A MAXIMAL FUNCTION APPROACH TO CHRISTOFFEL
FUNCTIONS AND NEVAI'S OPERATORS

D. S. LUBINSKY

ABSTRACT. Let p be a compactly supported positive measure on the real line,
with associated Christoffel functions Ay (du, ). Let g be a measurable func-
tion that is bounded above and below on supp(u] by positive constants. We
show that Ay, (g dp, ) /An (du,-) — g in measure in {z : ' () > 0}, and con-
sequently in all Lp norms, p < co. The novelty is that there are no local or
global restrictions on p. The main idea is a new maximal function estimate
for the "tail" in Nevai’s operators.
Orthogonal Polynomials on the real line, Christoffel functions, ratio asymptotics,
Nevai’s operators. 42C05

1. INTRODUCTION!

Let i be a positive measure on the real line with infinitely many points in its
support, and [ 2/du (x) finite for j = 0,1,2,... . Then we may define orthonormal
polynomials

Pn () =v,2" + oy v, > 0,
satisfying
/ pnpmd,uf = 5mn~

In analysis and applications of orthogonal polynomials, the reproducing kernel

Ky (dp,z,y) = ipj (z)pj (y).
j=0

plays a key role, as does its normalized cousin

Ko (dpsw,y) = ! ()2 1 ()2 Ko (2,)-

If 1/ (z) or p/ (y) is not finite, or does not exist, we set K, (du,z,y) = 0. When
clear from the context that p is the underlying measure, we omit du. For y = =,
K, becomes the reciprocal of the Christoffel function

1

Ay (dpp, @) = ———
(dp, z) K, (dp,x,x)

There is the classic extremum property
J P?du

-  f L
An (d/l:, .T) deg(lg)lgnfl P2 (LU)
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Ratio asymptotics for orthogonal polynomials associated with two different mea-
sures are a major topic in orthogonal polynomials. They were studied extensively
by Maté, Nevai, and Totik [10], [11] as part of a program to extend Szeg®’s theory.
Many others have taken up this topic - for example, Lopez [8] and Simon [17]. One
of the essential limits within this topic is

o An (g dp,x)

for appropriate functions g, and in an appropriate sense. For example, if u is
supported on [—1,1], and g/ > 0 a.e. on [—1, 1], while g*! is bounded on supp[u],
and g is continuous at z, then (1.1) holds at x. This follows from results of Nevai
9], [12]

Paul Nevai [12] introduced the operators

a (di, 2, 1) f(t)du(t%

as a means to establish (1.1). They are now called the Nevai operators, and have
been studied for their own intrinsic interest, and have been widely generalized [3],
[4], [7], [13]. They have turned out to be useful for orthogonal polynomials on
the unit circle, and for questions in approximation theory. In all results to date,
restrictions have had to be placed on the measure, often combined with bounds on
the orthogonal polynomials.

In this paper, we shall use a maximal function approach to establish convergence
in measure for general measures with compact support. For r > 0, define the "tail"
function

mewx

j‘|t7$|2r/[~{n(m)gj) Kn (II:, t)2 d,LL (t)

1.2 )4 =
( ) "(va) Kn (m,x)
Here if p/ (x) = 0, or does not exist, we set ¥,, (x,r) = 0. Also, let
(1.3) An () =i (@) +p;, (@)
and define the maximal function
(1.4) M [dv] (z) = sup — dv

h>0 2h Ju_p,

for positive measures v on the real line. Our main new idea is a connection between
maximal functions, and ¥, (z,7), namely that for a.e. x €supp[y],

2
(15) (o) < 5 (22 Ml )

In the sequel, {g' > 0} denotes the set {x : u’ (z) > 0}. Recall that a sequence of
functions {f,} on the real line is said to converge in measure to a function f on
the set A if for every € > 0,

meas{x € A: |fn, — fl(z) > e} — 0,

as n — 0o. Here meas denotes linear Lebesgue measure.
Our result for Christoffel functions is:
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Theorem 1.1
Let p be a compactly supported measure on the real line with infinitely many points
in its support. Let g : R — (0,00) be a du measurable function such that g*' are
bounded on supp|p]. Then

)\n (g d.uJa )

Moreover, for every p > 0,

(1.6) — g in measure in {u' > 0}.

A (g dp, ) ? _

The novelty is the lack of restrictions on u, especially the lack of a global condi-
tion.

Theorem 1.1 follows from a convergence result for the Nevai operators. As men-
tioned above, their convergence has been studied by many authors. One of the very
first results, due to Nevai [12; Thm. 2, p. 74], remains the most relevant:

(1.7) lim

n=00 ) {50}

Theorem A
Assume that p is a measure supported on [—1,1] with ¢/ > 0 a.e. there. Let
f:]-1,1] = R be du measurable and bounded on [—1,1]. Then

(1.8) Jim G [f] (z) = [ (2)
at every point of continuity of f in (—1,1).

Nevai actually proved this in a larger class, now called Nevai’s class, or the Nevai-
Blumenthal class, which is defined in terms of recurrence coefficients. Another very
interesting recent result is due to Breuer, Last, and Simon [2], though stated there
in a different form:

Theorem B
Let v be a measure on the real line with
(1.9) 0 < inf 1= < supM < 00.

n Tn n Tn

Then (1.8) holds at a given x for every continuous compactly supported function
T R—=R,iff

2 (z
Tim. np_nl( 2)
7% Y k=0 Pk (%)
Thus convergence of Nevai’s operators at a point z is equivalent to subexpo-
nential growth of the orthonormal polynomials. The condition (1.9) ensures that
supp(u] is compact. Breuer, Last and Simon, also constructed examples of measures
that are regular in the sense of Stahl and Totik on [—2,2], but for which (1.10),
and hence (1.8) fails, in [—2,2]\ [-1,1].
We prove:

(1.10)

Theorem 1.2
Let p be a compactly supported measure on the real line with infinitely many points
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in its support. Let f: R — R be a bounded dup measurable function. Then {G,, [f]}
converges in measure to [ in {u' > 0}. Moreover, for every p > 0,

(1.11) lim G [f] = fIP =0.

n=00 ) >0}

Remarks

(a) One can prove analogues of Theorems 1.1 and 1.2 for measures on the unit
circle.

(b) One can weaken the restriction that g=! be bounded to the restriction adopted
by Nevai and others: there is some polynomial R such that Rg and Rg~' are

bounded, while R is positive in supp|[u].

2. PROOF OF THEOREM 1.2

Recall our notation (1.2) to (1.4). The main idea for estimating the "tail inte-
gral" in Nevai’s operator is:

Theorem 2.1

Let p be a measure on the real line with infinitely many points in its support. Let
r > 0.

(a) Then for all x esupply],

(2.1) W (o) < (220) ) (0) MU 2).

Here both sides are interpreted as 0 if p' (x) does not exist.
(b) For a.e. x €supp|u,

(2.2) U, (@,r) < ° (””M (Andy] (x)) .

r n

(c) Let € > 0. Then

17
(2.3) meas{x € supp [p] : U, (z,7) > e} < ’yf;—;l\/—r?
Proof

(a) Assume p’ (x) exists and is non-zero, otherwise there is nothing to prove. Ob-
serve that

V-1 |Pn (%) Pn—1 (t) = Pn—1 (x) pn (t)

K, (z,t)] =
K] = 2= )or
o T A @A ()
N Tn |£L' - 7f| 7
by Cauchy-Schwarz. Let
5= r
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Then we see that

W (2,7) K, (z,7)
2 o'}
Tn—1 Ay () / 1
S 714'@ t d,u 3
( Tn ) K (x»w)jgo 20p<e—t|<2it1g |z — ¢ (0t
2 e}
Tn—1 Ay (z) —2j n—2
< 2744 Ay () du(t) .
(52 RS [y i
Here

1
S gy OO
< M[Andy] (2),

so we can continue this as

U, (z,7) < <7§n1> Kﬁ"(ffi)ﬁlw [A,dy) (z)

— f (&:) i Ay (z) p/ () M [Apdp] () .

(b) Now a.e. = €supp[u] is a Lebesgue point of the measure A,du, so for such z,
we have

M [Andy] (z)
1 z+h
Jm o - Ay (1) dp (2)
= A @) ().
(¢c) By the classical weak (1,1) inequality for maximal functions [15, p.137], for
A >0,

meas{z € R: M[A,dy] () > A}

3 6
< 2 Adp="2.
= /\/ =3

Then

2
meas {x € supp [p] : ¥, (z,7) > 8 <Py"_1 )\> } < §
r\ v, A

Now choose A such that
2

8 _ 1 n12V?2

(’Yn 1)\> AN _ Tn-1 V2

"\ Tn

Thus
Tn—1 1

€ W, (z,7) > e} < 1220
meas {x € supp [y] (z,7) > e} <12V2 N Ve
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K, (= t)
K2 (ac )
x € {u' > 0}. In the proof, we use elementary potentlal theory, and the maximal
Hilbert transform H*, defined for f € L; (R) and a.e. z by

[l
|lz—t|>e t—x

Our second main idea is to bound the ratio for t close to = and most

H* [f](z) = sup

e>0

Lemma 2.2

Assume the hypotheses of Theorem 1.1. Let € > 0. There exist C1,Cy > 0 and for
n > 1, sets &, of measure < e, with the following property: let r > 0. For n > 1
and x € {p > 0}\&,,

K2 (x,t)
2.4 sup < 01,
( ) [t—z|< KrQL (.73,.7,‘)

Kn(m x)

Here C1,C5y depend on €, but are independent of r,n and x.

Proof

Step 1: The set E,, on which K, is not too large

First we show that there is A > 1 independent of n, such that for n > 1,

(2.5) E, ={t: K, (t,t) < An}
has
(2.6) meas ({¢ > 0} \E,) < %
Indeed,

/K t,t) ' (t)dt <m,
0

meas {t K, () (t) > \/Xn} <

5=

Moreover, for sufficiently large A,

] , , 1 €

meas{t.te{u >0} and u' (t) < \/K} < 5
Combining the last two inequalities, with appropriately large A, gives (2.6).
Step 2: Using the Bernstein-Walsh Inequality
Next, E,, consists of at most finitely many intervals, some of which may reduce to
a point (as K, is a polynomial). Let v,, denote the equilibrium measure of E,,, and
gc\ e, denote the Green’s function for C\ E,, with pole at co. Since £, has finitely
many intervals, v, is absolutely continuous, and v/, is positive and continuous in
the interior of E,, [16, p. 412]. Moreover, gc\g, () = 0 at every point  of E,, (cf.
[14, p. 111, Thm. 4.4.9]). We use the Bernstein-Walsh inequality for R\ F,, [14, p.
156, Thm. 5.5.7]:

(2.7) K, (t,t) < Ane®n=290. () ¢ ¢ R\E,,.
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For ¢ € E,, and u € R, by the potential theoretic representation for the Green’s
function [14, p. 107]

go\e, (E+u) = gog, (+u) —go\g, )
= [/ +/ ]1og 1+ — | () dt
e—ti<lul  Jje—t|>ul £t
= 5L+ I
Here
I < / log < ‘ D v, (t)dt
le—t/<|ul £~
< log (1 + 2%*1) / v, (t)dt
1;) ( 2=k u|<|E—t[<27F|u]
< Zlog (L4254 27 M ju M [1),] (€) = Co [ul M [V,] (€) -

k=0

Next, in I, we have ‘g—ﬁt) < 1, so the inequality log (1 4+ t) < t,t > —1, gives

U *
B[ vl @des i ) ©)
l—tl>lul &
where H* is the maximal Hilbert transform, defined above. Thus for all real w,

(2.8) govs, (€ +u) < [ul{CoM [, ] (§) + H™ [v),] ()}

As both the maximal function and maximal Hilbert transform are weak type (1,1),
[1, p. 139], [6, p. 129], we have for all A > 0,

meas (¢ CoM IV, (€ + 1 ) (© > N < S [v =S

Here C is a constant independent of A, n,v,. Choose A = %, and let

/ * / 60
(29) Fa={eamul© + 11O > 22
which has
(2.10) meas (Fp) < %
From (2.7), (2.8), and (2.9), we obtain for £ € E,\F,, and all r > 0,
S S ( 2)7601
(2.11) sup K, (f—l— = JE+ = ) < Ane K68 = |
[s|<r Kn (Evg) Kn (575)

Step 3 A Lower Bound for K,
Take an interval J containing supp[u] and let

dp = dx|; + dp.
Then

/logp' > —o0,
J



8 D. S. LUBINSKY

so a theorem of Maté, Nevai and Totik [9] shows that for a.e. x € J,
lim K, (dp,x,x)
n—oo vy (x) /p' ()

Where v ; denotes the equilibrium measure of the interval J. Asdp < dp, K, (du,t,t) >
K, (dp,t,t), so we deduce that for a.e. = Esupp|y],

:1,

(2.12) fim inf nm o @)

By applying Egorov’s theorem to the sequence of functions

we obtain Cy > 0 and a set G of measure < i such that

K, (z,x) > Con for n > 1 and x € supp [u] \G.

> 1.

In turn, this leads to a set H of measure < % and C3 > 0 such that
K, (z,z) > C3n and K, (x,z) > Csn for n > 1 and z € supp [u] \'H.

Applying this to (2.11) gives

£+ 6+
(213) sup ( K, (5 £) Kn(& 5)) S C4€C5T,
|s|<r K, (§7§)

forn > 1, and € € {§/ > 0} \&,, where
={u >0}\E,)UF, UH

has measure < ¢, recall (2.6) and (2.10). Moreover, C4 and C5 are independent of
n and r. Finally, Cauchy-Schwarz gives

K2 (z,t) o K (t,1)

K2 (z,z) — K, (z,2)

and (2.4) follows. W

Proof of Theorem 1.2
Let € > 0 and 7 = ¢~ 3. Now

|G [f](2) = f ()]

K2 (z,1)
< [EED 6wl

IN

sup
[t—z|<

28O e [ L =@l

Kn (zz) Kn <TT)

(214) 1201l T (2.7).

Here by Lemma 2.2, for n > 1, there is a set &, of measure < ¢ such that for
x € {p > 0\En,

v (x7t) < 01€CQT.

2
S Ba b
bl K2 (z,x)

[t— x|<7k )



ORTHOGONAL POLYNOMIALS 9
For h > 0, let

x+h
M@ = g5 [ 10— @),

For n > 1 and = € {y/ > 0}\&,, we obtain from (2.14),

|G [f](2) = f ()]

2r
. < Car .
(2 15) < (Cie o (x) T

[F1@) + 20 £, @) ¥n (z,7).
Next, it is a simple consequence of Lebesgue’s theory that
li =
Jim M [f] (2) =0

at every Lebesgue point of f that is also a Lebesgue point of p. Indeed, if p,
denotes the singular part of p,

/ T x+h
i@ < 0o - s

21f1 rhh h
+Qgﬂ“{é h@%@%+é}lu(ﬂ—u(MMﬁ}.

Then also, as K, (x,2z) — 0o except at jumps of p [5, p. 63, Th. 11.2.1],

lim Cye®"——M__»_[f](z) =0

n—oo /j,/ (;L‘) f(n(Tz«z)

a.e. in {g/ > 0}. By Egorov’s theorem, there is a set G of measure < ¢, such that
for large enough n, and all £ € {y/ > 0}\G,

r

CQT‘ ”
(2.16) Cie M

[f](z) <e.

Next, since supp[y] is bounded, sup,, % < 00. Then, from Theorem 2.1(c), if

fn:{xesupp[ﬂ]:an(xvr) >E}7

and recalling our choice r = 73,

meas {F,} < Cie,

with C; independent of n,e. Thus for x € {y/ > 0}\ (£, UF,UG), (2.15) and
(2.16) give

G [f] (@) — £ ()]
< (1420l =

Since meas(E, U F, UG) < (24 C1)e, this proves the convergence in measure. As

Gl = fl <20 fllp )

the convergence in L, norms also follows. W
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3. CHRISTOFFEL FUNCTIONS

In this section, we prove Theorem 1.1. We begin with the elementary inequality
[12, Theorem 5, p. 77]
An (g dp, ) P? (2)
)\nfm (d,u? m)

Here g is a non-negative function that is integrable with respect to p, and P is a
polynomial of degree < m, while m < n.

(3.1) < Gn_m [ng] (x).

Proof of Theorem 1.1

Let € > 0. Now by Lusin’s Theorem, g equals a continuous function on a compact
set A such that meas({y’ > 0} \A) < . Moreover, g*! is bounded. We can then
choose a polynomial P such that

(3.2) (14+e)7' < (gP?) (x) <1+e
on compact A. Suppose that P has degree m. Write, in A,

An (g dp, @)
An (dp, ) g ()
_ An (g d/%x) p? (JC):| |:( 1 :| [)‘nm (d/%x)]

An—m (dp, z) gP?) (z) An (dp, )
3) < o [oP) (@) (1 e) | 2520

by (3.1) and (3.2). Here from Theorem 1.2, as n — oo,
meas {z € {§/ > 0} : Gy_p, [gP?] (z) > (gP?) (z) + e} — 0.

In view of (3.2), this also shows that as n — oo,

(3.4) meas {z € AN{y >0} : Gy [gP?] () > 142} — 0.
Next, we claim that as n — oo,

)\nfm d 3
(3.5) meas{xe{u'>0}:)w>l+a}—>0.

To see this, note that
An—m (d,u,x) 1 ,u'
An (dp, )
n—1
= Ao (dps; ) ( > ok (l’)) w.

Here

SO
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Moreover, we know that as n — 00, Ap_pm (dit,, ) = K1, (du, z,x) — 0, except

at point masses of u, so (for example) Egoroff’s Theorem shows that for large
enough n,

2
meas {x e{y >0}: Mo (dpsz) > 5} <e.
m

It follows that for large enough n,

meas {x e {p >0}: <W — 1) w(z) > 5} < 2e.

Thus (’\/\;T(j”)) - 1) w' (+) converges in measure to 0 in {g' >0} as n — oc.
Inasmuch as ¢/ > 0 in {’ > 0}, this also easily implies (3.5). Together (3.3), (3.4),

and (3.5) imply that for large enough n,

/ )\71 da
meas{arE.Aﬂ{u >0}:)W

Inasmuch as € > 0 is arbitrary, and meas({g' > 0} \A) < &, this gives that as
n — 0o,

2(1+25)(1+5)(1+5)} < 4e.

A (g dp,
meas{we{u/>0}:)m>l+a}—>o.

In a similar way, we can establish the relation

An (d, x)
An (9 dp, ) g (z)

For this, one uses Nevai’s operators for the measure g du rather than du, and

the fact that g~! is bounded in supp[u]. These last two relations establish that

An (g dp,)
An(dp,z)g(z)
since

>1+¢e,—0.

meas{ x € {y' > 0} :

— 1 in measure in {g/ > 0}. Since g*! is bounded in supp[u], and

. An (9 d,u'a .13)
inf < —"—< sup g,
supp [p] g An (dp, ) supp ] /

we obtain the result on convergence in L, as well. B
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