0 and if 2 < j # k,
b o Mol 7 Ll B ) R (an) - (i =
I |xjn _zkn|h(xkn) ! h(‘rkn)

We may dispense with a large part of the sum in (63) by noting that
B (@jn) < A (2kn) = 20 = Tenl < 5k (@kn) = [bra] <5 bzl

Then setting

b3 = by if B (250) > 4h (k)

and b;k := 0 otherwise, and B* := (b;k), we see that

1/p
n n p
Sy < CSi+C D |l lz b [PWAE] (24) I,m|1/p]
=1 k=1
n 1/p
< C{l + ||B*H€g—>€g} l |Ikn| ’PWhR|p (xkvz)] . (64)
k=1
Now we use Lemma 2.1 as before to show that
HB*HZ;}A’ZQ S Cl, n Z 1. (65)
This time we choose
. . Ten |\ 7 ( Blajn)” " i
S(j, k) :=0bi; R(j, k) := i)
(ja ) jk> (]? ) (|Ijn| h(mkn)R (bn (:CJ ) P

Instead of (57), we must show now that

n

3 1
Iin|® [ 1jn? h(zjn)" \? 3q
sup Z k| [ Zjn] ( (jn) > o, (xjn)ip C;

<

J o1 |xjn - -Tkn| h ($kn) h($kn)R o
h(xjn)>4h(Tgn)
S [yl ? Tl
Jjn kn _3
sup ¢, (x; T < Ol
k ; |37jn - Q?]m| h (a:;m) " ( gn)
h(xjn)>4h(Tkn)

Now h(xjn) > 4h (zkn) = |Tjn — Tin| > %h(xjn). Moreover, then, |Tg,|/an

cannot approach 1, so uniformly in n and k in the sums,

[ en| ~ Zn(ﬁn / (Tkn) ~ Fn
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Hence we can bound the sums above by

QA _1(1_3q ro— “ —Ro—
Ty i=sup 26, () T EE R @) Y el ()
J =1
h(:vjn)k>4h(xkn)

n

Ty := sup (%) h ()" Z Ljn| &1, (xjn>_1 h (mjn)_l :

k im1
h(mjn)>4h(-rkn)

Much as for S;, we may estimate

1(1 q lh('jlcjn)
P T
J
-R

an —1(4-32) 5 rg1 h(zin) ™, R<O

< C’bu'pzéf)n(axm) 22T R (240)  log (1+ h(zj,)), R=0

’ L R>0

(66)

We now analyse when the terms in this last right-hand side are largest. Note
that

1
p > 4=d-g1<2
p 3
1 3q
= - ——2>0
2 2p

Hence the term involving ¢,, is largest when x;, is closest to x1,. Moreover,
rq < Rq < 1, by (2) and (43), so the powers of h(zj,) are all non-positive
powers. It follows that the term in (66) is bounded when z;,, is, so it suffices to
consider zj, close to a,. So

G i1 s a;®1 R<0
T < C+C’—nn§(§_7)am*1 X logn, R=0
n

n

1, R>0
Now we use (3), which implies that
(logn)a;? < Cafqnfg(k%)_
So,
s w el s 1, R<0
T, < C+Cn o735 80-3) 1, R=0
ali, R>0

< C+Cns—3-80-%)



Thus,

T <C.
Next, we may estimate
2an,
T, < Csup (‘L”) h(x,m)*l/ ¢, () (1) dt
k n %h(a:k")
< C(a—n) -1-logn=o0(1),
n

by straightforward estimation. Thus 77 and T5 are bounded, so we have shown
(65) and the proof of Theorem 1.2 is complete. [

4 Proof of Corollary 1.3

First let us set for some small enough d,
1
r:=—-A;R:=a— - —4§;.
p
Then we may reformulate (9) as
né(k%)a:min{k%ﬂ%l} =0(n°),n>1

If §; is small enough relative to e, it is then easy to see that (3) holds with
an appropriate §. Also then (3) necessarily implies r < 1 — %; r < R, while as

a > 0,R > —1 provided ; is small enough. Then (2) also holds. So we may
apply Theorem 1.2 with the given r, R.

Let f : R — R be a function that is bounded and Riemann integrable in
each finite interval and satisfies (8). Let P be a polynomial. For n larger than
the degree of P, we have from Theorem 1.2,

| (P=Ln[f)Wh™ ||z, @)=l Ln [P — fIWR" |1, =)
1/p

< C ZAJ-”W*?(J:J»”)(|f—P|WhR)p(xjn) ,

j=1

with C independent of n, P and f. Let € > 0. Because of the rapid decay of W
relative to P, and because of (8), we may choose A > 0 so large that

|(f — PYWhe|(z) <e,|z| > A.
Then in view of (33),
Z /\J'HVV_2 (Tjn) (lf - P| WhR)p (zjn)

|zjn]|>A

< Ce? D (mjorm — mjn) BT (a,)
|I]‘n|>A

It is crucial here that C' is independent of €, A. Using our choice of R, we may
continue this last estimate as

< CeP / R0 (1) de, (67)
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where C is independent of n, A,e. Next, (|f — P|Wh®)” is Riemann integrable
over [—A, A], so we have by (33), and our spacing (36) of the zeros,

S W @) (1f = PIWE™)” (20)

jayul A
< C D> (@jcan —zm) (If = PIWh™)" (2)n)
lzjn|<A
A
- c/ (f — PWh 2] — . (68)
—A

We emphasise that C' # C(A,n, P, f). This last inequality and (67), (68) give

limsup || (P — Ly, [f)) Wh™® ||, < C1 | (f = PYWh™ |1, 1—a,4 +C1e,

n—oo

where C1 is independent of A, ¢, P, f. Letting A — oo and then ¢ — 0+ gives

limsup || (P — L [f) Wh™ ||, < C1 || (f = P)Wh™ ||, (&),

n—oo

with C7 independent of n, P, f. The triangle inequality then gives

limsup || (f = Lo [f) Wh™ ||, )< C1 || (f = PYWh™ || (=) -

Here our conditions on f and W guarantee that we may choose a polynomial P
for which the last right-hand side is arbitrarily small: for
((F = PYWh™2) (@) = 0 (A=) (@) ,]a] — o0,

and (9) guarantees that A +a > %. O
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