SCALING LIMITS FOR MIXED KERNELS

DORON S. LUBINSKY!

ABSTRACT. Let p and v be measures supported on (—1,1) with corresponding
orthonormal polynomials {pﬁ} and {p¥} respectively. Define the mixed kernel

n—1
KoY (zy) = > ol (2)pf ().
=0

We establish scaling limits such as

e L Ty
- (RO n (0D o),

where S (t) = % is the sinc kernel, and B () depends on p,v and £. This

reduces to the classical universality limit in the bulk when p = v. We de-
duce applications to the zero distribution of K%Y, and asymptotics for its
derivatives.

Orthogonal polynomials, universality limits, scaling limits 42C05

1. INTRODUCTION!

Let p denote a positive measure on the real line, with infinitely many points in
its support, and all finite power moments. For n > 0, let
ph(z) = yha™ + ..

denote the nth orthonormal polynomial for u, so that

/ PP A = By

The nth reproducing kernel for p is
n—1

K (z,y) =Y pi(2)p) ().

§=0
If 1 has support [—1, 1], then under appropriate conditions on g, there is the uni-

versality limit in the bulk,
amy/1— &2 n bry/1 — &2
n

7 1 -
li“l 75 /
n

w (&) Kp <£+

€ >=5(ﬂ(a—b)),

n—0oo n
where S (t) = 2L s the sinc kernel, { € (—1,1), and a,b may be any complex
numbers. This limit arises in the theory of random matrices, and is known to be
true in various formulations, in a wide array of settings [2], [4], [5], [9], [12], [13],
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[18], [20]. It has applications to spacing of eigenvalues of random matrices, and
zero distribution of orthogonal polynomials, amongst other things.

Let us recall how the connection between reproducing kernels and random matri-
ces begins. One starts with a probability distribution on the eigenvalues (z1, ©2, ..., Tp)
of n x n Hermitian matrices, of the form

P, oe,man) =20 | []  (@e—a)* | [[dun()),

1<j<k<n

where Zj is a normalizing constant. By using column operations on a Vandermonde
determinant, we see that

(1.1)

H (), — xj) = det [m§71]1<j,k<n = ('ygylf...'yﬁfl)fl det [p}_, (mj)]1<j’k<n.
1<j<k<n - T

Next, we use the fact that square matrices and their transposes have the same
determinant, to obtain
[T Gor—a)® = (kntiy) 7 det [KE (25, 00)) o -
1<j<k<n

Thus, P (z1,22,...,o,) can be expressed in terms of reproducing kernels for the
measure p. That there is a similar expression for the m—point correlation function
is far deeper [4].

Now let v be another measure supported on the real line, with nth orthonormal
polynomial p? (z) = y¥x™ + ... and nth reproducing kernel K (z,t). We define the
mixed kernel

n—1
K (,y) =Y pl ()04 () -
i=0

Suppose that we use (1.1) first for the measure p and then for the measure v, and
only then take transposes, and multiply. We land up with the representation

2 vV v -1 v
[T Gon =) = (vt o) ™ (det R (2, 2]y e ) -
1<j<k<n

Thus there might be some interest in analysing scaling limits of the mixed kernel
K#¥ and that is the focus of this paper. Note that K#¥ is the representing kernel
of the linear operator L given by

n—1

n—1
L Zajp;-‘ = Zajp;’.
j=0 j=0

This linear operator is an isometry between the weighted L? spaces L? (1) and
L? (v).
In the sequel, we use the notation

w(p,v, &) =m\/1 =i (©) v (§).

A simple, but useful, special case, is where we have pointwise asymptotics for both
pk and p¥. This is outlined in:



Proposition 1.1
Assume that p and v are positive measures with support (—1,1). Assume that I is
a subinterval of (—1,1), in which p and v are absolutely continuous, and that as
n — 00, uniformly for & = cos@ € I, both

(1.2) ﬁ (1= &)Y W (©V2p (&) = cos (nf + p, (€)) + 0 (1) ;

(1.3) \/§ (1= &) 0 ()2 pt (€) = cos (nf + p, (€) + 0 (1);

where p,, and p, are continuous functions in I. Let J be a compact subinterval of
the interior of I. Then uniformly for & = cos@ € J and a,b in compact subsets of
R,

lim

n
n— 00 n

w(#’?”?é—)Ku,V <§_’_a7r\/1_§2,§+b77\/1_£2>
n n

(1.4) - 8 (W <b2_ a>> cos (W (b2_ a) pu (&) =Py (5)) :

If in addition, there exists C > 0 such that ' > C and v/ > C in I, this also holds
uniformly for a,b in compact subsets of C.
Here are two examples where the proposition is applicable:

Example 1.2
Assume that g and v have support [—1, 1], and satisfy Szegd’s condition, so that

! log i/ () ! log/ (z)

1 V1 —22 1 V1 —2a22

Assume in addition, that in a subinterval I of (—1,1), p and v are absolutely
continuous, that i/, v’ are bounded above and below by positive constants, and for
w () —p'(€)

fel,
I

with the integral converging uniformly in £ € I, and a similar condition on v. Then
it follows from results of Freud [6, p. 246, Table II, entry(a)], that the asymptotics
(1.2) and (1.3) hold uniformly in I (we note that it is stated only pointwise in the
table there). There are earlier results, under more restrictive conditions on y, in
the books of Geronimus [8, p. 200] and Szegd [19, p. 298]. In this example, as
follows from [19, p. 299, eqn. (12.2.3)], p,, (§) is given for £ = cos @ by

(1.5) dx > —oo and dx > —oo0.

2
dt < oo,

1 g —
pu(§) = 4—PV log,u’(cost)cote tdt
71— —T
1 M logp (1) [1—¢?
1. = —P dt
(1.6) o V/,l t—¢& 1—¢27
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where PV denotes the Cauchy principal value integral. That this is continuous
follows from the assumed uniform convergence above. So

T / 0_
BO  =n(@-n (O =PV [ lorli oty
1 1 / I// _ 2
(1.7) = %Pv/_1 Og(“t(t_)é ®) 1_; dt.

The appearance of this conjugate function type expression suggests that for our
scaling limits to hold, we need u'/v’ to satisfy a Szegd condition, though quite
possibly we do not need p, 7’ to individually satisfy a Szegd condition. In such a
case, the principal value integral defining B (§) will exist for a.e. &.

Example 1.3
A generalized Jacobi weight has the form

p () = h(x) H\m*tjl” (1—2)"(1+2)",

where o, 3,71, ...,T;m, > —1, and —1 < t; < ... < t,, < 1, while h satisfies a
Dini-Lipschitz condition, that is

/1W(h; [~1,1];)
0

t

dt < oo.

Here
w(h;[=1,1]5t) =sup{|h(z) — h(y)|: 2,y € [-1,1], |z —y[ < t},¢ >0,

is the modulus of continuity of h on [—1,1]. Badkov [1, p. 38, Cor. 12] proved that
for such measures p, defined by their absolutely continuous component, the asymp-
totic (1.2) holds, uniformly for z in a compact subinterval of (—1, 1)\ {¢1,%2, ..., tin }-
Again, p,, may be expressed in the form (1.6), and the Dini-Lipschitz condition can
be used to prove the continuity of p,. So if both ',V are generalized Jacobi
weights, the result (1.4) holds in any compact subinterval of (—1,1) excluding all
the zeros/singularities of 1/, v/, and the formula (1.7) persists.

Our main result is that under far more general conditions, the scaling limit holds
in linear Lebesgue measure, meas:

Theorem 1.4
Let p and v be measures on (—1,1) that satisfy the Szegd condition (1.5) and let
B be asin (1.7). Let e,R > 0. For n > 1, let H,, denote the set of & € (—1,1) for

which
W) <§+” 711—627§+b7r\/1—52)

n

sup
lal,[b|<R n

(R e (T )

(1.8)



Then
(1.9) meas (H,) — 0 as n — oo.

Note that a,b are allowed to be complex in (1.8). When p = v, our proof here
gives a simpler proof of a special case of the main result of [13]. There universality
was shown to hold in measure for arbitrary compactly supported measures.

Corollary 1.5

Let p and v be measures on (—1,1) that satisfy the Szegd condition (1.5), and let
B be as in (1.7). Let I be a closed subinterval of (—1,1) and assume that in some
neighborhood of 1, and for some C > 1,

(1.10) C>p>C tand C>v >C L

Then for any R,p > 0,

2 2
lim sup |MK#,V (£+ aﬁﬁ7£+ b”ﬁ)
"o I fal bI<R n n o
- (ﬂz—b)> (”2—“ +B <§)) Pdg = 0.

(1.11)

We can also deduce asymptotics for derivatives of K*¥. Given non-negative inte-
gers £, m, define the differentiated kernel involving fth derivatives of p? and mth
derivatives of p¥ :

n—1
v(¢,m ) o (m)
(12 Kt (o) = 32 ()" @) (o)™ (@),
j=0
Define for £,m > 0,
L—m
(1.13) Tom = (-1) 2 ﬁ, £+ m even
’ 0, ¢+ m odd
and
277;4»1 1
(1.14) o =4 1) g, L+ modd
’ 0, {4+ m even

Corollary 1.6
Assume the hypotheses of Corollary 1.5. Let £,m > 0. Then for any p > 0,

l+m
. w(pv,&) (V1-€ w(tm)
lim. /I L ( ) Kptm (¢, ¢)

1 —
n
— [Tg,m cos B (§) — py,sin B (f)] |Pd¢ = 0.

(1.15)

If in addition, we have the uniform limits as in Proposition 1.1, then this limit
holds pointwise at &.

Finally, uniform scaling limits imply results on zero asymptotics, as first noted
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by Eli Levin [10]:

Corollary 1.7

Let p and v be measures supported on (—1,1), and assume that at a given &, for
which w (p,v,&) > 0, we have the limit (1.4), holding uniformly for a,b in compact
subets of the plane. Fixz a € C. Let j be a non-zero integer. Then for large enough

/1_¢2
n, as a function of v, K" <§ + Mnlg,v> has a zero vy ; that satisfies

(1.16) lim n (v, — €) = (a+27)m\/1 - &2

Moreover, it has a zero ¥, ; that satisfies
. A . 2
D) i G- = (e 25412 [, @ - ©)) w1 - €

In addition, for large enough n, the only zeros of this function for v in a ball center

&, of radius O (%) , have this form.

Remark
An interesting special case occurs when the hypotheses of Corollary 1.7 hold, and

, 2k+1
(1.18) ‘:, Eg - GJ_”;) te(—1,1),

with k£ an integer. In this case

2k + 1 Ulog 13 [1-¢?
B = P J dt.
One can show that
(1.19) B(&) = (2k+1)g,

using classical identities for Szegd functions. Indeed if we consider the Jacobi
2k+1
"weight" on the circle, f(0) = (f_rgigzg) , its Szeg6 function [19, p. 277, eqn.
2k+1 ‘
(10.2.13)] is (}fi) , and for z = e* | this equals (i cot §) i(=1)" (cot §)

The argument of this is (2k + 1) 5, and using [19, p. 279, eqn. (10.3.9)], (1.19)
follows. Then (1.4) becomes

w (p, v, §) ary/1-¢° n bﬂv1§2> _ (1) sin® (W)

lim =SS <£ + X T
2

2k+1

2k+1

uniformly for a,b in compact subsets of the plane. The curious feature is that as
a function of b, the right-hand side changes sign only at b = a, where there is a
simple zero. All other zeros are double. Those zeros attract zeros of the left-hand
side of total multiplicity 2. More intriguing is that this suggests the conjecture that
perhaps

(z —y) K (z,y) (—=1)*" > 0 for all real z, v,

at least for some special u, v related by (1.18).
In the sequel, C, Cy, Cs, ... denote positive constants independent of n, a, b, u, v, z
and possibly other specified parameters. The same symbol does not necessarily
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denote the same constant in different occurrences. We prove Proposition 1.1 in
Section 2, Theorem 1.4 in Section 3, and Corollaries 1.5-1.7 in Section 4.

2. PROOF OF PROPOSITION 1.1

We first give the

Proof of Proposition 1.1 for real a,b
Now if z = cos@ € I and y = cos¢ € I, our assumed asymptotic, and elementary
trigonometry show that

w (M’ 1/7 f) K/J,I/
2n "
= L3 cos (104, () cos (G 4 p, () +0 (1)

7=0

(z,y)

= 7Zcos O+)+p,(z)+p, (1)

n—1
+2— Z cos (j (0 — ¢) + Py () = p, () +o(1)
=0
cos (,0“ (z) + p, (v)) Z;L;ol 0s (j (0 + ¢)

(2.1)

Next, if ¢ is real, we note the identities

*nZlcowt - Sg)) s(0-3):
i; sinjt = i((tf)) sin ((n -1) ;) .

These follow easily by summing the finite geometric series Zn:Ol €¥* and taking real
bm t

and imaginary parts, and recalling that S (¢) = We now apply these to the
trigonometric sums in (2.1). First, however, write f = cos by for some 6y € (0,7),
and

[— &2
T = 9En=§+u:cos€n;
n
bry/1 — €2
y = yn:§+7ﬂ " 3 = cos ¢,

Then
ary/1— &

n

cosf, —cosby=x—¢& =
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ary/1—¢&2

= (—sinbg) (0, —00) (1 +0(1)) = n

= 0n— 00 =~ (1+0(1)).
Similarly "
B0 0=~ (14+0(1)).
Both these relations hold uniformly in £ € J, and a,b in compact subsets of the
real line. Then

LS cos (30— 0,)
=0

S "(9n2—¢n) —
= S(( (0”2%); cos ((n —1) G ) 5 0 ))

(5 ) e (U50) ot

n—1
> sin (i (0~ 6,)
7=0

= S <b;aw> sin (b;“w> +o(l).

Both hold uniformly for £ € J and a,b in compact subsets of the real line. Next,

Similarly,

n—1
L cos (i (0 4 6,)
Jj=0
S (7Ontdy)
= 7( (9"; ) ) cos <(n —-1) G ; ¢”)>
5 ({55

S (o) . (1
- 5(90(1+0(1)))O(1)O< )

uniformly for £ € J, as 0y € (0,7) is bounded away from 0 and m. A similar
estimate holds for the sin sum. We deduce that
w (1, v, )
7[(’“7” ns n
— 1 { cos (p,u (5) - Py (5)) S (b;?aﬂ—) cos (b%aﬁ } + 0(1)
2 | —sin (pu &) —p, (f)) S( Eaﬂ') sin (%"ﬂ')

= 35 (50 oo (S5 40 © - @) +o00),

uniformly for ¢ € J and a, b in compact subsets of the real line. B
Next, we extend this to complex a,b. For a given &, let

amy/1 —¢€* €+ b7r\/1—§2>

n n

o () = ) g (5 +



Lemma 2.1

Assume the extra hypothesis in Proposition 1.1 that p' and v' > C in I. Then for
each § € J, {fn} are a normal family, that is, {f, (a,b)} are uniformly bounded for
a, b in compact subsets of C.

Proof

We sketch the proof - full details in a very similar situation are given in [11, pp.
383-385]. Since \/1 — £” is bounded below for £ € I, as are p/,1/, our assumed
asymptotics for p?, p¥ give

sup |ph (t)] < Cy;sup |py, (¢)] < Ch.
tel tel

Then also

sup |K¥ (u,v)| < Cin.
u,vel

Next, recall Bernstein’s inequality

2+ V=1 1Pl 1y

valid for polynomials P of degree < mn, and z € C. Let r > 0. Using this on
subintervals J of the interior of I, separately in w and v, yields for u,v € J,
complex |a|, |b] <, and n > ng (r)

1P (2)] <

Yo (us @ ot 2] < pecatlal+io,
n " n’ n)|~—

Here C; and C; are independent of u,v,n,r,a,b. A similar inequality holds for K},
and then Cauchy-Schwarz yields for u € J, |a|, [b] <7, and n > ng (1),

1 b
(eoined)
n

n n

1 a\\? /1 b p\\ 2
s M)
n n n n n n

< OpeCallal+ibh) < oy Car,

IN

It then follows easily that {f, (a,b)} is uniformly bounded for a,b in compact sub-
sets of the plane. B

Proof of Proposition 1.1 for complex a,b

We already have the result for real a,b. The uniform boundedness of the sequence
{fn} ensures that they are a normal family, while both sides of (1.4) are entire in
a,b. Convergence continuation theorems give the result in general. B

Remark Let us cast the three term recurrence relations for p# and p¥ in the
following form:

aph (z) = ahph (@) + Bhph () + ahpl ()
(2.2) xpy (v) = oy qPh () + Bopl () + agpn g (2),
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with p* | = p”, = 0. We also define a "remainder term"

L +1 6/»14 /61/
Aj(z,y) = pi(@)pf(y) |{1- il y+af | i ==
a1 1 Y

oy 045”
(2.3) +p§L (z)p5_1 (v) 045+1 o o :
i1 Y

Then the proof of the Christoffel-Darboux formula via the recurrence relation also
shows that

(z —y) Ki (x,y)

n—1

(2.4) = ol (Ph ()Pl (W) — Py (@)1 (1) — Y A (2,y).

§=0
One can use this to prove scaling limits for K" (z,y), at least when Z;io Aj(z,y)
converges uniformly for x,y in a neighborhood of £&. However, the method above is
more general.

3. A Basic COMPARISON ESTIMATE

Our basic tool is contained in the following theorem. For any positive measure
w, and § > 0, define

(3.1) L(w,d)={z:w(z)>d}.
Recall that meas denotes linear Lebesgue measure.
Theorem 3.1

Let p, j1,w be positive measures on the real line with compact support. Let n > 1
and

g Tl it
(3.2) n=14+— /K”z:pdu fﬁz%

=0 Vi
Let e, R > 0. Then there exist sets &, and F,, satisfying
(3.3) meas (£,) < n/* + e;meas (F,) < ¢,
and such that for x € L </A,7)71/4) \&n and y € L (w,0)\F,, and all complex a,b,
with |a|,|b] < R,

1 X b .
(3.4) — |Kl — K| (:c + E,y + ) < Cpl/4.
n n n

Here C is independent of n,x,y,a,b, u, it,n,,, but depends on w,e and R.

The dependence of C on R is explicitly given in the proof of Theorem 3.1, but
will not be used in the sequel.

We use in an essential way, ideas from [13]. We begin with:

Lemma 3.2
Let n > 1,e > 0, and P (u,v) be a continuous function of two variables u,v € C.
Assume that V C C is bounded, and that for each v € V, P (u,v) is a polynomial
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of degree < n in u. Let K C R be bounded and have positive Lebesgue measure,
such that

(3.5) |P (u,v)] <1 for u el and v € V.
Then there is a set Hy e with meas (Hye) < €, and
(3.6) |P(x+z0)| < 2e"C1EVE for all 2 € K\Hn,e, all z€ C, and all v € V.

The constant Cy is independent of K,V ,n,z,z,v,P,e. The set H, . depends on
K,P,V but not on z, z,v.

Remark

The essential feature is that the same exceptional set ‘H,, . works for all v € V.
Proof

Step 1: Some classical tools

First recall the notion of the equilibrium measure vg of a compact set K. This is

a probability measure supported on K that minimizes
[ [1ogle =t ap @ dn e

amongst all probability measures p supported on K. The Green’s function Iok (2)

with pole at oo is a function harmonic on (C\l% with boundary values 0 (suitably
interpreted) on K, that behaves like log |z| + O (1) as z — co. Readers lacking the
potential theory background can refer to [15], [17]. Next, the maximal function of
a measure such as vg is

1 z+h

M |dvyg = — dvg.
el O =shan ],

Finally, H* denotes the maximal Hilbert transform, defined by

1
/H% v ()

Step 2: Replace K by a set K consisting of finitely many intervals

In order to apply classical bounds on H*, we want K to be compact and v to be
absolutely continuous. This is true if K consisted of finitely many intervals (in such
a case Vi is even analytic in the interior of IC [17, p. 412]). So we replace K by a

H* [dvg] (z) = sup

e>0

larger set K consisting of finitely many intervals. First, recall that P is uniformly
continuous in compact subsets of C2, and I,V are bounded. Choose an interval
I containing IC. Then we can find finitely many balls By, Bs, ..., By, that cover V
and have centers in V', and such that
(3.7) v1,v2 € Bj = sup|P (t,v1) — P (t,v9)] < 1.

tel
Suppose a; is the center of B; for each j. Now as P (¢, a;) is a polynomial of degree
< nin t, the set

Ki={teR:|P(ta;)| <1}

consists of at most 2n intervals. Also, by our hypothesis (3.5), L C ;. Let

XZIﬂﬁICj.

Jj=1
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This set consists of finitely many intervals, some of which may reduce to a point.
As K C K, and K has positive measure, some of the intervals in K have positive
length. Then v is absolutely continuous. Moreover, for ¢ € K and v € Bj, we
have that ¢ € I N KC;, so by (3.7),

[P (t,0) <[P (ta)+1<2,
s0
|P (t,v)| <2 for t €K and v € V.

Step 3: Apply Classical Potential Theory Estimates
By the Bernstein-Walsh inequality [15, p. 156, Theorem 5.5.7], we have for any z,
for zeCandv eV

(8:8) |P (x4 z,0)| < 9eMe\k (@ +2)

Next, by Lemma 4.1 in [13, p. 231, Lemma 4.1], if  is a regular point of the set
K, in the sense of potential theory, we have the bound

govi (T +2) < 26[2| M [dve] (z) + |Rez| H* [dvg] (z),

for all complex z. Inasmuch as K. consists of finitely many intervals, at most finitely
many points are not regular points. Moreover, K and supp [z/,c] are identical except
perhaps for finitely many isolated points in K. Next, we use the fact that both the
maximal function and the maximal Hilbert transform are weak type (1,1). That is,
for A > 0, [16, p. 137, Thm. 7.4]

meas {z: M [vg] () > A} < %/dif;@ = %5

and as vi is absolutely continuous, [3, p. 130, Propn. 4.6; p. 134, Thm. 4.7], [7,
p. 128 ff]

By A
Here Cy is independent of vg and A, and this is the only place we need vg to
be absolutely continuous. Choosing A = %max {3,Cy}, we obtain a set H, . of

meas {z : H* [dvg] () > A} < o /dyk: — @.

measure < ¢ such that for x Esupp[z%] \Ho. e, all complex u, and all v € V,
|P (.ﬁ + Z,U)l < 2660n\z\max{3,00}/s.

As K Csupp [’/16]’ (except possibly for a set of measure 0), we are done. W

Proof of Theorem 3.1
Now by orthogonality,

= [ (K2 o)~ 205 (20) + K (0. 0)] i (o)

n—1 _[

o .
n-23" 2t [ K 00) du(a) =,
i=0 i
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Let § = n}«/4 in the sequel. Also, let &, 1 denote the set of x € L (u,0) = L (u, 77}/4)
for which

(3.9) [ (@ ) = K (@) o 6) =
By our lower bound of ¢ for ' in £ (u,d), we have
ny/M,0meas (E,,1)
< [ [ e - K@) d )] dute) < .
gn,l

Thus

E

1/4

(3.10) meas (£,,1) < 5

Next, for polynomials P of degree < n—1, and all complex y, we have the Christofel
function inequality

ustm@@/wm

Applying this to P (t) = KM% (x,t) — K% (z,t), we obtain for x € £ (i, 8) \En1,
and all complex y,

K (@,y) = KL (@)
Ky (,9) / (K8 (2,) — K (2,6))” dw (2)
K3 (Y, 9) /1,

Now we apply Corollary 4.3 in [13, p. 232]: there is a set F,, of linear Lebesgue
measure less than e, depending on n and w, such that for £ € £ (w,0) \F,, and all
complex b with |b] < R,

IN

(3.11)

IN

b b
K (64 L6 )| < Conels e < e

Here C7 and Cj are independent of n,b, &, R, i, it and Cy is independent of ¢, but
C: does depend on e. Thus for € £ (u,0)\En 1, and for £ € £ (w,0)\F, and all
b < R,

1 .
(312) - ‘Kff’w <.’IJ,§ + b) - K;#w <$7£ + b) ‘ S CI€CQR/€7]711/4'
n n n
Next we apply Lemma 3.2 to the polynomial
1 .
P (t,) = = (KA (t,0) = K (t,0)) / (Cre™/onlf1)
n
As our set K, we take £ (,0) \En,1, and as our set V, we take {£ + % &€ L(w,0)\F, and [b] < R}.
Inasmuch as K and V are bounded sets, and P is continuous as a function of two

variables on C2, the hypotheses of Lemma 3.2 are satisfied. Then we obtain a set
Hy,e with meas (H,,.) < &, and

1 - b
LIRS 105 (26 L) < 20O
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for all z € £ (11,6)\ (En,1 UHe), all z € C, and all v = £+ 2 € V. In particular,
for |a| < R,

1 N b
s - s (4 £ 64 ) < 2006000,
n n n
Replacing ¢ by y, setting C =20C1e%8/c and &, = En,1 UHy e gives the result. B

4. PROOF OF THEOREM 1.4

We shall approximate the measures u,v in Theorem 1.4, by measures i, to
which Proposition 1.1. can be applied. We begin with

Lemma 4.1

Let R > 0,e € (O7 %) and p be as in Theorem 1.4, with the additional restriction
that 1 is absolutely continuous. Let w be a measure satisfying ' > 0 a.e. in
(=1,1). There is a measure i with support (—1,1), that satisfies the Szegd condi-
tion as in (1.5), that has ji’ analytic in (=1 +¢,1 — ¢), and in addition satisfies the
following: there exists ng and for n > ng, a set &, such that for x € (—1,1)\&,,
and all complex a,b with |al, |b] < R,

(4.1) %mng_xngy (:c—i—Z:c—i-z) <e,
while

(4.2) meas (E ) < 3e.

Proof

We shall use Theorem 3.1, and break the proof into several steps. We shall fix an
auxiliary small parameter ¢ € (0,¢). Later on, we shall choose this small enough
depending on the given R and €.

Step 1: Limits that indicate how to choose [

We first note that if our approximating measure [ is absolutely continuous, and
satisfies for some A > 1,

1 < i (2) < A
e ——— ) < ———,
A7r\/1—x2_u TVl — a2
then by the monotonicity of Christoffel functions/ reproducing kernels, and bounds

for the Christoffel functions of the Chebyshev weight, we have [6, pp. 103-5, Lemma
3.2, Theorem 3.4]

(4.3) €(-1,1),

C1A™'n < KP (z,2) < Codn,x € [-1,1],
where C7 and Cy are independent of ji,n,x, A. Moreover, we have by results of

Maté, Nevai, and Totik [14, p. 449, Theorem 8 ],

N " -1
lim =K (z,z) = (7r 1— 224 (:z:)) ,a.e. x € (—1,1).

n—oo N

Hence, by Lebesgue’s Dominated Convergence Theorem,

1 /
1y (z)
lim — K” (z,z)dp () = —_— dx.
"*Oon/ ) /1= 22 f (2)
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(It is only here that we need p to be absolutely continuous). Next, Szegd asymp-

totics for leading coefficients of orthogonal polynomials [19, p. 309, eqn. (12.7.2)],
[6, p. 204, p. 245] yield

lim g e ( ! /1 lo i (x) _dr )
—_— = X _—— .
n— o0 "yﬁ p 27 1 g‘u/ (.T) \/17‘12

Then the average also has the same limit:

lim Z éL X L 11 ﬂ/(w) dx
niteon £yt = P\ Ton | ) VT2 )

(19

1 / 1 ~1
: 1y (2) < / f(x) d >
lim n, =0y =14 ———== drx—2exp | —=— lo — .
nve T =1 /T —22 i (z) P\ L @) v a2
Step 2: Choosing [
We want 7, to be small. Let §; € (0,¢1) be so small that all of

1 €1

4.5 / </x—|—)dx<;
(45) 1>]z|>1—6, w (@) V1— 22 8
dx €1

4.6 / log it ()] — < —;
(4.6) 12|WH&I gu' ()] T <3

51
(4.7) / log v/1— z2’
1>|z|>1-6, V1-— ac2

Next let M > 0 be a number so large that if S = {x € [-1+4 01,1 — 1] : [log i/ (z)| > M},
El ’ dm E]_

4.8 lo )+ 1) ——m—= < —.

as o @l < [ ) ) T <

For |z| <1 — 07, define

—-M, if log i/ (x) < —M;

g(z)=q logp' (z), if[logu' ()| < M;
M if log /' (z) > M.

)

Then |g| < M, and we can find a polynomial P such that |P| < 2M in [—1 + §1,1 — §1],
and

(4.9) v [ @ P 2
. —1+6, VIi—22 8
We set
o 1
)= ——,1-01 <|2|<1
W (@)= <=1 81 < Ja
and

~l

i (x) = eP@ |z] < 1-6,.

Note that i’ satisfies (4.3) for some A > 0, so (4.4) holds. Also, fi’ is analytic in
(—1+4¢,1 —¢), recall that 0; <e1 <e.
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Step 3: Estimates involving |log /' (z) —log i’ (z)|
Now,

1§
! dx
log i/ (z) —log it/ ()| ——
/_Ml!gu() gl (@) ==

< /[MMI]\S 9(2) — P @) <=
, dx
+/S(|10gu ($)|+2M)ﬁ

€1 , dx €1
< 7+3/ lo )| —m— < —.

Here we have used (4.9), (4.8) and that [logp’| > M in S. Also, by (4.6), (4.7),

dx
log pi' (z) —log il ()] ——=
/>|x21—61‘ | v — x?
< €1+/ log\/l—z2’ e
8 1>|2]>1-6;

\/1—;102
Thus
1
dz 3
4.10 log i/ (z) —log i/ (2)] — < =
(4.10) [ oz (2) —tog il ()] 225 < e

Using the inequality |e’ — 1| < 2¢| for [t| < L, we obtain

1 [t f(x) de 23 €1
4.11 1-— - I — | < —— < —
(4.11) eXp( QW/,l Og,ﬂ(x)ﬁ_ayz) mat Sy
Step 4: Estimates involving ‘Z—: — 1‘

Next, for € [-1+ 61,1 — 61]
let — 1| < Jt| el t € R, gives

"(x) —log i’ (z)| < 3M, so the inequality

e

plog ' () —log i (z) _ 1‘ da

1
/[_1+51,1—511\s V1—2a?

1
/[1+5171 sI\Ss V1—a?

IN

dx
3M ~

log i () —log i (z)| ——=
/ 1461,1— 5]\s| ’vl—:ﬂ

dx €1
<

= M z)—P(2)) —— < =,
/1+511 51\S l9 (=) @) V1i—-a22 8
by (4.9). Also, if S ={z € [-14+ 61,1 — 1] : log /' (z) > M}

p ()
o T 1‘ dx

@ 4 o

< 2 T ,
- /5+ V1—a? 4
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by (4.8), while if S_ = {z € [-1+4 61,1 — ;1] : log ' () < —M}
/! !
/ L /:L/(x)—l‘dxz/ _ L (x)—l'dm
s.V1—a? | (x) s_ V1—2a?
<

M
1 €1
<2 <
s V1— a2
by (4.8) again. Fmally,

/1> l|>1-6; V1 —zc2
€1

ooz
)+ — | de < —,
1>|2|>1—6, 1—2? 4

(4.5). Combining the above mequahtles gives

u'(m)\/l—xQ—l‘dm‘

!/
1
/f/(m) _1‘d$:/
i (z) 1>)z)>1-6, V1—2?

<

p (z)

—1|dx
VI =22 i ()
€1 €1 €1
4.12 — 42—+ = .
( ) < 3 + 1 + 1 <&
Together with (4.11), and recalling (4.4), this gives
<er+ S §s
Moo 1 2 - 9 1
Step 5: Completion of the Proof
Choose ng such that for n > ng,
M < 251.

Then using Theorem 3.1, for the given &, R > 0, there exist for n > ng, sets &, and
Fn, such that for z € (E (u 77},/4) \5n> N ((=1,1)\Fn), and all complex a, b, with
lal,[b] < R,

1 ) . R
— | Kk — K (w + g,m + b) < Cnl/* < C(2e)Y4.
n n n

Here, C depends on R, e, but is independent of n, x, a, b, u, 1. Crucially, also, €1 is
independent of R and €. Set
&y =E UF, U (( L\L (,i, 1/4)) .
By (3.3),
meas (§n> < (281)1/4 + 2¢ 4 meas ((—1, H\L (,u, (251)1/4>) .

We now choose €1 so small that this last right-hand side is less than 3¢, while also
C2e)/* <e. I

Proof of Theorem 1.4 for absolutely continuous p and v
We assume that p and v are absolutely continuous. Let €, R > 0. Choose a measure

[ approximating p as in Lemma 4.1 with corresponding exceptional sets {5 } asin
(4.2). Similarly choose a measure o approximating v and corresponding exceptional
sets § F, b. We shall also use the estimate (4.10) and its analogue for v, as well

as the number §; < € from the proof of Lemma 4.1. Since the pair ([, ) satisfies
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the requirements of Proposition 1.1, and Example 1.2, for £ in compact subsets of

(=1+4+¢,1—¢), and uniformly for a,b in compact subsets of the plane, we have
P — 2 7 — 2
i D7) s <£+ arV/1-¢  bm/1-¢ )
n— 00 n n n
b—a m(b—a
) = s cos (T2 4 (€)1 ).
2 2
where
t) 0—t
(4.14) B(€) = p; (€) - 7pv / (cost) 0=t
(cost) 2

Next, uniformly for £ in [—-1 + 2¢,1 —

bry/1 — &2

&+
ary/1—¢&2

n

W (1 7,) pon <£ Lan/1-¢
n " n

w (/17 197 é-) [Ky,,ll

2¢], and complex a,b with |a|, |b] < R,

) (5 en (202 4 16)

bry/1 — &2

_Kg)y] (f—’_ 7£+
n

n

=)

L. D 2
+ w [Kﬁ’y *Kﬁ’f'] <£+ GW\/F

&+

n

=)

n n

= w(ﬂ7f/7£)(T1+T2)+0(1)+T37

(4.15)

2 2

o (T IV IE) (o b (e s i)

)

+ S(";)) {cos (77(“2_1))+B(g)> —cos<”(

where we have used (4.13). Here, by Lemma 4.1 applied to (u, fi, ), we have for

lal,|b| < R, and & € (— ,1)\5n,

ary/1 — &
n

(4.16) |Ty| = % |KhY — Ki| <§ +

and by that lemma applied to (u

amy/1—¢€*

&+

n

bm/1—52>
<e,

, 1, ), we have for |a| , |b| < R, and € € (—1,1) \fn,

1 . N
(4.17) |Ts| = - |KiY — K| <§ +

n

Next,

&+

Eﬂ\/1§2> <e
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For & = cos ¥,

= iPV/Tr log H(0st) o Pleosth] 0=t

4 o & w' (cost) & (cost) 2
Next, we use the fact that the conjugate function operator is weak type (1,1) [3,
p. 160, Thm. 6.8], so that for A > 0,

1 T ~/ _
=PV [ log i (cost) . 0 tdt’ > )\}
I8

meas {9 € (0,7):

_r  p (cost) 2
00 4 ,&I (COS t) C() Co
< — —|dt < —e; < —
R 8 w(cost)| T A LENE
and similarly
eas< 6 € (0,7) 1PV/Tr V' (cost) coteitdt > A <COE
m )| — —e.
’ Amr _x V' (cost) 2 - A

Here Cj is an absolute constant, and we are using (4.10) for p, v. We choose A = 1/,
and let

g={ce(-L:[B©O-BE©|>"},
so that by the above inequalities, meas(G) < 2Coe'/2. Now let
H,=E UF, UGU[-1+2e,1JU[l —2¢,1].
We see that for large enough n, we have
meas (H,) < 2 + 2Coe'/? + 4¢ < (6 + 2Cp) V2.
Moreover, for n > ng, £ € (—1,1) \H,, and |al, || < R, (4.15)-(4.18) give

€

< w(f,v,8)2 +e+e/%

Finally, w (i1, 7, &) is close to w (u,v,£) except on a set of small measure. Indeed,
(4.12) shows that

meas {x €(—-1,1):

!
Z, Eg — 1' > 6}/2} < wsi/Q.

A similar inequality holds for v and ©. Since €1 < €, we are finished. l

Proof of Theorem 1.4 for the case where u,” may have singular parts
Let p,. and v,. denote the absolutely continuous parts of p and v respectively.
The conclusion of Theorem 1.4 holds for K4, We write

WV T Mg eV
an Kna,m ac
— [Kﬁal’ _ K,r/vaau] + [Kﬁal’ac _ K’ﬁacal’ac]
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and use Theorem 3.1 to show that each of the terms in [] is small outside a set of
small measure. Let us illustrate on the first term. Now since v,. < v, we have

KYee (x,x) > KY (x,z) for z € R,

by the variational property of reproducing kernels along the diagonal. Then

l /KZ (z,z) dvge (z) < l /Kf;“c (z,2) dvge (x) = 1.
n n

We apply Theorem 3.1 to the measures (v, vqe, it). Then 7, of (3.2) becomes

n—1

1 U 2 v
j=0 "J
1 n—1 ,.yl/
< 2(1-=% L
n =0 7

Now Szego’s theorem for the leading coefficients gives, as above,

v

lim — — 1.
_’[—>OO ,yja(:
Hence
lim n, =0.
n—oo
By Theorem 3.1, given R, e > 0,
a b
sup (12— K] (o4 St 7 )
lal,[b|<R n n
14 v a b
=  sup |KpH—Kp=!|z+ -2+ =) <k,
lal,[b]<R n n

outside a set of small measure. A similar estimate holds for

a b
sup |KHVee — KHacVac) <x +—, x4+ > .
lal,[b|<R n n

5. PROOF OF COROLLARIES 1.5-1.7

Proof of Corollary 1.5
Our hypothesis (1.10) on u’ and v’ ensures that uniformly for z in I, we have

Kl (z,2) < Cin and K} (z,2) < Cyn.

Cauchy-Schwarz then shows that

1
sup  — |K}Y (z,y)| < Ch.
z,ycl,n>1 n

Also w (p, v, ) is bounded above for £ € I. Combining the convergence in measure
in Theorem 1.4 and this last bound easily yields the result. B

Proof of Corollary 1.6
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The main idea is to use Cauchy’s estimates for Taylor series of analytic functions.
First we expand the right-hand side of (1.4) as a double Taylor series in a,b. Now

U (a,b) = S(M)cos<M+B(£))

2 2
sin? (ﬂ(az—b)
= S(r(a—10b))cosB(&)— (D) sin B (£)
2
Here using Euler’s formula sinu = % (e“‘ — e*i“), the binomial expansion, and
some elementary manipulation, we see that
> £ m
a®b m
Srlo—t)= Y Toa e
£,m=0
.2 [ w(a—b) 50
sin ( 5 ) B aibmﬂﬁm
w(a—b) 0 m) Pe,m>
2 £,m=0

where {7¢,m}, {ps.n} are defined respectively by (1.13) and (1.14). Now let,

/ 2 / 2
An(a,b)—wfﬂf’”(&m Tll_g +b7T 1_£>\If(a,b).

n

3

Using a double Taylor series expansion on K#+¥, and those above, we see that

A, (a,b)
= atom w(p,v,€) 1-¢ o v (£,m)
_ QT qm | T T Ky (5»5)
£ m!
£,m=0 — (Te.m cos B (§) — pyp sin B (€))

Finally, Cauchy’s inequalities show that for a given ¢, m,

7T€+m w<M7V7£) (\/ 1_52

n n

l+m
) Kf? ™ (€,6) = (Toan c0s B (€) = pym sin B (€))
< sup |A, (a,b)]/rF™
lal,[b]<r
Now we integrate for £ over I, and use Corollary 1.5. For pointwise convergence,

Cauchy’s estimates directly give the result. B

Proof of Corollary 1.7

This follows from Hurwitz’s theorem, as .S (@) = 0 when, and only when b =
a+27, while cos (@ + B (f)) = 0, when and only when b = a+2j+1— 2B (£).
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