ASYMPTOTICS FOR ORTHOGONAL POLYNOMIALS
AND SEPARATION OF THEIR ZEROS

'ELI LEVIN AND 2D. S. LUBINSKY

ABSTRACT. Let {p,} denote the orthonormal polynomials asso-
ciated with a measure p with compact support on the real line.
In a recent paper, we showed there is a close relationship between
the spacing of zeros of succesive orthogonal polynomials p,, pn—1,
and uniform bounds on the orthogonal polynomials in subintervals
of the support. In this paper, we show there is also a relation-
ship between asymptotics for the spacing of zeros of p,_1,p,, and
pointwise asymptotics for the orthogonal polynomials.
Research supported by NSF grant DMS1800251

1. RESULTS

Let 1 be a finite positive Borel measure with compact support, which
we denote by supp|r]. Then we may define orthonormal polynomials

Pn () = 7,2 + ...y, > 0,

n =0,1,2, ... satisfying the orthonormality conditions

The zeros {z;,} of p, are real and simple. We list them in decreasing
order:

Tin > Top > oo > Tp_1n > Tpn-
The three term recurrence relation has the form
(l’ - bN) Pn (:E) = Gpn4+1Pn+1 (J}) + apPn—1 (x) )
where for n > 1,

o= 22— [ @) o ) dn @) 0, = [ @) (o).

In a recent paper [7], we analyzed the relationship between the
spacing of zeros of successive orthogonal polynomials p,_1, p,, namely
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Zjn — Tjn—1 and uniform bounds on orthogonal polynomials in subin-
tervals of the support. Spacing of zeros for the same orthogonal poly-
nomial, namely x;_1, — Z;,, has been intensively studied for decades
6], [11], [15], [16]. Bounds on orthogonal polynomials is also a classic
topic in orthogonal polynomials [1], [2], [4], [5], [9]-

The results from [7] require more terminology: we let dist (a,Z)
denote the distance from a real number a to the integers. We say that
w is reqular (in the sense of Stahl, Totik, and Ullmann) if

lim X/ = ;,
n—oo " cap (supp [1])
where cap denotes logarithmic capacity. If the support consists of fi-
nitely many intervals, and i/ > 0 a.e. in each subinterval, then p is
regular, though much less is required [13].
Recall that the equilibrium measure for the compact set supp|u| is

the probability measure that minimizes the energy integral

//log - i v (@)dv (1)

amongst all probability measures v supported on supp|u|. If I is an in-
terval contained in supp|u], then the equilibrium measure is absolutely
continuous in /, and moreover its density, which we denote throughout
by w, is positive and continuous in the interior I° of I [10, p.216, Thm.
IV.2.5]. Given sequences {x,},{y,} of non-0 real numbers, we write

Tp ™~ Yn
if there exists C' > 1 such that for n > 1,
Ct<a,/y, < C.

Similar notation is used for functions and sequences of functions.
In [7, Theorem 1.1}, we proved:

Theorem A

Let i be a reqular measure on R with compact support. Let I be a
closed subinterval of the support and assume that in some open inter-
val containing I, 1 is absolutely continuous, while 1’ is positive and
continuous. Let w be the density of the equilibrium measure for the
support of . Let A > 0. The following are equivalent:

(a) There exists C' > 0 such that for n > 1 and xj, € 1,

(1.1) dist (nw () (Tjn — Tjn-1),2Z) > C.
(b) There exists C > 0 such that for n > 1 and z € I,

(12) ||pn—1||Loo[x—%,x+%} ||pn||Loo[x_%7m+%] S c.
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Moreover, under either (a) or (b), we have

1/2

(1.3) supsup ||z — b,|” " p, ()| < 00.

n>1 xel

Under additional assumptions on the spacing of the zeros of p,_»
and p,, the factor |z — b,|"* in (1.3) was removed.

In this paper, we investigate the relationship between pointwise as-
ymptotics of orthogonal polynomials, and the spacing z;, — ;,—1. As
a pointer to what might be possible, let us recall the form of the clas-
sical pointwise asymptotic for orthogonal polynomials inside supp[u.
Let us suppose our support is [—1, 1], that u satisfies Szeg®’s condition,
and in some subinterval I C (—1,1), u is absolutely continuous, p’ is
continuous, while the local modulus of continuity of i/ satisfies a suit-
able Dini condition. See [3] for a precise statement of the hypotheses.
Badkov [3] generalized many earlier results, proving that as n — oo,
uniformly in closed subintervals of I°,

(14)  pu (@) (@)? (1 =) = \/gcos (nf + h(6)) +o0(1),

where x = cos#, and h is a continuous function. It is straightforward
to prove:

Proposition 1.1
Assume the asymptotic (1.4) holds uniformly for x in I. Fix k > 0,{ €
Z. Let J be a closed subinterval of I. Then uniformly for x;, in I,

(1.5)  n(xjn — Tj_gn-i) = /1 — 23, [k arccos (z;,) — {n] + o (1).

We shall prove this in Section 2. One can compare this to the much
studied asymptotic for spacing of successive zeros of p, when the sup-
port is [—1, 1],

1

N (Tjn — Tjy1n) —F—=
m /1 — a3,

or for more general supports with equilibrium density w, [6], [12], [15]

=1+4+o0(1).

n(xjn — Tjp1n) w (Tm) =1+ 0(1).

We prove the following partial converse:

Theorem 1.2
Let 1 be a reqular measure on R with compact support. Let I be a
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closed subinterval of the support and assume that in some open inter-
val containing I, i is absolutely continuous, while 1’ is positive and
continuous. Let w be the density of the equilibrium measure for the
support of . Let S be an infinite sequence of positive integers. As-
sume that uniformly for n € S, m =n,n+1, and xj, € I,

(16) 0 (@5m) (@ — 2jn1) = g (23) + 0 (1),
where g : I — (0,1) is continuous. Let

J
A7) fal2) =wlzg) (@ = yjn) + 2.0 € (25010, 250) N 1.

Then uniformly for x in compact subsets of I, as n — oo,n € S,

(1.8)
|z — b p () 4 (2)'% = \/g ot g (x)["/? [cosnar f,, () + 0 (1)].

Corollary 1.3
If J is a compact subinterval of I, as n — oco,n € S,

2
= \/jsup lcot g (z)"/* 4 0 (1).
T zeJ

(1.9) sup |pn (z) ' ()" & — b, |"/?
zeJ

Remarks
(a) If g (z) = % arccos x, as is the case in Proposition 1.1, while b, = 0,
Theorem 1.2 simplifies to

(1.10) oo () 1 ()2 (1-— x2)1/4 = \/g [cosnm f, (x) +0(1)],

uniformly in compact subsets of 7\ {0}.
(b) Note that f,, is continuous: indeed, as shown by Lemma 3.1(c)
below,

lim nf, (z) = E +j=nfn(z).

T—Tjp— 2
(c) Lemma 3.4 below shows that we can recast the asymptotic as

&= bl p () ()"

o\ (oot 1/4
(1.11) = \/g 5 _(W) < 2 ) [cosna fr, (z) + o (1)]

T—bp_1 T—bn_1
2an 2an,
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Y () (G o

i 1/4

e [cosnm f,, () + o (1)].

and hence that

T — bnfl

rz—b,

except close to zeros of cosmg ().

We prove Proposition 1.1 in the next section and Theorem 1.2 and
Corollary 1.3 in Section 3. We close this section with some notation.
In the sequel C,C4, s, ... denote constants independent of n, z, 6. The
same symbol does not necessarily denote the same constant in different
occurences. We denote the zeros of p!, by y;,, ordered so that

(112) Yin € (xj—l—l,naxjn); 1 Sj S n—1.

The nth reproducing kernel for p is

Ky (z,y) = ipk (@) pr (y) -

2. PROOF OF PROPOSITION 1.1

We turn to

Proof of Proposition 1.1
Write

Tjn = cos (0jy,) .

Note that {6;,} lie in a closed subinterval of (0,7) as I is a closed
subinterval of (—1,1). Then

cos (nbj, +h(0;,)) =o(1).

This gives for some integer j; = j; (j,n) that may depend on both j
and n,

00+ h (0) = —g 4+ o(1)

1 T . 1
ejn = — (_5 +]17T — h(QJn)> 4+ o0 (g) .

n

SO

Also then from interlacing of the zeros and the ordering,

P (—5 t(Gi—Om—h (ej_g,n_k)) +o (1) .

n—k 2 n
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As ¢, k are fixed, it follows that

1 1
5 (ej,gmfk + 9]'”) — ejn + O (5)

and hence also, as sin )}, is bounded away from 0,

(2.1) mn<%wf@%k+am0<_@mem)<y+o<%)>.

Also

1

5 itk = Ojn)
. ™ . 1 1 1 2 1 h (‘9gn) h <0j—ﬁ,n—k)
B ( 2+‘]17T>2<n—k: n) 2(n—k)+2( n n—k
B (_w 4 ) k 1 Ar n 1
B g T 2n(n—k) 2n °\n

k

= sm ] e (n)

+
My tn (1
) on nj)’

Then
Tin — Tj—4n—k
= cos(0j,) —cos (0;—rn—k)
. (1 (1
= —2sin <§ (05—t + Gjn)> sin (5 (0, — Qj_gm_k))
= 2(sinf;,) (1+0O (E))sm ( 50 o +o0 <ﬁ))
1 ; 1
= (sinfj,) (1 +0 (—)) {k@m _ +o0 (—)} ;
n n n n
so that

n(Tjn = Tj—tn—k)
= (sin®j,) [k0;, —bm +o(1)] + o (1)

= /1 — a3, [karccos (z;,) — €n] +o(1).
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3. THE CONVERSE

We begin with some established asymptotics and bounds for orthog-
onal polynomials:

Lemma 3.1

Assume that p is a reqular measure with compact support. Let I be a
closed subinterval of the support in which p is absolutely continuous,
and ' is positive and continuous. Let J be a compact subset of the
interior 1° of 1. Let w denote the equilibrium density for the support
of .

(a) Then

Dn (yjn + ﬁ)
(3.1) lim Wi/ _ cosmz
n=oo P (Yn)

uniformly for y;, € J and z in compact subsets of C. Here w is the
equiltbrium density for the support of L.
(b) Uniformly for x € J,

(3.2) nlljg() %Kn (x,2) p () =w(x).
(¢) Uniformly for y;, € J,
(3.3)
1 1
nw (Tjn) (Tjn = Yn) = 5 + 0 (1)1 (250) (Yjn = Tj1n) = 5 +0(1).
(d) Uniformly for y;, € J,
(3.4)

nw (Tjn) (Tjn — Tjr1n) = 1+ 0(1) ;7w (2jn) (Yjn — Yjr10) = 1+0(1).

Proof

(a) See [8, Theorem 1.1].

(b) See [14].

(c), (d) See [7, Lemma 3.1]. B

Lemma 3.2

Assume that p is a regular measure with compact support. Let I be a
closed subinterval of the support in which p is absolutely continuous,
and ' is positive and continuous. Let J be a compact subset of the
interior I1° of I. Let w denote the equilibrium density for the support
of u. Assume in addition the hypothesis (1.6).
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(a) Uniformly for y,, € J,

(35) () (W vynn) = 9 )+ 5 +o(1);
(3.6 1 (@30) (U — Y1) = 9 () + 0(1).

(b) Fix A > 0. Uniformly for n > 1,

(3.7) sup ”pn|’Lw[x_é7x+A] ||pn71”Loo[x_ﬂ,x+A] <C.
xGJ n n n n

(c)
(3.8) 1Pl oy =0 (”_1/2) :

Proof
(a) Using continuity of w, and our hypothesis (1.6),

nw (Tjn) (Tjn — Yjn-1) = 1w (Tjn) (Tjn — Tjn-1) + 10 (Tj0-1) (Tjn-1 — Yjm-1) +0(1)
1
= g(xjn)+ 3 +o0(1).
Next, from this last asymptotic and (3.3),
1w (Zjn) (Yin = Yin-1) = 10 (Tjn) Yjn = Tjn + Tjn = Yjm—1) = g (Tjn)+o(1).
(b) See [7, Theorem 1.1]. Note that our hypothesis (1.6) implies the
spacing hypotheses required for Theorem 1.1 there.

(c) This follows from the asymptotic (3.2) for the Christoffel function:
as n — 0o, uniformly for x € J,

L0 @) = (14 3) R (00) i 0~ )i 0
— w(r)—w(r)=0.
|

Here is the main ingredient for our Theorem 1.2:

Lemma 3.3
Uniformly for y;, € I,
(3.9)

. 2
i — bul " D (o) 1’ () (—1) = \/; [cot g (yn)[* + 0 (1).

Proof
We multiply the recurrence relation by p, (y;,):

(3'1()) (yjn - bn) p721 (yjn) = Qp+1 (pn+1PN) (yjn) + an (pnpn—l) (yjn) .
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We use the local limit (3.1) and the Christoffel-Darboux formula to
simplify the right-hand side. First, from the confluent form of the
Christoffel-Darboux formula,

(3.11) Ko (Yjns Yjn) = —@nPp_1 Yjn) Pr (Yjn) -

Since the local limit (3.1) holds uniformly in compact subsets of the
plane, we can differentiate it:

] p'/n—l (yj}n—l + (n—l)w?yj,n—ﬂ)
lim
=00 Pt (Yjn-1) (0 — 1) w (Yjn-1)
Using this and (3.6),

Pt W) = Doy Win1 + Yjn — Yjn—1))
: g(xjn) +o(1)
- (yj’"‘l T () >
= —Pn-1Yin-1) (0 = D w (yjn1) 7 (sinmg (xn) + 0(1))
(3.12) = —Pn-1 (Yjm-1) 0w (Yjn-1) (sin7g (2;n)) (1 + 0 (1)),
recall that sin g (z;,,) is bounded away from 0. We substitute this in
(3.11), multiply by %u’ (yjn), and use the asymptotic (3.2):

= —TsinTwz.

W (Yjn)+0 (1) = anTPn-1 (Yjn-1) Prn Yjn) 1 (Yjn) @ (Yjn-1) (807G (2,))(1 4 0(1))
and hence

(3.13)  anTPn-1 (Yjn—1) Pn Yjn) 1 (Yjn) (sin g (250)) = 1+ 0(1)).

To replace p,—1 (Yjn—1) by Pn—1 (yjn), we again use (3.1):

(3.14) Pn-1(Yjn) = Pn-1 (Yjn-1) [cos Tg (zn) + 0 (1)].
Thus (3.13) can be recast as

an TP (Yjn) Pr-1 Yjn) 1 (Yjn) sin TG (T)n)

Cos g ('Ijn) +o0 (1) +o0 (pn (y]n) Pn—1 (yj,n—l))

= cosmg (zj,) +o(1),
by Lemma 3.2(b). Since sinnwg (x;,) is bounded away from 0,
(315) AnT Pn (yjn> Pn—1 (yjn> ,u, (yjn> = cot g (mjn) +o0 (1) .
Next, replacing n by n + 1 in (3.15) and using continuity of 1/, g gives
(3.16)  Gns1TPnr1 (Yjms1) Pr Wjinr1) 1 (Yjn) = cot mg (25,,) + 0 (1).
Using the local limit (3.1) on p, and then p,; gives
Prt1 (Yjnt+1) P (Yjns1) = Pot1 (Yjnt1) (c0sTg (2jn) + 0 (1)) Pr (Yjn)
= (Pr+1Pn (Yjn)) + 0 (1),
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by Lemma 3.2(b) again. Thus (3.16) yields
(3.17) 1T (PrsaPn (Yjn)) 1 (Yjn) = cot mg (wn) + 0 (1)
We substitute this and (3.15) into the recurrence (3.10):
(B18) (b2l () = — cotmg (150) + 0(1).
Finally as yj, € (%410, Tjn), SO

(=1 pa (yjn) > 0,1 < j <n—1,

and we obtain the result on taking square roots. Wl

Proof of Theorem 1.2
Now from (3.1), (3.9), for = € [Tj41.0, Tjn) N1,

[Ygn = bal"* o () ' ()"

_ [ \/7|00t7rg (yn)|"* + 0 (1)
= \/g|cot mg (z)|** cos <7m [w () (x — yjm) + %D +o(1),

by continuity of ¢g,w. Next, uniformly for x € J,
|CL‘ - bn|1/2 = |yjn - bn|1/2 + 0 <|l’ - yjn|1/2>

’yjn - bn‘1/2 + O (n—l/Z) ’

[cos (mnw (jn) (€ = Yjn)) + 0 (1)]

SO

@ = ba|""? pr () ' (2)"?

- \f|comg 12 ¢ ( {(>(az—yjn)+%D+o(1)+0(n‘”2|pn(as>|)

- \/; ot g ()| cos (mn f, () + 0 (1),
by Lemma 3.2(c). B

Proof of Corollary 1.3
This is immediate from Theorem 1.2. B

Lemma 3.4
Uniformly for x in compact subsets of I omitting zeros of cosmyg,



ASYMPTOTICS FOR ORTHOGONAL POLYNOMIALS 11

(a)
(3.19) (x —b,) (x — by_1) = 4a? cos® (mg (z)) + o (1).
(b)
bt (2t 1/2
(320) oot g (x)| = <2—b) (o >b +o(1) +0(1).
- (22) (522)
Proof

From the recurrence relation,

(321)  (Yjn — bu-1) (Pn-1Pn) Wjn) = @np’ (Yjn) + @1 (Pn-20n) (Yjn) -

We now replace the terms on both sides. First we multiply by a, 71’ (y;n)
and use (3.15):

(yjn - bn—l) [COt g (xjn) to (1”
(322) = @272 (Yjn) 1 (Yjn) + @n-1anT (Pu—2pn) (Yjn) 1 (Yjn) -
Next, from (3.13),
an TP (Yjn) Pt (Yjn-1) 1 (Yjn) Tsinmg (zjn) = 1+ 0(1).
Replacing n by n — 1 :
an-1TPn—1 (Yjn-1) Pn—2 (Yjn—2) 1’ (Yjn—1)sinmg (zj,-1) = 1+ 0(1).

Dividing the two relations, and using continuity of i/, g, and the fact
that sin g is bounded away from 0, gives

QnPn (yjn>
Qp—1Pn—2 (yj,n—2)

Next, our local limit (3.1) and the spacing (3.4) give

(3.23)

=1+0(1).

a2 (330) = P2 (3n2) (c05 (279 (20) + 0 (1)
So
0 (93) (€058 (29 (10)) +0.(1) = 19 () (140 (1).
Then (3.22) becomes
(Yjn = bn) [cot mg (25n) + 0 (1)]
= apmp,, (Yjn) 1 (yjn) {1 + cos (2mg (zjn)) + 0 (1)}
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Multiplying by (y;, — b,) and using Lemma 3.3 gives
(Yin = bn) (Yjn — bn-1) [cot mg (zjn) + 0 (1)]
= 4a’ {cot mg (y;n) + 0 (1)} {cos® (7g (z;,)) + 0 (1)}
so that if cos g (x;,) is bounded away from 0,
(Yjn = ) (Yjn — bar) = daj, cos® (g (250)) +0(1).
Then the result follows from the continuity of g, the density of the

{y;n} and the boundedness of the {b,}.
(b) Away from zeros of cos g (),

[cos g ()]
V/1—cos?mg (x)

() (=)
2an 2an
= +o(1).

T—by— T—by_
f(2) ()
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