THE SIZE OF (g:q), FOR ¢ ON THE UNIT CIRCLE

D.S. LUBINSKY

ABSTRACT. There is increasing interest in g—series with |¢g| = 1. In analysis
of these, an important role is played by the behaviour as n — oo of

(@) =(1—-q)(1—¢°)..(1—q").
We show, for example, that for almost all ¢ on the unit circle

log |(g; ¢)n| = O(logn)'+*

iff € > 0. Moreover, if ¢ = exp(27iT) where the continued fraction of 7 has
bounded partial quotients, then the above relation is valid with e = 0. This

provides an interesting contrast to the well known geometric growth as n — oo
of

Il (& Dn Lo la1=1) -

1. STATEMENT OF RESULTS

There are a growing number of applications of g—series with |¢| =1 and ¢ # 1
in number theory, Pade approximation, continued fractions, ... [3-7], [15-17], [19-
20], [22-24]. In analysis of a continued fraction of Ramanujan [16], the author was
confronted with the need to analyse the behaviour as n — oo of

(1.1) (@ @)n =1 -1~ ¢*)..(1-q")

for ¢ on the unit circle. Obviously, the size of (¢; ¢),will play an important role in
the development of g-series for |¢| = 1. To first order, the answer to this question
is provided by an old identity:

> 2 = 2"
1.2 ——— =exp — .
(2) ;::0 (¢ 9)n (7; n(1l— q”))
Hardy and Littlewood showed [10] that this identity remains valid even for |¢| = 1,
that is both power series above have the same radius of convergence. Thus

n|1/n 1/1’7,.

liminf |(g; q) = liminf |1 — ¢"|
n—oo n—oo

It follows easily from the elementary theory of diophantine approximation, that if
(1.3) q = exp(2mit), T € [0,1)

then for almost all 7 € [0, 1] (and in fact except for 7 in a set of Hausdorff dimension
0 and logarithmic dimension 2 [14]),

lim inf |(q;q)n\1/" =1.
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2 D.S. LUBINSKY

Using estimates for quadrature sums and results from the theory of uniform distri-
bution, one can then show [17] that for almost all 7,

(14) Tim|(g:q)a] " = 1.

— 00

(See also [18]). It turns out that this is a rather crude estimate, and one can show
much more: for x € R, we let [z] denote the greatest integer < z and let a.e. denote
a.e. with respect to linear Lebesgue measure on [0, 1].

Theorem 1.1
Let (¢n)$9_1 be an increasing sequence of positive numbers such that for some
p>0,

(1.5) lim sup cfj1+5)/c; < 00.

j—o0
Let g = exp(2miT).
(I) The following are equivalent:
(a) For a.e. T,

(1.6) llog |(g; @)l = O ((log 1) (cliogny)) ;
(b) For a.c. 7, and some A = A(r)
(1.7) log
(c)
(1.8) i N

(II) Moreover, if

TEa < A((logn) (Clogn))) ;

= 1
1.9 =
(1.9) ; e =
then for a.e. T, we have
. 1
(1.10) lim sup <log |(qq)|) / ((log n) (c[logn])) = 00.

Thus for example, if ¢ > 0 and we choose ¢, := (log (n + 1))1+8

for a.e. T,

, then we have

llog |(q: 9)ull = O ((log n) (loglog n)HE) :

but
1
log ———— # O ((logn) (loglogn)) .
(45 9)n]

In particular, |(g; ¢)n| will decay to 0 for infinitely many n faster than any negative
power of n. In the other direction, we can show that (g;¢q), grows almost as fast
as n for infinitely many n:
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Theorem 1.2
For irrational 7 and q = exp(2mit),
1 M
(1.11) lim sup 281 @ Dnl - 4
n—oo logn

The set of measure 0 omitted by the first theorem includes all algebraic irrationals
7. We now attend to these. Any irrational 7 € (0,1) has the continued fraction
expansion

_ Ao u

.

1.12 =
(1.12) far " Tas T Tas

where the positive integers a; are the partial quotients of 7. For algebraic irrationals
7 the {a;} are periodic and in particular are bounded.

Theorem 1.3
Let g = exp(2miT), where T has continued fraction (1.12).
1) If
(1.13) sup a; = 00,
i>1
then
(1.14) liminflog|(g; q)n| = —0c0.
(1) 1y
(1.15) sup a; < 00,
i>1
then
(1.16) llog |(¢; ¢)n|| = O(logn), n — o0;

Thus if the partial quotients (a;)32; are bounded, we have for some C1,C2 > 0,
(1.17) n=% < |(g;q)n| < 0.

This has the consequence that the associated g—exponential functions

e n(n+1)/2zn

Z;@wnm Z%

(@ Dn

grow no faster than (1 — |z[)~* as |2| — 1—, for some C3 > 0. It is an interesting
problem to determine the smallest Co in (1.17). The above result leaves open the
question of whether (1.14) holds in the presence of bounded partial quotients; our
proofs show that there exists K such that if infinitely many a; > K, then this is
the case, and we are certain that it is true in general.

The above theorems provide an interesting contrast to old results of Sadler and
Wright which show that || (¢;q)n ||z (qj=1)8rows geometrically, that is,

: . 1/n _
7}1—{20 Il (¢;9)n ||Lm(|q‘:1)— 1.217... > 1.
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For recent developments around this, and its relation to a problem of Erdos-
Szekeres, see [1], [2]. For a first order discussion of the possible behaviour of the
more general g—Pochhammer symbol (a;q), as n — oo, see [3-7], [20].

This paper is organised as follows: in Section 2, we discuss the Ostrowski rep-
resentation and present some technical lemmas. Our basic estimate for (g;q),, is
presented in Section 3. In Section 4, we estimate a certain trigonometric sum. In
Section 5, we prove the theorems. The basic ideas are the Ostrowski representation
of a positive integer [8], [12] and elementary theory of diophantine approximation.
We note that the more obvious approach of estimating log|(g; ¢)n|, namely treating
it as a quadrature sum, and applying (for example) Koksma-Hlawka’s inequality
and discrepancy estimates yield essentially weaker results. Likewise use of identities
such as (1.2) yield much weaker results.

We shall derive estimates on (g; ¢), that hold for all n, with explicit numerical
constants. This involves more work, but we believe the explicit constants will be
useful in analysing Ramanujan’s continued fraction [16]. If we required estimates
that hold only for large n, then the size of most of the constants could be reduced,
and some proofs could be shortened.

2. THE OSTROWSKI REPRESENTATION AND TECHNICALITIES

In this section, we present some background material and two technical lemmas.
We begin by recalling some elementary properties of continued fractions, all of
which can be found in Lang [13]. Throughout, let 7 € (0, ) be irrational with c.f.
(1.12) and let

T, 111 1]
Xn lar ez laz  lan

denote the nth convergent. (We do not use the more customary notation p, /g, to
avoid confusion between ¢ and g, ). The recurrence relations for m,, x,, are

(2.1)

(2.2) Xn = OnXn-1+ Xn_2;Tn = QnTp_1 + Tp_2,n > 1,
where x_; = 0;xg = 1;7m—1 = 1;mo = 0. Successive convergents satisfy for n > 0,
(2.3) XnTn—1 = Xn—1Tn = (=1)".
For z € R, we let
[x] := greatest integer < x;
{z} =2 —[z] €[0,1);
| @ ||:= minjez |z — j| = min{{z},1 — {a}} € [0, 3].
Then for n > 0,

(24) ” XnT ”: (_1)n(XnT — 7771) = On 1

— 0 e (5,
Xn+1 " 2
(This is true even for n = 0 since we assumed 7 < %) There is the best approxi-
mation property, valid for n > 0,

1).

(2.5) X7 I R ([< kT = 31,0 <k < Xpy1,J € 2
(We have strict inequality unless k = x,,). Moreover, for n > 1,
(26) || XnT H<H Xn—1T ||7

(2.7) I X017 1= ansa [ X7 |+ 1 X7 5
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and
Il Xn—17 |l
(2.8) P { .
* I xnT |l

We remark that in the 1966 edition of Lang’s book [13,p.9], there is a misprint:
a1 18 replaced by a, in (2.7) and (2.8). However it easily seen from the proofs -
or just from (2.4) - that it should be a,4;. It is also easily seen that (2.7-8) also
hold for n = 1.

We shall use the Ostrowski representation of a positive integer n with respect to
the basis provided by the c.f. of 7 (see [8,p.48]). Assume that for some m > 0,

(29) X’In S n < Xerl'

(Note that since 7 < %, Xo < X1)- Then n may be uniquely represented in the form

(2.10) n=> bx;
j=0

where
(211) 0< bj < aj4+1 and bj_l =0if bj = aj+1,O <j< m;bm > O;bo < ai.

We shall use the convention that b,,41 = 0. The integers b; may be determined by
the following algorithm:

Ny =N = mem +Mm-1,0 <npy1 < Xms
N1 = b1 X1 + Mm—2,0 < N2 < Xpp_15

ng = boXxp;n—1 :=0.
For the given n, we set
(2.12) m# .= #{j: 0 < j < m and b; # 0}.
Of course, m# > 1. Note that conversely, given any {bj}7L, satisfying (2.11), n
defined by (2.10) satisfies (2.9). We use the notation
logt 2 := max{0,log z}.

We need two lemmas, the first dealing with the size of fractional parts. To
simplify notation in this and the next section, for a given n with representation
(2.10), we fix j between 0 and m, and set

(2.13) l:= Xj;ﬁ’ = X0 =055 =0 —nyis = %;T = e27mis,
J

Lemma 2.1
(a) Let N> M >0 and ¢ € Z,k >0 with
(2.14) 0<ck <agsr and cg—1 =0if ¢ = agq1,k > 0;¢9 < ay.
(i) Then if M >0 and cpr # 0,

N N
(2.15) 0< (=DM e O —m) =7 > enxe 1<l xaroa Il -

k=M k=M
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If cpr =0, the rightmost inequality persists.

(i)
N
(2.16) I xar | (ear = 1) <l 7> ewxi I1<ll xar Il (ear + 1)
k=M
(iii) If cpr # 0,
(2.17)
N 1
> — > , .
I 3 o > (anea = ewan) Dt 12 maxdlxura” | o e

(b) Let n have the Ostrowski representation (2.9) and assume the above notation
mwvolving J, L, £,0',b.
(i) We have for 0 < L <b, and j > 1,

(2.18) T (I<[l r [l I (L€ + D) 1<l xj-a7 I -

The first inequality is still valid if 7 = 0.
(i) Assume that j < m. For 0 < L <b,

(2.19) 1 ér | (L—=1) <|| (LE+ )T ||<]|| €7 || (L+1).
Moreover, for 0 < L <b and j < m,

1
(2.20) | (LE+ D)7 (1> (@42 = bj) | €7 |2 max{]| €7 ||, ¢ }-

max{l, bj+1}€/

(i) If 1 <k < £, then for 0 < L <b,

(2.21) | (k4+ Le+ )7 ||>] ¢7 | .
Moreover, if k # x;_y, then

(2.22) [ (E+LE+ )7 > xj-7 |
and if k= x;_1, then

(2.23) | (k+LL+J)7||> (aj41—L) | ¢r | .
Proof

(a) (i) This is contained in Proposition 1 in [21,p.248] and contained in the proof
of Lemma 1.62 in [8,p.50] but we provide the details as some of those are needed
below. Suppose that M > 0 and is even, the proof is similar when M is odd. We
use the recurrence relation (2.2) and the fact that y, 7 — 7 has sign (—1)* as well
as our restriction (2.14) on the c;. We have

oo
—(xuT—7TM) = Z ((XM+2i - XM+2i72) T — (Tartoi — 7TM+2i72))
i=1
[ee)
= Z AM+2i (XM+2i717' - 7TM+21>1) < Z CM+2i—1 (XM+21‘717' - 7TM+2¢>1)
i=1 1<i<(N—M+1)/2

< ct (XeT — T¢)

N
t=M
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o

< ZaM+2i+1 (XM_%T - 7TM+2z')
i=0
(2.24)
oo
= Z ((XM+2i+1 - XM+22‘71) T — (TM+2it1 — 7TM+21>1)) = - (XM71T - 7rM,1) .
i=0

Since the first and last elements in this chain of inequalities have absolute value
less than 3 (recall (2.4)), we deduce that

N N
IS e = | S e Oar = m)| <l xar a7 I -
k=M k=M

Then by applying the last but one inequality with M + 1,

N N
ok (e — k) = e (X — ) — | D e (e — )
k=M k=M+1
>em || xp7 | = I X7 120,
(ii) For the rightmost inequality, we note that
N N
173 e < en I I+ 17 3 el
k=M k=M+1

and then (i) gives the rightmost inequality in (2.16). The leftmost inequality is
similar.

(iil) Let us call the quantity in the left-side of (2.17) A and assume that M is even.
Then if ¢py > 2, (2.16) gives

A > xp7 12 ams2 [ XaggaT I,
by (2.8). This is stronger than the left inequality in (2.17). Now we suppose that
¢y = 1 and prove the left inequality in (2.17). Note first that from (i), if M > 1,
(Xar + em+1Xar )T — (T + eareiman) =l (xar + earerxarsn) 7 |

=l X7 | —earsr || XM4+1T l

(2.25) = (am+2 —carsn) | Xora ™ T+ 1 Xarge™ Il

by (2.7). If M =0, it is easy to check that this remains valid, recall that || x,7 ||=
T < % We consider two subcases:

(D) epr =1 and cppq2 #0

Then (i) shows that

N
Z ek (e — ) > 0,
k=M+2
)
N M+1
A= ce(XpT — k) > Z cr (XK™ — k)
k=M k=M
> (anmy2 — ens1) | xara™ s
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by (2.25).
(I1) cps =1 and cpr42 =0
Then using (i),

N
A>T (s +ensixare) =17 D el
k=M+3
>\ 7 (xar + earsrxarsr) = Xarpa7 |l

= (arm+2 — cm+1) || XM+1T B
by (2.25). So we have the left inequality in (2.17) in all cases.

We turn to the proof of the second inequality in (2.17). Now if cprq1 < %aMJrg,
then

1
(anr+2 = enrv1) || Xarea7 12 5 0M+2 I Xara7 |l
1
> :
8max{l, crr+1}Xars1

In the first inequality in the last line, we used a simple consequence of (2.8). Next,
if car41 > 3anr42, then as cprq1 < anrs2 (since cpr # 0, see (2.14))

> D 12 2
Z =1 XMT 2
4 M 8XM+1

(anrv2 — ear1) | Xaraa™ 121 Xaraa ™ |l

1 1 1
> > >

T 2ge  AdangeXngr  SeMiXargr

So in all cases, we have the second lower bound in (2.17).
(b) (i) Now

¢=x;and J=n—n; = Z Cl Xk
k=j+1
so the upper bound follows from (2.15). The upper bound for || J7 || is valid even
for j = 0.
(ii) The first inequality (2.19) follows from (2.16). The second inequality (2.20)
follows from (2.17).
(iii) We can write
k+LO+J=> by,
i=t
where t < j — 1,bf # 0 and b7 = L,b; = b;,i > j. Now if ¢ < j — 2, then (2.17)
gives
| (k+LE+T)7 (1> Xea7 121 Xja7 I -
by (2.6). We then have both (2.21) and (2.22). If ¢ = j — 1 then (2.21) follows
similarly from (2.17). If t = j — 1 and k # x;_;, then b7_; > 2, so (2.16) gives
| (k+Le+J)7 ||> ( i1~ 1) | Xj—17 IZ1 xj-a7 |l

We have thus proved (2.22) in all the cases where k # x;_;. Finally if & = x;_;,
then (2.23) follows from (2.17).00

Lemma 2.2
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With the notation (2.18) involving s,{, we have

(a)
-1 -1
1 1 2
2.26 = — < =
(2.26) — sin? k7s kzl sin?kr/0 — 3’
and
-1
k> 504
2.27 < —.
(2.27) kz sin? ks — 24
1
(b)
(2:28) ; |sin kﬂs\ Z |sin k7r/€| £(1+logt).
(c)
(2.29) Z cot kms = 0.
Proof

a) We use the standard observation that since s = 7w,;/x, = m;/f has coprime
J Xj J
numerator and denominator,

{ks(mod1): 1<k </t}={k/l:1<k<{}

and hence for any function f defined on the rationals,

-1

fE/0).

{—1 4
(2.30) > f(ks(mod 1))
k=1 k=

Then the first equalities in (2.26) and (2.28) follow. Next we note the identity [2]

§ 12—t
kzlsinzkﬂ'/ﬁ_ 37

so we have (2.26). Next, since |sin(¢ — k)ws| = [sin kms],

-1

—1 2 [¢/2]
k2 (é) 1 1
<= E — 4 2 E —_—
) = ) )
2 #— sin kms iy sin® krs

o —
502 5124
< — .
- 8 Xz:sm kﬂs =24
(b) We have
[¢/2] /2]

-1
1 1
C(1+1
Z |smk77/€| Z |sin km/¢] — Z k/f +logl).

=1
(c) This follows since cot (£ — k) ms = — cot kns.d
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3. THE BASIC ESTIMATE

The main result of this section is:

Theorem 3.1
For m with Ostrowski representation (2.10), (2.11), let
(3.1)
| , S 2, || 7 | S )\ X~
I :=log|(g;q)n|— ij logf —Wij T—; Z kcot kmr.
7=0 7=0 J k=1
Then
m m Xi 2 3 m
_ . . J b +p. #
(3.2) 114;0bjgr§14;0bj (XM) +2;01og b; + 3m*.

We now outline our steps towards the proof of (3.2). For an n given by (2.10),
we write

m n—m;—1 m

(3.3) log|(gg)n| = > log|l—g"| =),
§=0

J=0k=n—n;+1

where
nT -1 bix;
(34) Sp= >, log|t—g" =3 log|t—g"t" .
k=n—n;+1 k=1
Recall that to simplify notation, we fix j between 0 and m, and set
(35) = Xj;e’ — Xj+1;b = bj; J:=n— nj;s = %,T = 6271'1-5.
J
We see that then
b—1
(3.6) S; = Z {Sij +log ‘1 _ q(L+1)e+JH
L=0
where
-1
(3.7) S;p = Zlog = qLé+J+k| .
k=1

Note that as 7; and x; are coprime, 7 is a primitive £th= y;th root of unity. Then

= ut — 1
P(u) = [[(w—r*) = —]
k=1
-1
(3.8) (1—-7r%)=P(1)=¢
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Then we deduce that

-1
1 — gLt+T+k
(3.9) SﬁLAfng::E:log———f:7I——
k=1
We now prove:
Lemma 3.2
(3.10)
/\2 -1 I\ 2
T—(W) @6+5ﬂL+¢f)SE&L—kgé—ﬂﬁu—®§:kwﬂm7§14<y>,
k=1
where for some o = +1,
(3.11)
1— qL€+J+Xj_1
T :=log oo | T (cot ijfls) T (Xj71 (t—8)+o| (LL+ )T ||) .
Proof

If j =0, then x; = 1 and the sum S, is taken over an empty range, so we assume
that j > 1. We use the Taylor series expansion

1
2sin? &

for u,v € (0,7) and some £ between u,v. We also use the facts that for z,y € R,

(3.12) logsinv = logsinu + (cotuw) (v — u) — (v —u)?

[sin7a| =sinw{z} =sin7 || x ||;
(3.13) cotmx = cot m{x};

sinm (z +y)| = [sinw ({2} + 0 [y [])]
where o = 1if ||y ||={y} and o = -1if ||y ||=1—{y}. Thenif 1 <k < ¢, we
note that from (2.18) and then the best approximation property (2.5),

L+ T)7 (1<l xj-am <] k7 [|< min{{kr}, 1 — {k7}}
so that
O<{kr}L || (LL+J)7|< 1.

We choose o = +1 (independent of k) such that

[sin (7 (k+Le+ J)7)| =sinw ({kt} + o || (LL+ T)T ||)

and set v := 7w {ks} and v := 7 ({k7} + o || (LL+ J)7 ||) above. Then for some &,
between u, v,
1 — gLtti+k

1—rk

sin v
log

= log

sinu
2

= (cot w{ks})m ({k7} —{ks} + o || (LL+ J)T ”)_2517;172@ ({kt} —{kst+o || (LL+ J)T ||)2 .

Now
(3.14) by <11
' I - l
and by (2.4)
k k 1
(3.15) k|775|fz||87 ||<w<z
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S0
{kt} ={ks+k(r—s)} ={ks} + k(T — s).

Then Let+J+k

log 1—g7™™

1—rk
(3.16)
72
= (cotmks)m (k(t—s)+o || (LL+ J)T ||)— DT (k(r—s)+o| (LE+ )7 ).
Next, with u, v as above
(3.17) 11 | w—v m(k|T—s|+ || (LL+ )T |)
' sinu  sinv| ~ |[sinusinv| = (sinw)|sin7 (|| (k+ LE+ J)7 )|

In the last sin term, we used again the properties (3.13). Now if k # x;_;, then by
(2.22),

sinm (|| (k+LE+ J)1 ) > 2| (k+LE+ J)7 > 2| x;_17 I,
0 (3.15) shows that

N (14 B PP

< .
sinu  sinv| = 2(sinw) || x;_;7 [ T sinu
Hence &, between u and v satisfies
1 1 1
(3.18) ILE AN s S
sing,, ~ |sinwu|  [|sinkmws|

Next, recall (2.29). Adding over k in (3.16) gives (recall o is independent of k& and
recall that T is given by (3.11))

qLtrI+k -1
O>Zlog W(T—S)chotkﬂ's
k=1
-1 2
2
=T- > m(/ﬁ(T—s)MH(LHJ)TH)
k=1,k#x; , k
-1 1
>T— (r(1 — s (LL+ J)7 ||?
- (m(1+7)) <|T sl Zsm kms e+ T 25111214571'5)
0\ 2[5 (L+1)2
1 >T— 1 —
(3.19) (5) @aem? |5+ S5

Here we have used Lemma 2.2(a), (2.19) and (3.15). Next, for some (;, between
m{ks} and 7 {k7},

cotw{ks} —cotm {kr} = M
sin” (},
Here
1 3 1 wk|s — 7|
sinw {ks} sinm{k7}| = (sinw{ks}) (sinw{k7})
| €7 | w47 || m

~ (sinm{ks})2 | kT [ T (sinm{ks})2 [ x;_17 | = 2(sin7 {ks})
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by the best approximation property (2.5). Thus

< (1 + E) _
sin¢, — 2/ |sinkms|

and then
-1 Ly
OS(T—s)ﬂ'zk(COtk’ﬂ'S—COtkﬂ'T):7T2<T_8)2 2
2 =] sin Cr

(3.20) < ( (1+f)>23 £y
‘ =T e)) e )
by (3.15) and (2.27). Combining this and (3.19) and estimating the constants gives

(3.10).0
‘We now deduce

Lemma 3.3

-1 b
(3.21) A:=S; —blogl—br (T —s) Z k cot knT — Z log |1 — g !
k=1 L=1
admits the estimate
0\ 0\’
(3.22) T — wb — 93b° <€,> <A< 14b (w) ,
where T* =0 if j =0 and otherwise
b—1 Lé+J+x,;_
* L 1- q Xi-1
(3.23) T*:= log T
L=0

Proof

For j = 0, the result holds trivially with 7* = 0 since then ¢ = x, = 1 and so each
S;r = 0. So assume that j > 1. The upper bound follows from (3.6) by adding
over L =0,1,...,b—1 in the previous lemma; the lower bound follows similarly, on
noting that we can bound the following part of 7" in (3.11):

|(cot 7TXj_13) 0 (Xj—l (r=8)+o| (LL+ )T ||)|

™ Xj—1 Tl X7 ||
<3 (B hgr i+ e ) < S
[ x—1s I\ x; | xj—1s |l
Here by (2.3),
T 1 1
3.24 Yoo l=l o @y =~ =1
(3.24) ||J1||||J1Xj -1 |l 1
)
b—1
(3.25) Z |(c0t ij_ls) T (Xj—l (T—38)+ || (LL+ )T ||)| < by I xjoa7 | 7.
L=0
O

We turn to estimation of the second sum in the right-hand side of (3.21) (recall
we set by,41 = 0):
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Lemma 3.4

(3.26)
b
27h || 47 || < 3logh+3
log [1 — ¢““F7| —blo (
LZ 8| | ~blog e > ~llogh —logt (4b;41) — (m/€)* b
Proof
Let
o) = sinmu weR
)
It is easily seen that
2
0<1—g(u) < 7TFuz,u e R,
and hence that
3 2 9 1
(3.27) 0> logg(u) > —3 (1—g(u)) > —uhuE [0, 5]
Then (recall that for all z, || z ||€ [0,1])
b b b
OEZIOg‘l L£+J|—Zlog Cr || (LL+ DT |) = Zlogg | (Le+ J)7 )
= L=1 L=1
20 o112 &
(3.28) > —% ST+ > (x/0)b

L=1

recall (2.19). Next (2.19), (2.20) and Stirling’s formula give if j < m,
(3.29)

T
;log Q|| (LL+ )T |) > Zlog 2r(L—1) || &) + log <4max{1,bj+1}£’>

1
=blog (27 || ¢ 1 b— 1) +1
og (2 || €7 ||) + log (( ")+ Og(SmaX{l,bj+1}€' | er ”)
27h || 47 || 1
> bl _ 1 V2 —1 1
2b Og( ¢ +log (V2rb) ~logb + log Smax {1,010 0 [ 07 |
(3.30) > blog (W) - %logb —log™ (4bj41) -
Next, by (2.19) and Stirling’s formula,
b b
Zlog @r || (Le+ )7 ) < Zlog 2 (L+1) || 7))
L=1 L=1

< blog <27Tb”€7—”) —logb + 3.
e
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Combining this with (3.28) and (3.29) gives the result if j < m. For j = m, we use
J =n—mny =0and hence || (LL+ J)7 ||= L || ¢7 ||, so that

b

Z log (27 || (L€ + J)T ||) = blog (27 || &7 ||) + log (b!)
L=1

and this may be estimated as before, in a simpler fashion.[]
We turn to the estimation of the term 7% :

Lemma 3.5
The term T defined by (3.23) satisfies

(3.31) T* > —3b.

Proof
Now by (3.24) and then (2.23),

sinT || Xj—198 |

sin || (x;_q + LE+ J) 7 || ‘

2 2
(3:32) > 20 (o LO+ D) 7|12 = (g = L)L) 7 )
Then
2 sina || (o FLE+T) T
T = Z log )
P sin [ ;15 |

Zblog( L er ||)+log 1—b)

(a,
> blog ( a1l | bt ||>

by Stirling’s formula. Then the inequality x;;; < 2aj+1xj7 gives
13
T > —bl 2
> 0g< 7rexp<12>)

Proof of Theorem 3.1
Combining our estimates of the last three lemmas, we have for a fixed j, with
b= bj >0,

bl || ¢
S; — blog (WJJT”) chot ket {

(We have used b®/¢"> < b;logh < b and b° (£)” < b). Adding over j and using
log™ x < x, as well as bm+1 = 0 gives the result.[]

O

14b (%)2 + %longr 3
—110b — log™ (4bj41)

IV IA
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4. ESTIMATE OF A CERTAIN SUM

Let
(4.1) U, = Z cot kmT.
k=1
(4.2) Vi = Z kcot kmr.
k=1

The main result of this section is:

Theorem 4.1
Let X, <1 < Xyny1 and represent n in its Ostrowski representation (2.10). Then

(a)

. < .
(4.3) |Un| < (124 +24 (glgagflog bk)> Xomt1
(b)

. < .
(4.4) Vol < X1 (248 +48 max log ak)

Corollary 4.2
If n=x,, —1, then

(4.5) V| < X2, (248 + 48 max log ak) .

k<m

We remark that in contrast to (4.3), one expects,

n n 1
D leothrr| 20 g 2 € <nlogn+xm+1 (1 + loan>) :
k=1

k=1 m

see [11, p.247, (77)]. The last right-hand side may grow essentially faster than that
in (4.3) for infinitely many choices of n. We begin our proof with

The Deduction of Theorem 4.1(b) from Theorem 4.1(a)
A summation by parts shows that if we set Uy := 0,

n n—1
Vi =Y k(U —Uk1) =nU, — > Us.
k=1 k=1

Now apply (4.3) to deduce (4.4). Note that the Ostrowski representation of & with
k < n involves only x;,k < m; recall too that by < ag41.0

The Proof of Corollary 4.2
Note that n = x,, — 1 satisfies x,,_1 < n < X,,, so apply the theorem with m
replaced by m — 1.[J
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We shall use the Ostrowski representation (2.10) and proceed similarly to the pre-
vious section. Thus we write (cf. (3.3), (3.4))

(4.6) U, = Z s,
§=0
where
n—m;—i bjx;
(4.7) S = Z cot knt = Zcot (k+n—nj)rr.
k=n—n;+1 k=1
As at (3.5), we fix j, and adopt the notation there. Then as at (3.6), we write
b—1
(4.8) Sj =D (Sjr+cot (L+1)€+J)7r))
L=0
with
-1
(4.9) Sj =Y _cot(k+ Ll +.J)rr.
k=1

We recall that 1
3 < O er < 1.

Lemma 4.3

(L+2)  7(L+2)¢

(4.10) 1Sl <5 7 1A
Proof
We use
(L+1)e-1 -1
(4.11) Z cot kms = Zcot krs = 0.
k=Ll+1 k=1

Now for 1 < k < ¢, we have
kr|r—s|+7m| (LL+J)T |
nr (|| (k+ LE+ J)7 ||)| |sinkms|
Here if k # x;_;, then as at (3.17-3.18) in the proof of Lemma 3.2, we obtain
1 1+7
<
|sin7 (|| (k+ LE+ J)7 ||)| — |sinkms]
and hence from (2.19),

ty = |cot (k + LL+ J) nT — cot kms| < E
si

(I+m)7(L+2)

tr < )
0'sin” kms
If k= x;_;, we use instead (2.23) and then (3.24) to deduce that
7 (L+2) < m(L+2)¢

tr < .
¥ = 9(aj41 — L) 0| b7 || [sinkrs| ~ 2(aj41 — L)

Adding over k and using (4.11) and (2.26) gives the result.[]
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With S; 1, estimated, we now turn to the other term in (4.8):

Lemma 4.4

If 7 <m,
b—1

(4.12) > cotm (L +1) L+ J)7)| < ¢ (logb + 5max{1,bj41}).
L=0

Proof

We use (2.19) to deduce that for L > 1,
lsinTt (L+1) 4+ J)7|=sin7 | (L+ 1)L+ J)7||>2L | 47 ||

so that
b—1 b—1 1
t L+1)¢ < — < /0(1+logh).
Lz;lco m(L+1)e+J)7) _];QLHETH < V(1+1logb)

Next, for L = 0, we obtain from (2.20), if j < m,

ot ((L+ 1D+ 7)7) < 5 < dmax{1,b;1}0.

1
L+l
If j = m, then J = 0, so the same estimate holds as we set b,,11 = 0. Combining
the last two estimates gives the result.[]

We summarize the results of the previous two lemmas and (4.8-9) in:

Lemma 4.5

(413) |Sj| < E/ (610g26—|—20max{1,bj+1}) .
Proof
Adding over L the estimate in Lemma 4.3 to that in Lemma 4.4 gives
b—1
(b)*  wl L+2
|S]| S 15 7 + ? L;O m + Y4 (logb + 5max{17 bj+1})

< ¢ (logb+ 20 max{1,bj11}) + X,
where
b—1
L+2
Y= — i

2 =0 aj4+1 — L

194 AR 1
=5 | b+lga+2) Y T
k=a;41—b+1
ol aji1 / Ajt1
< —(ajr1 +2)lo <J><5€10 (g
2(g+1 ) log aj1—b g aj1-0)
at least if b < aj41. Here by considering the cases b < aj;1/2 and b > a;11/2, we
see that we can continue this as < 5¢ log 2b. The case b = @41 is easier.[]
We turn to
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The Proof of Theorem 4.1(a)
Now if j <m, bjr1X;41 < @jr2Xj11 < Xjp2, 0 from (4.6) and (4.13),

m—1
U,| < Z\S | <6 (maxlog 20y, >Z><]+1 +20 ) Xjp2 + 20X, 10
7=0 j=0 Jj=0

< Xoma1 (24 géayi(log (2b) + 80 + 20> ,

recall x ;o > 2x;.U

5. PROOF OF THE THEOREMS

We begin by combining the result of Theorem 3.1 and Theorem 4.1, with the
notation as in Theorem 3.1. Recall that we assumed ¢ = exp (27i7) with 7 € (0, %)
Ifre (%, 1), we set 7/ :=1—7;¢ := exp (2mit’) and use ¢’ = g, so that

(@30),| = 1(¢54).]

Thus in the sequel, we deal only with 7 € (O, %)

Proposition 5.1

- 2mbix; || x|
(51) 10g| q; q n - ij ( jJ)

j=0 ¢
satisfies

3 m
(5.2) I <m® (800 + 151 Ogljzixm log aj) + 3 Z log™ b,
and
(5.3) r> 9002&» — 151m* maxlog ay.
7=0

Moreover, we may replace the terms involving maxy<m, log ay in the last two right-
hand sides by

m

5.4 151 max log a
(5.4) Z%H naxlog ay.
Proof
We have from Corollary 4.2 that
x;—1 bix
(5.5) wa <T - ) Z k cot krr| < WZ <248 + 48 maxlog ak)
— Xj+1
X j=o0 Xi

< (24871' + 487 Ikn<ax log ak> m.
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(Recall that m# is the number of bj,j < m with b; # 0). An alternative upper
bound is

b
2487m* + 48w J_ maxlog ag
jgoaj-&-l k<j s

and use b; < ajy1, we obtain

since x;11 > a;j+1X;- If we add this to the upper estimate in (3.2) in Theorem 3.1,

3 m
< m# 23 logt b
I'<m <2487T—|—17—|—487r§€n<a7§10gak> —|—2 ‘ 0log b;
j=

and hence (5.2). The lower bound follows similarly from (5.5) and (3.2).00
We need a simple lemma:

Lemma 5.2

Let (ci)52, be an increasing sequence of positive numbers satisfying (1.5) and (1.8).
Then

. Ck
5.6 1 =
(56) el log k
Proof
Let € > 0. For large j, the convergence (1.8) gives
j(1+6)
§ 2T
c —
- Pt key,
[200+8)]
> L ) —
max{ iy 0 20 <k < [20F9)]} =, klogk ~ cyi/log2

with C' independent of j,e by (1.5) and some simple estimation. Then (5.6)
follows.[I

We turn to the

Proof of Theorem 1.1 (I)

Clearly (a) = (b). We shall show that (b) = (c) and (¢) = (a). We first recall
from [11,pp.234-5] some well known results in the theory of diophantine approxi-
mation: let (¢;)32; be an increasing sequence of positive numbers. The following
are equivalent:

(1) (1.8) holds;

(ii) For a.e. T,

(5.7) a; = 0(jcj),j — o0;

(iii) For a.e. T,
J

(5.8) ar = 0(je;),j — oo.
0
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Moreover, a theorem of Khintchine-Levy asserts that for a.e. 7,
. logx, i
1 = .
oo ko 12In2
It follows that if for a given n, we determine m = m(n) by (2.9), then
2

logn logn  w

. I =1 i _ .
(5 9) nLHolo log Xom ’ nLH;o m 12In2

We turn to

(b) = (c)

Fix 0 < o < 1 and for m > 1 define n = n(m) by
n = by X,, where by, := [aanm+1]-

Of course it is possible that b,, = 0 = n. Proposition 5.1 gives (since then b; =
0,7 < m for the given n and so m# = 1),

27by X, |l XmT I
“q)nl <, ’ n ) .
log [(¢; q)n| < by log o O OSIJ.I?%Jrl loga; | +O(1)

Here for a.e. 7, we have

ogljngarifﬂ loga; = O(logm)

and
mem || XmT HS mem/Xm+1 < [aa’m+1]/am+1 < a,
so if « is small enough (independently of m,n or even 7), we obtain
1
log |(g; ¢)n| < §bm log & 4+ O(log m).

Our choice of b, and hypothesis then show that for a.e. 7, as m — oo, and for
some C7,Cy > 0 independent of m,

(logm) (c[logn]) > Cylog

|
> Caam+1 + O(logm).
@] +1+Ollogm)

Then (1.5) and (5.9) show that
am = O(Mmey,).

Since this is true for a.e. 7, the quoted results from [11] show that (1.8) must hold.

(c) = (a)

We see from Proposition 5.1 and then (5.7), (5.8) that for a.e. 7,

- 2mbx; Il X7 |l =
log [(¢;9)nl — jgo b, (IOg w> =0 jgo a; | +O(m krgngicllog a)
(5.10) = O(mep,) + O(mlogm) = O(mey, ),

by Lemma 5.2. Next, letting

lj = ijj/Xj+1 €(0,1]

we have

2mb;x T i
b; <log JXJeH < ) = M4, (logt; +0(1)
J
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by (2.4), so as tlogt is bounded for ¢ € [0, 1], we obtain from (5.10)

m

X, -
[log |(g; @)nl| = O(mcy,) + O Z ;—H = O(mem) + O Zajﬂ = O(mep,)
j=0 "I j=0

by (5.8). Finally (1.5) and (5.9) give (1.6).0

Proof of Theorem 1.1 (II)
Suppose that for 7 in a set of positive measure, we have

n—oo

) 1
lim sup <10g W) / ((log n) (C[logn])) < 0.

Then the proof of (b) = (c¢) above shows that for 7 in a set of positive measure,
am = O(Mmcy,).

Now under the hypothesis (1.9), this can be true only for 7 in a set of measure 0,
[11,p.234] and so we have a contradiction.[]

We turn to the

Proof of Theorem 1.2

Let us set n := x,,. Then in the Ostrowski representation of n, we have b, =1

and b; = 0, j < m. Moreover, (5.3) and (5.4) of Proposition 5.1 give

27TXm || XmT || _ 151maxk§m lOg ag
e

aerl

10g|(Q;Q)n| > log —O(l).

o

If the partial quotients (a;) 521 are bounded, then the middle term in the last right-
hand side is bounded. If they are unbounded, we restrict ourselves to those m for
which

(5.11) 41 > A, k < m.
In either case, we obtain infinitely many integers n = y,,, for which
log [(¢; @)n| = 10g (X [| X7 ) = O(1).
Now
log |1 —¢"[ =log|2sinm || x,,,7 || = log || X7 | +O(1)

so we deduce that for infinitely many n,

log [(¢; )n—1] = log x,,, + O(1) = log (n — 1) + O(1),
so we have (1.11) in a stronger form.[
Proof of Theorem 1.3(a)
As in the previous proof, we choose n = x,,,, and since the partial quotients are un-

bounded, we may restrict ourselves to those n for which (5.11) holds for m = m(n).
Of course then the corresponding a,,+1 — 0o. From Theorem 3.1,

-1
2 , A\
(5.12) log|(q:q)n| — (log W) -7 (T — 77) Z kcotknr < 17.

m k=1
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Moreover, from (2.4) and Corollary 4.2, for some C' independent of m,

Xom —1
™ (7’ - ﬂ-m) Z kcotknr| < CXom, max logax + O(1) = O(1),

m k=1 Xerl kE<m

in view of (5.11) and X,,41 > @m+1X,,- Then (5.12) gives

kg|@unn|31og;éi—+cX1>s-—bgam+1+CX1>
m—+1

and so we have (1.14) in a sharper form.O

Proof of Theorem 1.3(b)
The fact that all a; and hence all b; are bounded and Proposition 5.1 give

b ||
g (a1l = | Yt (100 T2 | | — 0
=0

(&

Here also x; I X;T |l is bounded above and below by positive constants independent
of j, so we obtain

[log |(g; q)nl| = O(m).
Finally, as x,,, grows geometrically, we obtain m = O(log x,,,_1) = O(logn).O
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