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ON MARCINKIEWICZ-ZYGMUND INEQUALITIES AT JACOBI
ZEROS AND THEIR BESSEL FUNCTION COUSINS

D. S. LUBINSKY

ABSTRACT. Marcinkiewicz-Zygmund Inequalities involving the zeros {zy,} of
Jacobi polynomials for the weight w®#? can take the form

n 1
A Nen P (@rn) P w7 (@) < / P (@)? w P (2) da
k=1 -1

n
< B M P @) T (wpn).
k=1
Here p > 1, P is any polynomial of degree < n, the Ay, are Gauss quadrature
weights for w®#, the parameters o, 7 are appropriately chosen, and A, B are
independent of n. We show how these generate analogous inequalities at zeros
{jx} of the Bessel function Ju, with the same constants A and B :

AZ{“J*' 2| Gl? < /0 If ()P £20+20+1 g

< BZJQ”J*’ 2 GRIP

Here f is an even entire function of exponential type < 1 for which the integral
in the middle converges.

1. INTRODUCTION

In a recent paper, the author studied the relationship between the classical
Plancherel-Polya inequalities and the classical Marcinkiewicz-Zygmund inequali-
ties. The former [6, p. 152] assert that for 1 < p < oo, and entire functions f of
exponential type at most m,

(1) 4, Z wrs [ iren, S s0r

provided the integral is finite. For 0 < p < 1, the left-hand inequality is still
true, but the right-hand inequality is not. We assume that B, is taken as small as
possible, and A,, as large as possible.
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The Marcinkiewicz-Zygmund inequalities assert [19, Vol. II, p. 30] that for
p>1,n > 1, and polynomials P of degree < n — 1,

(1.2) 72‘}) 2mk/n / ‘P 27rzt ‘ dt < =2 Z‘P( 271'7,k/n)

Here too, A, and B,, are independent of n and P, and the left-hand inequality is
also true for 0 < p < 1 [7]. The author [8] proved that the inequalities (1.1) and
(1.2) are equivalent, in the sense that each implies the other. Moreover, the sharp
constants are the same:

Theorem A
For 0 <p < oo, A, = A}, and for 1 <p < oo, B, = B,

These inequalities are useful in studying convergence of Fourier series, Lagrange
interpolation, in number theory, and weighted approximation. They have been ex-
tended to many settings, and there are a great many methods to prove them [2],
5], [7], [9], [10], [11], [15], [17], [18]. The sharp constants in (1.1) and (1.2) are
unknown, except for the case p = 2, where of course we have equality rather than
inequality, so that As = Bo = A, = B, =1 [6, p. 150].

In this paper, we explore an analogous theme, where instead of roots of unity,
we consider polynomial inequalities at zeros of Jacobi polynomials, and instead of
the integers, we consider zeros of Bessel functions. We first need some notation.
Let o, 8 > —1 and

w () =(1-2)*(1+2)", ze(-1,1).

For n > 1, let P%# denote the standard Jacobi polynomial of degree n, so that it
has degree n, satisfies the orthogonality conditions

1
/ PP (2) *w®P (z)dz =0, 0 <k < n,

PoB (1) = (” Z 0‘).

Tpn < Tp—1m < oo < T1p

and is normalized by

Let

denote the zeros of P28, Let {\g,} denote the weights in the Gauss quadrature
for w®?, so that for all polynomials P of degree < 2n — 1,

/ Pw® ’ﬁfz)\kn xkn

There is a classical analogue of (1.2), established for special «, 8 by Richard
Askey, and for all o, 8 > —1 (and for more general "generalized Jacobi weights")
by P. Nevai, and his collaborators [7], [9], [12], [13], with later work by Konig and
Nielsen [5], and for doubling weights by Mastroianni and Totik [11]. The following
special case follows from Theorem 5 in [9, eqn. (1.19), p. 534]:

Theorem B
Let o, B, 1,0 satisfy a,B,a+ 0,8+ 7 > —1. Let p > 0. For n > 1, let {xkn}
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denote the zeros of the Jacobi polynomial PS? and {\x,} denote the corresponding
Gauss quadrature weights. There exists A > 0 such that for n > 1, and polynomials
P of degree < n —1,
n 1
AS N P i)l (1= 00)” (L) < [P @ (12" (14 0)
k=1 -1

(1.3)

We emphasize that this is not the most general form of this result, but one suitable
for our purposes.

The converse inequality is much more delicate, and in particular holds only for
p > 1, and even then only for special cases of the parameters. It too was investigated
by P. Nevai, with later work by Yuan Xu [17], [18], Konig and Nielsen [5]. Konig
and Nielsen gave the exact range of p for which

(1.4) / P @)1 —2)* (1 +2) de < BY Aen | P ()P
-1 k=1

holds with B independent of n and P. Let

w(a,B8) = max{1,4a+1 45—1—1}'

20+5 28+5
1 B+1

o+ ]
m(a,B) = maxx{l,42a_|_37 25_‘_3},
m (a, B)
(1.5) M (e, B) W.
Then (1.4) holds for all n and P iff
(1.6) plo, B) <p < M(a,f).

The most general sufficient condition for a converse quadrature inequality seems
due to Yuan Xu [17, pp. 881-882]. When we restrict to Jacobi weights, with the
same weight on both sides, Xu’s inequality takes the following form:

Theorem C
Let o, B, 7,0 satisfy o, B,a+o,B8+7 > —1. Let p > 1, and assume that
1 1
(1.7) Pla+:z —(a+1l)<o<(p—1)(a+1) — max 0,23 a+-|¢.
2 2 2 2
P 1 P 1
(18)  S(B+5)-B+D)<r<@-1B+1)-max0,5(B+5) -

Then there exists B > 0 such that for n > 1, and polynomials P of degree < n—1,
(1.9)

1 n
/ 1P @)P (1—2)*" (1+2)" " de < B e [P ()" (1= k)T (1 + @)
-1 k=1

Remarks

For a given «, 3,p, it is always possible to choose o, 7 satisfying (1.7), (1.8) and
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a+ 0,8+ 7> —1. Indeed, the difference between the upper and lower bounds in

(1.7) is
pemli(eed) o)

= min g—l—%l >0
=P 2 712 '

Inequalities of the type (1.9) for doubling weights have been established by Mas-
troianni and Totik [10], [11] under the additional condition that one needs to restrict
the degree of P in (1.9) further, such as deg (P) < nn for some 7 € (0, 1) depending
on the particular doubling weight.

Now let o > —1 and define the Bessel function of order «,

e (E)Qk
(110 %)= (5) X rata s

We shall also use
(1.11) Jr(z) = Jo (2) /29,

which has the advantage of being an entire function for all o > —1. J? has real
simple zeros, and we denote the positive zeros by

0<j1 <ja<...
while for k£ > 1,
J—k = —Jk-
It is unfortunate that the symbol j is used for this zero, but this is the standard
notation, so we conform to it.
The connection between Jacobi polynomials and Bessel functions is given by the

classical Mehler-Heine asymptotic, which holds uniformly for z in compact subsets
of C [16, p. 192]:

lim n_aP;f’ﬁ (1 — % (2)2) = lim n_an’ﬁ (cos E) = (%)ﬂl Jo (2) =290 (2).

n— o0 n n—00 n

(1.12)

In this paper, we use this asymptotic to pass from inequalities such as (1.3) and
(1.9) to analogous ones for entire functions involving zeros of Bessel functions.

There is an extensive literature dealing with quadrature sums and Lagrange
interpolation at the {j;}. In particular, there is the quadrature formula [3, p. 305],
[4, p. 49]

/ * 0 2at1 2 i 1 Jk
e 2 S ()
+2 * . 2 ’
—%0 T e oo 13 ()] T
valid for all entire functions f of exponential type at most 27, for which the integral
on the left-hand side is finite. The paper of Grozev and Rahman also contains the
following converse Marcinkiewicz-Zygmund type inequality: let o > —% and p > 1;
or -1 <a< f% and 1 < p < ﬁ Then for entire functions f of exponential
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type < 7 for which |x\o‘+% f(z) € L, (R\ (—4,9)), for some § > 0, [4, Lemma 14,
p. 58; Lemma 13, p. 57|

% jatd P B & 1 gk \["
R N S e f()\ .
—00‘ ‘ T k:—;k#o T2 Iy () T

Here B* depends on a and p. In the other direction, since jiy+1 — jx is bounded
below by a positive constant for all k, classical inequalities from the theory of entire
functions [6, p. 150] show that
s o]

> lrGarse | lfwpd
k=—00,k#0 -
for entire functions of finite exponential type for which the right-hand side is finite.

While Grozev and Rahman note the analogous nature of Lagrange interpolation
at zeros of Jacobi polynomials and Bessel functions, and also the Mehler-Heine
formula, their proofs proceed purely from properties of Bessel functions. It is the
purpose of this paper to show that one can pass from inequalities like (1.3) to
analogues for Bessel functions using scaling limits, keeping the same constants,
much as was done in [8].

For k > 1, let

: Jq (2)
2Jk — .
T ) (2 = 39)
denote the fundamental "polynomial" of interpolation at {ji}, so that
Li; (Jm) = Ojm.-

For functions f : [0,00) — R, define the Lagrange interpolation series

(1.15) L1 (@)= f(r) Ly ().
k=1

(1.14) Ly (z) =

For even entire functions f of exponential type, with appropriate growth restric-
tions, we have f = L[f], see Lemma 2.3 below, or [4]. Let P denote the set of all
finite linear combinations of {£;},~, that is expressions of the form

> el ()
k=1

with any n > 1 and arbitrary real {c;}. Let LY ((0, 00) ,#***29+1) denote the space
of all even entire functions f of exponential type < 1 with

/ IF (D) 20420+ g < o,
0

It follows from estimates below that P C L} ((0,00) , t2*7271) at least when (1.17)
below holds. Also, let P (p, o) denote the closure of P in LY ((0,00),t2*+20+1),
This is the set of all functions f € LY ((0,00) , t2727F1) such that for some sequence
{P,,} in P, we have

oo

(1.16) lim If (t) = Py, (t)P 2020 gt = 0.

m—00 0

We prove:
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Theorem 1.1
Assume that p >0, o, B,a+ 0,8+ 7> —1, and

5
(1.17) —m<;+4)+a+a+1<Q

Let A be as in Theorem B. Then

(118) 243 3270 ()2 1 Gl < / 1 (B 242041y,
k=1 0

for all f € LY ((0,00),¢2oF2o+1),

Remarks
(a) In using Theorem B to prove Theorem 1.1, we only really need that for each
fixed M > 1, and n exceeding some threshold depending on M, we have for all P
of degree <n — 1,
M 1
A4S N P i)l (1= 00)” (L4 ) < [P @ (1= 2)" (142)" 7
k=1 -1
(b) It is not clear if one can pass from Theorem 1.1 back to Theorem B, in the way
that we passed from the Plancherel-Polya inequalities back to the Marcinkiewicz-
Zygmund inequalities in [8].
(c) The restriction (1.17) on the parameters is need to ensure convergence. It is
implied by the restrictions in (1.7).
(d) We deduce a general result for not necessarily even functions:

Corollary 1.2
Assume that p >0, a > —1,a+ 0 > —1, and

3
(1.19) —m<§+4)+a+a+1<0
There exists A1 > 0 such that
o0 o0
1200 4 Y TGP < [ OF e
k=—00,k#0 >

for all for all entire functions f of exponential type < 1 for which the integral in
the right-hand side converges.

Following is the converse quadrature sum inequality that we can deduce from
Theorem C:

Theorem 1.3
Assume that p > 1, o, B, + 0,5+ 7 > —1, and that (1.7) and (1.8) hold. Let B
be as in Theorem C. Then for f € LY ((0,00),t***2t1) we have

(1.21) / FOF 22700 < 9B 207 ()72 1] G P
0 k=1

In particular this holds for o = 7 = 0 if p satisfies (1.6) with 8 = «a. Moreover,
for any «, B, p, it is possible to choose o and T satisfying (1.7), (1.8) so that (1.21)
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holds.

Remarks

(a) Note that Theorem 1.3 requires only the conclusion (1.9), not the hypotheses
(1.7) and (1.8).

(b) By choosing 20 4+ 2+ 1 =p (o + 4 — A), we can also recast (1.21) as

(1.22) /OOO

some C' independent of f.

ati-A L (P
.7]? : f(.jk) y

pati-ag (t)‘p dt < Ci
k=1

Corollary 1.4

Assume that p > 1, a > f%, a+o > —1, and that

1
(1.23) U>D:=g<a+2)—(a+1)
but
(1.24) oc# D+ é‘g for some non-negative integer £.

There exists B; > 0 such that

(1.25) / F@PPeae < B Y il I G T Gl

—o0 k=—00,k#0

for all entire functions f of exponential type < 1, for which the left-hand side
converges.
We expect that the restriction (1.24) can be dropped.

In the sequel, C,C1, Cs, ... denote constants independent of n, z, z,t, and poly-
nomials of degree < n. The same symbol does not necessarily denote the same
constant in different occurrences. [z] denotes the greatest integer < z. Given two
sequences {z,},{yn} of non-zeros real numbers, we write

Tp ~ Yn
if there exist constants C; and Cs such that
C(1 S xn/yn S C2

for n > 1. Similar notation is used for functions and sequences of functions. We let

sin z

S(z) = —

We prove Theorem 1.1, and Corollary 1.2 in Section 2; and Theorem 1.3 and Corol-
lary 1.4 in Section 3.

2. PROOF OF THEOREM 1.1 AND COROLLARY 1.2

Let us fix o, 8 and as in Section 1, let {x,,} denote the zeros of P®#, and {¢;,}
denote the fundamental polynomials of Lagrange interpolation at {xj,}. Thus
R )

P (2n) (& — w5n)

(2.1) lin ()
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and
(2.2) Cin (Tkn) = djk-
We shall also need the orthonormal polynomials p&? (z) = 7, 2" + ... satisfying
1
(2.3) / pgﬂpg{ﬂwaﬁ = Omn;
-1
the nth reproducing kernel
n—1
Ko (zy) = > pp? (@)pp? ()
k=0
2.0 _ a2 @ ) =i @)t (),
Tn r—=y '
and nth Christoffel function
(2.5) An () = 1/K,, (2, ).
Lemma 2.1
(a) For each k > 1,
j2
(2.6) lim n? (1 — 2p,) = 2.
n—0oo 2
(b) Uniformly for n>2, 1<k <n,
(2.7) n? (1 — zpn) ~ k%
(¢) Uniformly for z in compact subsets of the plane,
1 2
(2.8) Tim (g, <1 -3 (%) > = lim g, (cos %) =L (2).
(d)
(2.9) Ly (Jm) = Okm.

(e) Forn>1,1<k<n,n>0and -1 <z < g, — 02,

1\~
<1+l’+2>
n

B
2

Blon
-

(2.10) 0k ()] < CEOFE (02 (1 —2)) %~

(f) For k> 1, and x € [0, 00),

at+d —a—1
Jp c(l4z) 72
2.11 L. () <C - .
) L)l < 5T
(9) For k> 1, and |x — j| Sj,;l,
(2.12) |Ly (z)] < C.

Proof
(a) This is a classical limit [16, p, 193, eqn. (8.1.3)].
(b) It is shown in [16, p. 238, eqn. (8.9.1)] that

01, 1= arccos Ty, =

%(lm+0(1)),
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uniformly for 1 <k <mn,n > 1. Then for k =0 (n),
2 2 . ekrn 2 1 2
(2.13) n (1 — xgy) = 2n° | sin 5 ) =3 (kr+0(1))".

Together with (2.6), this implies that for all k < n,
n? (1 — zpy) > Ck2.

This easily implies the result.

(¢) Since the Mehler-Heine formula (1.12) holds uniformly for z in compact subsets
of the plane, we may differentiate it. Thus uniformly for z in compact subsets of
the plane,

1 2
(2.14) lim n=*"2pos (1 — = (f) ) 2= 20T (2).
n— oo 2 \n
Then
lim n~*"2P%% (z1,)
: —a—2 pa 1 . o Tl ([ .
= nl;n;on 2Pn o <1 T 92 [313 "‘0(1)}) = =20 (jr) /dr

and consequently,

1 2
lim ¢, <1 - (5) )
n— 00 2 \n
nepe? (1-3 (2))
= lim .
n—o00 |:n7a72p7?,5/ (xkn)} [n2 [1 _ xkn] _ %]

Ja (2) 25k
= — =L (7).
G-
(d) This is an immediate consequence of (a), (c), and (2.2).
(e) We use the alternate representation

a,3 o,
n— pn Y pnf Lkn
_ )\n(xlm)'Y 1 (z) 1 ( )’
Tn T — Tkn

and standard estimates, that are conveniently summarized in [14, p. 36]: uniformly
in k and n,

o w™ () "V (1= 22,)

(2.15) Py (@)

1 1/2
(2.16) An (@kn) ~ —w™ () (1= 2,) %

uniformly in z € [-1,1] and n,

B
2

L\-E-
<1+LE+2> )
n

=

(a7 1 _%_
(2.17) [p%f (z)] < C (1 —z+ nQ)
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Since also ’YV—” < 1 (of course they have limit 1), these estimates give uniformly
inze[-1,1] and n > 1,

o1 _B_
Cllmwtgr) * "(tatgy) *

1 3/4
c 1,08 (ﬂikn)l/Z (1 _ mzn) /
n T — Tin '

[len (2)] <

Then for 1 < k < n and x < g, — 92, so that zx, — 2z > C (k,n) (1 — ), we
have for n > ng (k), from (2.7),

B_1
C _a_5 1 T2 o
[lin ()] < —(1—x2)" 2 4(1—&—95—1—712) (1—xlm)2+

W

n

[

1
_a_5 1 T4
< Ckoti (n*(1—=a)) 2 * (14—3:—&—712)
(f) A convenient summary of what is needed is given in [4, pp. 49-50]. We have [4,

eqn. (11), (19)] 1
[T ()| < C(14+2)"%72, 2 €[0,00);

(2.18) 7 G| > € k> L,

Then (2.11) follows.

(g) We use that for some £ between x and j,

‘ Ja' (£)

Ly (x) =2fp——2——.
HE) =20 TG (@ + 30

Next, we need [4, pp. 49-50]

rer = | Zfonle- D) vt
Jo(x) = - %[Sin(w—%—ﬂ—%)+o(m—l)};
g = <k‘+g—i)w+0(k1).

From these we see that for large enough k and [€ — jx| < 7. ',
T (€)= —atT TN, (O + €T (6)
= 00 ) 10 (5 =00 G
by (2.18). See [4, p. 50, eqn. (18)]. Thus for large enough k, and |x — ji| < j; ',
1Lk (2)] < C.

Since each Ly is continuous, this is also trivially true for small k.

Next, we need the Lagrange interpolation series of a function f : [0,00) — R,
defined at (1.15). We also need its mth partial sum,

(2.19) S [f1(x) =D f () L ().
k=1
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Following is the main part of the proof of Theorem 1.1:

Lemma 2.2
Assume the hypotheses of Theorem 1.1. For P € P, we have

(2:20) QAZJ G PGP < [ PP et
0

Proof
We shall need a limit for A\, (zg,): for each fixed k, as n — oo, [16, p. 353, eqn.
(15.3.11)]

. [e% 2
M) = 2| (B) 7| o)
(2.21) = et ()P T20 72 (14 0(1)).
We shall assume that

M
= Z Ckﬁk (.’L‘)
k=1

Fix a positive integer L (it will be chosen large enough later), £ € (0,1), and let

M
(222) R, (l’) = (Z Ckgk,[n(l—s)] (I)) U[n%] (x)L’
k=1
where
T () =Tin (1) _ T (2) — T (1)
T @-1)  ml(@—1)
and T}, is the usual Chebyshev polynomial of degree m. We shall apply the
Marcinkiewicz-Zygmund inequality in Theorem B to R,. The factor involving

U, is included to ensure convergence of integrals below. Note that R, has degree
<n(l-e)]—-1+L([ng] —1) <n—1. We see that

(2.23) Uy, () =

v (1-1(2)) = o T (c0s % +0(5)) = 1
2 \m —2z2
cosz—1
2
- S vem
uniformly for z in compact subsets of the plane. (Recall that S (z) = 22=; we are

also using that U, is a polynomial). Then using this last limit and (2.8), we see

that
(e 1-360)) o (-5 67)
<§: erlr (1 —¢) Z)) s (%)M +o(1)

k=1

=

3
N

—

|
N —
~~
ISR
N—
[\v]
~_

I

EZ

2L)2L+o(1),

= P((lfs)z)S(
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uniformly for z in compact subsets of the plane. Thus, given fixed r > 0, we have
as n — 0o,

/1 1(,,,)2 i (x)‘p (1- x)a-‘ra (1+ $)5+7— da

p
t2a+20+1 dt.

_ 2B+Tf(a+0') —2(a+o)—2 / cv
" oL

0

P((le)t)S<5t>2L+o(1)

(2.24)
Also, for each fixed k, we see that as n — oo,

A (k) [ R (wkn”p (1- fckn)a (1+ mkn)T

.\ 2L P
—(a+o —2(a+0)—2:20 7%/ [ \— . 1S
_ BT (ato) 1, —2(ak0) =220 yur ()2 P((l—a)%)S(ﬁ) +o(l)
Thus,
M
> A (@) [ B (@) 7 (1= 0n)” (1 + )"
k=1
M
— (1 + 0(1)) 2ﬁ+77(a+0)+1n72(a+a)72 Zjlgo‘];/ (jk)_2
k=1
e\ " :
X P((l—s)jk)S(QL> +o(1)
(2.25)

Next, for some Cp depending on P, e, we see from (2.10) and (2.22-2.23) that for
large enough r and —1 < o < 1 —7r/n?,

(2.26) IR, (z)] < Cp (n2(17m))_%_%—L (1+x+nlg> ,
so that

1_%(%)2 a+o B+T
/ IRy, ()7 (1= )" (14 2)"7 do

P (841
(n*a’g’2L> f_01 (1+z+ %) (2+4)p(1+x)5+7dx

< ccy A -

+f01*5(z) (nz (1— x))*(frz“*)? (1- m)aﬂf dr
o | (O P
= P §+3+L)prato g

—2a—20—-2 [° —
+p 2020 f%ri’ P

We assume that L is so large that

1
(2.27) —p <a+g+2L)+pmax{,@+2,O}<2a202
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and
5
(2.28) —(§+4+L)p+a+a<—2.
Then
(2.29)

1-3(5)°
/ By @) (1= 2)™7 (L 2)™ 7 de < 00207277 (0 (1) +771).
-1

where C'is independent of n and r. Combining this, (1.3), (2.24), and (2.25), yields,

P((1-2)j) S (;L)]

p
2ot dL + Cfr.

M
2AY 2T (k)

k=1
< /
0

o\ 2L
P((1—-¢e)t)S|—
(-905(5;)
Letting r — oo gives,

M
24 5T ) 7
k=1

/OOO P((l—g)t)s(;z>2L

(2.30) < / |P((1—¢)t)|Pt2ot2otiqy,
0

P((1-2)j) S (;L)]

p
t2a+20‘+1dt

IN

as |S (¢)] < 1. Next, we want to let € — 04. Observe that P ((1 —¢)t) — P(t)
uniformly for ¢ in compact subsets of [0,00). Moreover, (2.11) shows that for
€€ (0, %), and for some Cy depending only on P, we have for ¢t > Cj,

(2.31) IP((1—¢)t)| <Ct—3
Then uniformly in € € (O, %) Jt>Cs,
IP((1—¢) t)|p $2a+20+1 < Ctoz(27p)7%p+2a+1 < thfn’
for some ) > 0, by (1.17). Lebesgue’s Dominated Convergence Theorem gives, from

(2.30)

M o0
243 B G0 PGP < [P @ et
k=1 0
Since P (jx) = 0 for k > M, we obtain the result. B
Next, we show that P (p, o) contains LY ((0, 00) , t22 T2 F1):

Lemma 2.3

Suppose that f € LY ((0,00),t2**T27Y) . Then f € P (p,0).
Proof

Suppose first that for some

1
(2.32) E>a+5g,
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(2.33) If(@)|<CA+2)"", ze(0,0).

Note that then |x\a+% f(z) € Ly (R\ (—1,1)), so f = L[f] [4, p- 57, Lemma 13].
Note too that we use the evenness of f to simplify the Lagrange interpolation series
in [4]. We shall show that S, [f] — f in the norm of P (p, o), that is

(234 Jim [T 17 @) = S A @) 27 s =
Let
I = [je = 3% jn + 33 7] for k> 1.
Observe that if < j;/2
@ —jkl = jk/2 2 @
and if x > 27, then
| — jr| > x/2.

If%‘ <z < 2j, and x ¢ Ij, then
) o 1
o= gkl = 5% = g

Thus using (2.11), if ¢ Iy, then

(2.35) 1Ly, (x)] < O3 (1 4 )02k,
If x € Iy, we instead use (2.12):
1L (2)] < C.

Then if

I:UIk,

E>1

we have for z € [0,00)\1,

[f = Sm (Al (&) = [£]f] = Sm [f]] (z)

oo

a2l . .at+4l
< Cl+a)™7% Y |fGulldy
k=m+1
< C(1+Z')7a72% Z k*E+a+4%
k=m-+1

1
< C(l +$)_(¥_2%m_E+a+5§,

by (2.32) and the fact that ji ~ k. If © € I, for some ki, then since all the {I;}
are disjoint, we have instead

ECE, itk >m
0, if ki <m

1

lf=Smfll(x) < C(l+z)"**m E+a+5;+c{

m~F, ifky >m

< 1
- C{ (1+z) o 2am Ftotds  if gy <m
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Then

|18 = Sall @) a2
0

< C (m—E+a+5%)p / (1 + z)[7o23]p () p20+20+1 gy | Oy~ Ep /
000\ U I

o0
< o(mErend) e om B Y i
k=m

— 0asm — oo.

Here we also use (1.17) to ensure the convergence of the integral over [0,00)\ | I.
k>m

Finally, we drop the restrictions (2.32) and (2.33). Suppose that f is an even
entire function of exponential type satisfying

o0
(2.36) / IF (B 2920+ g < o,
0
Let € € (0, 3) and

(2.37) 0:() = F(1-9)2)8 (=)

where S (z) = % and M is some large positive number. Note that g. is entire
of exponential type < 1 as § (ﬁz) has type 47. Moreover, we claim that for
large enough M, g. satisfies the bound (2.33). Indeed, the Hadamard factorization
theorem shows that f ((1 —¢)z) will have infinitely many zeros, as it is entire of
type < 1 and satisfies (2.36). Thus if we choose sufficiently many zeros, say {zj}N

=1
we will have from (2.36) that

/°° J]‘V((l—f)t)

Then the function M belongs to the Paley-Wiener space LY and so is
N C))

j=1

bounded on the real line [6, p.149]. Then for ¢ > 1,
9 (1) < C MM

so choosing M large enough, g. satisfies (2.33). Consequently g. € P (p, o). Next,
we show that as € — 0+, g — f in the appropriate norm. Let R > 0. Using that

U I

>m k>m

1
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|S] <1, we see that

j/°O|f<t>—-g€<tnpt2”+2a+1dt
0

R o0
< / £ (8) = ge (P 272t 4 27 / (If B +|g- (1)) 127422+ La
0 R
R o0
5 / F (8) = g- ()P 2742 g 427 / [ (&) 22t Ta
0 R

2P (1 — E)—(2@-*'20'5'2) / Vi (t)lp $20+204+1 gy
R(1—¢)

R %)
< / |f (t) — ge (t)|p t20+20‘+1dt + 2P+1+(2a+20+2) / |f (t)|P t26+2a+1dt7
0 R/2

as € € ( , 2) We can first choose R > 0 so large that the second integral in the
last right-hand side is smaller than a given § > 0, and then use that g. (t) — f (¢)
uniformly in [0, R] as ¢ — 0+. Then as g. € P (p, o), s0 also f € P (p,0). A

The Proof of Theorem 1.1
Suppose first that f € L} ((0,00),*"271) and in addition (2.32) and (2.33) hold.
Then we know that (2.34) is true. By Lemma 2.2, for m > 1,

m

2AZﬁ”J*’ Gl

2AZJ 7J ()7 1S ) GO

IN

/OO |Sm [f] (t)|P t2a+2a+1dt.
0

Letting m — oo, and using (2.34), we obtain for each fixed N > 1,

N 00
243 BT GO FGOP < [ 1@ et
k=1 0

Now letting N — oo gives (1.18). Now consider the general case, so that we drop
(2.32-33). Let € > 0 and define g. by (2.37), with M large enough. Since |S] < 1,
we have for N > 1,

N o0
24 50T () lge Gl < / [f (1 —e)t)[P ¢2ot2o+1qy
k=1 0

— (1 _ 5)—P/ |f (t)|p t2a+20+1dt.
0
Letting € — 0, and then N — oo gives (1.18). W

Proof of Corollary 1.2
Let

(2.38) fe@®) =f @)+ f(=t) and f, (t) = f (t) = £ (=)



MARCINKIEWICZ-ZYGMUND INEQUALITIES 17

denote the even and odd parts of f, and let

(2.39) g(t) = fo(t) /1.
Since f (t) = f. (t) + tg (¢), and both f. and g are even,

> el*7 T2 Ge) 721 G P

k=—o0,k#0
o0
.2 * N2 . . .
< 22 > el Ge) T I GOl A+ Ll g Gir) [P}
k=—o0,k#£0

= 2GR )R (e GO+ el g Ge) )
k=1

IN

et [Tinpeeetiae agt [Tlgap el eenal
0 0

by Theorem 1.1 with A; and A; corresponding to the constants for o and o + &
respectively. We continue this as

g2+l {AH | ar@reircomessa agt [T (ror s eop) t%“a“dt}
0 0

IN

IN

2P (a7 ) [ I e

Note that Theorem 1.1 is applicable to the function g with o replaced by o + &,
since (1.17) becomes (1.19) with this adjusted choice of o. W

3. PROOF OF THEOREM 1.3 AND COROLLARY 1.4

Lemma 3.1
Assume the conclusion (1.9) of Theorem C.
(a) For each P € P, we have

B [TIPOP e < 2B Y G0 PGP
k=1

(b) Assume that f € LY ((0,00),t**+20+1) . Then

(3.2) /000 [f @) o727 dt < 2B ij,%"J;’ i) "2 1f Gl

Proof .

(a) Let P be as in the proof of Lemma 2.2 and define R,, by (2.22). We know that
by (2.24) and (2.29),

[1 Ry ()7 (1= 2)F (14 2" da

p

. 2L
t
_ 26+7—7(a+0)n72(a+0)72/ P ((1 _ 5) t) S <25L) +o (1) 202041 1y
0

4n2am20-2 (0(1) +0 (7"_1)) )

(3.3)
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Next by (2.16) and (2.26), for xp, <1 — -7,

)\n (xkn) ‘Rn (xkn)|p (1 - xkn)o (1 + xkn)T

C otd sl
S E (1 - xkn)a+ +% (1 + xkn)6+ +21)

Since uniformly in k£ and n, we have

1 2
Thn ~ Thiln ~ 1—xi,,

we see that given N = N (n) < n,

n

Z )\n (mkn) |Rn (zkn)|p (1 - xk’n)g (1 + xkn)T

k=N-+1
" - ~4-4
<O (@ wrsnn) (L 2n)™ (14 )™ | (02 (1= ) E (1+xkn+ 2)
k=N-+1
_B8_1P
o a+o B+T 201 N\"2 73— L 2o
< C (1-2x) (14 2) (n*(1—-=z) 2 * l+z+ — dx
~1
0 _a_5_7, 7%7% b
< Cf 1+ 2 <1+x+2> dz
-1
ENn _a_5_p1|P
—|—C/ (1—2)*" |(n* (1 —2)) 1 L’ dx
0
< Cn—(a+%+2L)p+pmax{,@-{-%,ﬂ}+Cn—2(a+o-)_2 /OO ta+a—(%+%+L)pdt
n2(l—xNn)
— 77,720672072 (0(1)_’_00\[71))7
(3.4)

by (2.7) and provided L is so large that (2.27) and (2.28) hold. Combining (1.9),
(2.25), (3.3) and (3.4), gives as n — o0,

r

N
< 2BY 50T G
k=1

P
t2a+20'+1dt =+ O (7,—1)

P —5)t)S(§Z>2L

p

' cin oL B
Pia-ams () | +ow).

Since |S (t)| < 1, we obtain, letting N — oo, and then r — oo,
(oo} p o0

/ PR < 2By 27 ()7 P (- ) i)l
0 k=1

P((1—2)t)S (i)u
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We now want to let e — 0+. We use (2.31) and (2.18) above, which give uniformly
inee (0,1),

Zg,%w*' 2P ((1— &) )l
o [ atd)2 a3 > 5)p+20+2a+1
< oY) ) =g —0,
k=N k=N

as N — oo, since ji > Ck, and by (1.17). Then we can let £ — 0+, so that for
each R > 0,

R oo
/ [P (&) 22 dt < 2B " 52707 () 2P ()P
0 k=1
Now we let R — oo in the left-hand side.

(b) By Lemma 2.3, f € P (p,0). Let {P,,} C P satisfy (1.16). Recall that we are
assuming p > 1. We use the inequality

[6f? = Jaf” < |b—alp (laf"~" + ")

Then using Hoélder’s inequality,

> 373 )T P ()7 = 1 f Ge) P
k=1

< DY AT G P () = £ G (1P GO 1S Gl ™)
- 1/p
< <ZJ Tx ()77 [P (k) f(jk)|p>

p—1 p—1

X (ZJQUJ*/ 1) P (i) > + (ZJ'/%UJ;/ (jk)_2|f(jk)|p>
k=1
00 1/p
pA71 </ |Pm _ f| (t);ﬂ t2a+2a+1dt>
0

0o (r—Dp 00 (p=Dp
% (/ |Pm| (t)p t2a+20+1dt> + (/ |f| (t)P t2a+20+1dt> ,
0 0

by Theorem 1.1. Note that this is applicable as each £y € LY ((0,00) ,¢?*+20+1),
Using (1.16), we obtain from the above

p

IA

Jim ij (G1) 2 1P G = S 2 Ge) 21 GlP-
=1 k=1
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Hence, using (a) of this lemma,

o0

/ |f (t)‘pt2a+20+1dt —  lim Py (8)[F 2042041 gy
0

m—00 0

IN

lim QBZJ I (4 )72|Pm(jk)|p

m—oo
k=1

= 2821 T GR) 2 Gl

|
Next, we reformulate Xu’s sufficient conditions for converse quadrature sum in-
equalities into the form given in Theorem C:

Lemma 3.2

Assume that (1.7) and (1.8) hold. Then the converse quadrature inequality (1.9)
holds.

Proof

Let ¢ = p%l. By taking v = w”™ and 8 = vw®” in Xu’s Theorem 2.1 [17, pp.

881-882], we see that his conditions for (1.9) become:

1
1—
/ (wO',T) qwa,ﬂ < oo

-1

1 _
/ (wa,T)l—q(wa,ﬂ)l_Q/2 (wl/z,l/z) a/2 < oo

1
1 _
/ w" (uf"’ﬁ)l_p/2 (wl/Q’l/z) o/ < oo.

-1
In terms of the parameters «, o, p, ¢, these require

c(l—q¢)+a>-1,
o(l-q)+a(l—q/2)—q/4>-1;
(3.5) c+a(l—p/2)—p/4>—1.

Since (¢ — 1) (p — 1) = 1, we can reformulate the first two as

o—(a+1)(p—1) <0;

o-lp=1) {a (1_2(pp—1)> _4(pp—1) H} <0

—(a+1)(p—1)+g(a+;> <0.

Together, these first two conditions give the upper bound

1
o< (a—&—l)(p—l)—max{O,g <a+2>}.
The third condition (3.5) gives
1
<OL+2> *(O[‘Fl)

or

o>

(NS
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Combining the last two conditions gives (1.7). The inequality (1.8) involving
B,7,p,q follows similarly. Then Xu’s Theorem 2.1 gives (1.9). B

Proof of Theorem 1.3
This follows directly from Lemmas 3.1 and 3.2 above. Note that the upper bound
on o in (1.7) implies that on o in (1.17). Indeed the former upper bound minus the

latter is
@—1Na+1%—mw{,g<a+;>}—{?<g+i)—(a+w}
(g ) o))
< —£<0,

so (1.7) is indeed more restrictive. W

The Proof of Corollary 1.4
Step 1: We first prove this for even f € L ((0,00), #2722 F1),
Choose a non-negative integer ¢ such that

)B

p
0= - D f+1)=.
5 <7 <L+ 5

Here D is defined by (1.23). Then
c=D+ ﬁg + p,

for some p € (0,%). Let

od=D+p,
so that
(3.6) 2% = 25 + lp.

We next show that & satisfies (1.7). Firstly 6 > D, so satisfies the lower bound in
(1.7). Next, the difference of the upper bound in (1.7) and ¢ is

@—1Ma+n_mm{mg(a+;>}_D_p
~ @_1Ma+1%—mm{mg<a+;)}

7% (a+;>+(a+1)

= Play i) Plor Y12
= 2<a+2> max{0,2<a+2)}—0,

as a > —3. So indeed, the right inequality in (1.7) holds for 6. Also, (1.23) shows
that the left inequality in (1.7) holds. Thus the conclusion of Theorem 1.3 holds
for the class L} ((0,00),t2**29+1)  Here we also note that a+ 6 > —1 follows from
(1.23). Now let f € LY ((0,00),t>*+20F1) "and then set

h(t) =t (1),

N3
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which is entire of exponential type < 1. Note that by (3.6),

| impeeetia = [ ap e < o
0 0

Then Theorem 1.3 applied to h gives

| Imp et < 28 6) S 5200 G0~ Gl
0 —

In view of (3.6), and our choice of h, this becomes

/ F (O 224271 dr < 2B (5 Zﬁw*/ 2N GOl
0

which implies (1.25) since f is even.

Step 2: Now consider non-even f

As in the proof of Corollary 1.2, we define fe, f,,g by (2.38) and (2.39). We have
both

(3.7) / |fe (P 22727t < 2By > " 52705 () 2 | fe ()P

0 k=1

and since the restrictions (1.23) and (1.24) hold for g with o replaced by o + &,

e atofor? o~ 2(o+2 w1 e N — .
[ g e D <2m S 5T 2 o g Gl
0 k=1

which gives

/ | ( )‘pt2a+2a+1dt < 2332‘720J*/ )72 |f0 (jk)|p
0

k=1

This and (3.7) and some elementary inequalities give the result. W
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2]
(3]

(4]
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