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Abstract

We analyse a family of mutually orthogonal polynomials on the unit ball with
respect to an inner product which involves the outward normal derivatives on
the sphere. Using their representation in terms of spherical harmonics, algebraic
and analytic properties will be deduced. First, we deduce explicit connection for-
mulas relating classical multivariate ball polynomials and our family of Sobolev
orthogonal polynomials. Then explicit representations for the norms and the
kernels will be obtained. Finally, the asymptotic behaviour of the corresponding
Christoffel functions is studied.
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1. Introduction

The term Sobolev orthogonal polynomials usually refers to a family of poly-
nomials which are orthogonal with respect to an inner product which simultane-
ously involves functions and their derivatives. In the one variable case this kind
of orthogonality has been studied during the last 25 years, and it constitutes

the main subject of a vast literature (see [? | and the references therein).
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Sobolev orthogonal polynomials in several variables have a considerably
shorter history. There are very few references on the subject and most of them
deal with Sobolev orthogonality on the unit ball B¢ of R¢. Usually, the inner
product considered is some modification of the classical inner product on the

ball
) = — [ @)W, (a)ds,

Wy
where W, (z) = (1 — ||z||*)* on Bd, p > —1, and w,, is a normalizing constant
such that (1,1), = 1.
One of the first works on this subject was a paper by Y. Xu [? |, where the

inner product

(i = 2 [ V1) Voo + - [ f©0@dote). 20

S§d—1

was considered. Here, do denotes the surface measure on the sphere S~ ! and o4
denotes the surface area. In the same article, the author studied another inner
product where the second term on the right hand side was replaced by f(0)g(0).
In both cases, the central symmetry of the inner products plays an essential role
and using spherical polar coordinates a mutually orthogonal polynomial basis
is constructed. The polynomials in this basis are expressed in terms of Jacobi
polynomials and spherical harmonics mimicking the standard construction of

the classical ball polynomials.

In the present paper, we study orthogonal polynomials with respect to the

Sobolev inner product

S = L f<><>u<>d+i oF

wy 04 Jga—1 On

L ()2 €)do (o)

where A > 0 and {Tn stands for the outward normal derivative operator.

Using again spherical polar coordinates, we shall construct a sequence of

mutually orthogonal polynomials with respect to (-,-)¥, which depends on a

14 )
family of Sobolev orthogonal polynomials of one variable. The latter are usually
called a non—diagonal Jacobi Sobolev—type family of orthogonal polynomials and

can be expressed in terms of Jacobi polynomials (see [? ]).
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Standard techniques provide us explicit connection formulas relating classical
multivariate ball polynomials and our family of Sobolev orthogonal polynomials.

The explicit representations for the norms and the kernels will be obtained.

A very interesting problem in the theory of multivariate orthogonal poly-
nomials is that of finding asymptotic estimates for the Christoffel functions,
because these estimates are related to the convergence of the Fourier series. As-
ymptotics for Christoffel functions associated to the classical orthogonal poly-
nomials on the ball were obtained by Y. Xu in 1996 (see [? ]). Recently, more
general results on the asymptotic behaviour of the Christoffel functions were
established by Kroé and Lubinsky [? ? ]. Those results include estimates in
a quite general case where the orthogonality measure satisfies some regularity
conditions.

Since our orthogonal polynomials do not fit into the above mentioned case,
the asymptotic of the Christoffel functions deserves special attention. Not sur-
prisingly, our results show that in any compact subset of the interior of the unit
ball Christoffel functions in the Sobolev case behave exactly as in the classical
case, see Theorem [d] On the sphere the situation is quite different and we can
perceive the influence of the outward normal derivatives in the inner product,

see Theorem [3

The paper is organized as follows. In the next section, we state the back-
ground materials on orthogonal polynomials on the unit ball and spherical har-
monics that we will need later. In Section 3, using spherical polar coordinates

we construct explicitly a sequence of mutually orthogonal polynomials with re-

spect to (-, >E . Those polynomials are given in terms of spherical harmonics
and a family of univariate Sobolev orthogonal polynomials in the radial part,
their properties are studied in Section 4. In Section 5, we deduce explicit con-
nection formulas relating classical multivariate ball polynomials and our family
of Sobolev orthogonal polynomials. Moreover, an explicit representation for the

kernels is obtained. The asymptotic behaviour of the corresponding Christoffel



functions is studied in Section 6. And finally, in Section 7, we consider the

special case d = 2.

2. Preliminaries

In this section we describe background materials on orthogonal polynomials
and spherical harmonics. The first subsection is devoted to recall some proper-
ties on the Jacobi polynomials that we shall need later. Second subsection recalls
the basic results on spherical harmonics and classical orthogonal polynomials

on the unit ball.

2.1. Classical Jacobi polynomials
First, we collect some properties of classical Jacobi polynomials P,(la”g ) (t).
All of them are well known and can be found in [? , Chapt. 22] and [? |. For
a, > —1, these polynomials are orthogonal with respect to the Jacobi inner
product .
(1o = | 1O 80 w0 500

where the weight function is defined as
wap(t) = (1—t)*(1+1)P, —1<t<l.

Jacobi polynomials are normalized by

P = ("), 1)

n

The squares of the L? norms are expressed as

a+B+1
B(@8) _ (P(O"ﬁ) P(“’B)) _ 2 PIT(n+a+1)T(n+B8+1) @
" noooon @8 (Cn4+a++)nT(n+a+pB+1)
The polynomial P\ (¢) is of degree n and its leading coefficient &™) is given
by
1 2n+a+ 5

LlenB) — — ) 3

The derivative of a Jacobi polynomial is again a Jacobi polynomial,

1

GRA = AL B Ll ), (1)
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The following relation between different families of the Jacobi polynomials

also hold:
+a+6+1 n+ 0 (a+1,8)
PlasB) () = n platl.f) iy P By,
() 2n+a+p4+1 " ®) 2n+a+B+1 "1 ®- )

As usual we will denote by p%a’ﬁ ) (t) the orthonormal Jacobi polynomial of degree

n. Moreover, using , and , we get

(a,ﬁ)(l)_<2n+a+5+1F(n+a+1)r(n+a+5+1)>1/2 1 o
Pn - 2a+8+1 F(n+1)I‘(n+ﬁ+1) F(a+1)a
(a,ﬁ)/(l)_ <2n+0€+ﬁ+1F(’I’L+O¢+1)F(n+a+ﬁ+1)n>l/2
2 - 2a+p5+3 T ()T (nt B+ 1)

n+a+p+1

" T(at2) (7)

In addition to the Jacobi polynomials we will use the corresponding kernel
polynomials defined as

n P(a’ﬁ)(t)P(a”B)(u)
Kaltrusen ) = 3 ——"25
k

k=0

: (8)

which are symmetric functions. When it is clear from the context, we will omit

the parameters o and § in the notation. We also denote the partial derivatives

2
O Ko(t,u).

0
KOV (tu) = %Kn(hu)a KD () = Btou’

It is well known (see [? , p. 71]) that

27 Pl (n+a+p+2) plat1)

Ka(t,1) = Fla+1) L(n+B+1) "

(t)- (9)

On the other hand, taking derivatives in the Christoffel-Darboux formula

for the kernels in [? , (4.5.2) p. 71], and expressing the derivative of the kernel

s in terms of the Jacobi polynomials of parameters («a + 2, ), it can be shown
that

I'n+a+p+3)

MNa+2)I'(n+8+1)

n(nta+B+1) saios g,y _ Mt D0+B) Har2s) )
<2n+a+6+2p”+ ®) 2n+a+ﬁ+23“1 ®)- 10)

K11 = 27002

In this way, we can compute the values of the kernels at the point (1,1).



Lemma 1. Forn >0, we get

27 P T (n+a+pB+2) T(n+a+2)

ol = Fla+1) T(n+pB+1) T(n+1)T(a+2)’
K(Ovl)(l 1) = 27 B2 (n+a+B+3) T(n+a+2)
mY T Tla+1) T(n+p+1) T(n)I(a+3)
gy - 2 Ltat i3 Mintatd)

M'a+2) Tn+p+1) I(n)I'(a+4)
X ((a+2)n(n+a+5+2)+05).

2.2. Orthogonal polynomials on the unit ball and spherical harmonics

For a multi-index x = (k1,...,kq) € N¢, and = (21,...,24), a monomial

in the variables x1,..., x4 is a product
K __ k1 Kd
A A

The number |k| = k1 + ...+ Kkq is called the total degree of z*. A polynomial
P in d variables is a finite linear combination of monomials.

Let II¢ denote the space of polynomials in d real variables. For a given
non negative integer n, let II¢ denote the linear space of polynomials in several
variables of total degree at most n, and let P? denote the space of homogeneous
polynomials of degree n. It is well known that

dimII1¢ = (n—|— d) and dimP? = <n—|—d— 1) =rd.
n n

For z,y € RY, we use the standard notation of ||z|| for the Euclidean norm

of z, and (z,y) for the Euclidean product of z and y. The unit ball and the

unit sphere in R? are denoted, respectively, by
BY={zcR?:|z| <1} and S¥'={ccR?:|¢| =1}
For € R, let W, be the weight function defined by

Walz) = Q= lz[?)*, ] <1.



The function W, is integrable on the unit ball if y > —1, for which we denote
the normalization constant of W, by

20 (u + 1)
Wy = » Wy (z)de = Tt d2rD)

(11)
The weight W), is a radial and centrally symmetric function, that is, W, (—x) =
W, (x), for all x € BY.

Let us consider the classical inner product on the unit ball

(o= [, S gle) Wyta)da,
which is normalized so that (1,1), = 1.

A polynomial P € I1¢ is called orthogonal with respect to W,, on the ball if
(P,Q), =0forall @ €Il¢_,. Let V(W,) denote the linear space of orthogonal
polynomials of total degree n with respect to W,. Then dim V(W) = rd.

For n > 0, let {P?(z) : |[v| = n} denote a basis of VZ(W,,). Notice that every
element of Vﬁ(Wu) is orthogonal to polynomials of lower degree. If the elements
of the basis are also orthogonal to each other, that is, (P}, P;*),, = 0 whenever
v # n, we call the basis mutually orthogonal. If, in addition, (P}, P}'),, = 1, we
call the basis orthonormal.

Since the weight function W),(x) is centrally symmetric, then an orthogonal

polynomial on the ball of degree n is a sum of monomials of even degree if n is

even, and sum of monomials of odd degree if n is odd ([? , p. 78]).

Harmonic polynomials of degree n in d-variables are polynomials in P¢ that
satisfy the Laplace equation AY = 0, where
0? 0?
A=—+...+ —
0z3 ox?
is the usual Laplace operator.

If Y(z) is a harmonic polynomial of degree n, by Euler’s equation for homo-

geneous polynomials, we deduce

d
(@, V)Y (z) =) wi%Y(x) =nY (z). (12)
i=1 v



Let H? denotes the space of harmonic polynomials of degree n. It is well

ai:dim?‘(ﬁ: <n+d1> — <n+d3)'

n n

known that

Spherical harmonics are the restriction of harmonic polynomials to the unit
sphere. If Y € H%, then in spherical-polar coordinates x = r¢, r = ||| > 0,
and ¢ € ST71 we get Y(x) = r"Y(£), so that Y is uniquely determined by its
restriction to the sphere. We shall also use H? to denote the space of spherical
harmonics of degree n.

Let do denote the surface measure on S¢~1 and let o, denote the surface

area,

9 7.‘.d/2
7d /S 77 T(d/2) (13)
Using Green’s formula on the sphere it is easy to see that spherical harmonics

of different degrees are orthogonal with respect to the inner product

Foghss =~ [ F©)g(€)do(c).

04 Jgd—1

In spherical-polar coordinates a mutually orthogonal basis of VI(W,,) can
be given in terms of the Jacobi polynomials and spherical harmonics (see for

example, [? ]).

Lemma 2. Forn € Ng and 0 < j < n/2, let {Y2(z) : 1 <v < al 5.}

n—2j
denote an orthonormal basis for Hflkgj. Define
n (:B7) n—2;j
P} (zp) = P72z — 1) Y, (2), (14)

where B :n72j+%.
Then the set {P}',(z;p) : 0 < j < n/2,1 < v < al y} is a mutually
orthogonal basis of V4(W,,).

More precisely,

<P_7T,Lyﬂ PI?,Ln>/L = H]H,nanam éj,k 51’7717
where H}', = (PJ',, PT',), is given by
. L oa, s
: .

jn = 2#"!‘,8?4‘2 Wy
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3. A Sobolev inner product on the ball

Let us define the Sobolev inner product

1 A 0 0
o= - [ @@ ass - [ Shodt

(§)do (&),  (15)

where W, (z) = (1 — ||z||*)*, p > —1, is the classical weight function on the
ball, w, and o4 are given by and , respectively, and 8% stands for the

outward normal derivative operator, which on the sphere S¢~! is given by

We observe that the above inner product is centrally symmetric, in the sense
that <:c"””,x7>f; = 0 whenever || + |7| odd. This implies that an orthogonal
polynomial of degree n is a sum of monomials of even degree if n is even, and a
sum of monomials of odd degree if n is odd.

In next theorem we will construct a mutually orthogonal basis relative to
the previous Sobolev inner product, which will be given explicitly in terms

of spherical harmonics and a family of Sobolev orthogonal polynomials in one

variable.

Theorem 1. Let {qj(-a’B;M) (t)}j=0 denote the univariate Sobolev orthogonal po-

lynomials orthogonal with respect to the Sobolev inner product

(£.9)% pn) = / FOa00 =00+ de+ )M, (16

where £(1) = (f(1), /(1)) and M is a 2 x 2 symmetric positive semidefinite

matriz. Let {Y7%(z) : 1 < v < all_o;} be an orthonormal basis of the

spherical harmonics 'kazj. Let us define the polynomials in d variables
n ( ﬁ??Mn— i) n—27
o) = g @l = )Y (@), (17)

with f7 =n—2j+46, § =42,

Ao = AQM“”%a (18)
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115

and
My gy | 2 A2 ] »
4(n — 2j) 16
Then, for n >0, the set {Q7,(z) : 0<j<n/2, 1<v<al o} is a mutually
orthogonal basis of szl(Wm S), the linear space of polynomials of degree n which
are orthogonal with respect to the Sobolev inner product ,

Moreover,

A = (11,87 My, o
S h(_/l"ﬁj iMn, 2]), (20)

T n n _
HJ}V - < Jvr j,l/>u ~ on—2j Ay

7 (B M BiM BiM
h§“5 ):(q§u[3 )7q(u/3 ))S

where J [, B8; M1

PROOF. In order to check the orthogonality, we need to compute the product

1

Q)i = - [ Qe @ W) do @
A oQr  aQm
+ i () 250 () doe)

04 Jsior On
Let us start with the computation of the first integral.
L= [ Qe @ W) dr.
wy Jga
Using spherical-polar coordinates and the orthogonality of the spherical har-
monics we obtain
no= 2t /1 g7 (207 — 1)g P (207 — 1)(1 — R )p pn 2t 2ked 1 g
nJo

X 5n—2j,m—2k61/77

1 n n .
= 2 [ e - gl e - (- gy
Wy Jo
X 5n—2j,m—2k5wp

(w:B7) _ (1,87 Mp—2;)
=q;

where g5 = (1,8%") = ql(:hBZl%an—Zk).

and g,
Finally, the change of variables t = 2r? — 1 moves the integral to the interval
[_17 1]v

L oa 1w,y ()
ho= gt [ oo - et a @

X(Sn—2j,m—2k51/n-

10



Let us now compute the second integral in ,

A oqQr, oy
I = L2 (6

de i “on (&) do(§).

In order to easily get that integral, we need some previous results.

Computing the normal derivatives

9 B M B M
e (P @lelP - 1)) = allelP (@MY @lel” - ),
and using Euler’s formula , we deduce

9 (1,8:M) 2 n—2j

S (el - DY)

= (48P Y @1 = 1) + (0= 27)gl D@1l — 1)) Y ).

Thus, the second integral splits into four terms,

o= 2 (166061 + 400~ 20) (D aulD) + 4 01— 27) (1) 1)
=2 () [ YOV oo

= A(16(g (D) @ (1) + 4 (- 2) (1) @) + 4 (n — 2)) ;1) (1)
+(n - 2.7)2 Qj(l) Qk(1)> 5n—2j,m—2k 5u,n7

. .. BY i Mp 2 .
120 where we have omitted the superscript in qj(-u & %) for brevity.

Finally, this can be written in matrix form as follows
By My —2; ~ By My —2j
I = )\q;# ' ’ )(1) M, —o; ql(cﬂ ' ’ )(1)t (23)

where q(l‘vB??Mn—%')(l) _ (q(flhﬁ?;Mni%‘)(l), (q(ﬂvﬁ??Mn—Qj))/(l)) and

J J J
- (n—25)% 4(n—2j)
Mn72j =
4(n — 2j) 16

Observe that M, _o; = 2721 Ay M,,_o;.
To end the proof, we just have to take together and to get the
value of in terms of the Sobolev inner product as

A (q(u,za;L;Mnfzj) q(u,ﬁy;Mnfaj))S
2n=2j Ag / Tk (1,87 s M, —2;]

X5n—2j,m—2k 61/,7/~

S
< ?,wQ,ZZ»u =

11
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Then the result follows from the orthogonality of the univariate Sobolev orthog-

onal polynomials.

4. The univariate non—diagonal Sobolev inner product

In this section we will explore some properties of the univariate Sobolev
orthogonal polynomials involved in .
Let (-, )Fa BiM] be the non—diagonal Sobolev inner product defined in
by )
(F9fpn = [ FO90Q -0 +0%d+ 80) ()"
-1

where M is a positive semidefinite matrix and (1) = (f(1), f'(1)).

Let {g™"*) (#)},,= 0 be the orthogonal polynomials with respect to this inner
product, normalized with leading coefficient k,(la’ﬁ ) given in . Some properties
for the monic orthogonal polynomials with respect to this inner product can be
found in [? 7 ].

In what follows, when not confusing, we will simplify the notations ¢\***) =

B) — —
¢ = gu, and (£,9), 501 = (f.9)5
These univariate Sobolev orthogonal polynomials can be expressed in terms

of the classical Jacobi polynomials as follows.
Lemma 3. For o, 3 > —1, it holds

«, «, a+2, a, a+2, «, a+2,
C]§ ﬁ)(t) :b;jﬁ) Pj( + ﬁ)(t)—l—b(- B) Pj(—ir ﬁ)(t)-i-b(jf)g Pj( ; ﬁ)(t)7 (24)

J,i—1 Js j—
where
pled) G+ta+B+2)(j+a+B+1)
33 (2 +a+B8+2)2i+a+pf+1)
pes) _ Utatb+)/(  2G+8)
371 2j+a+4 2 +a+p+2 )7
: j+B-1 Jj+B j
R e 1C; vel,),
2 +a+B\2j+a+B+1

12
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with

, cus oG +a+B+1) _ 2

CJ‘ — 2 a—(F—2 PlA_ ?
-1 Do+ 1)+ 6) s A G- +a+ph)

, cus s +a+B+1) _ 2

Cj» - 92 a—fF—-2 PlA_ ?
-2 I'(a+ DI+ B) 31 A JjG+a+p+1)

and

P;(1) =P (1) = (PP (), (P (1))

Ajor = AP = (14 MKc;_y) T M, (25)
K;1(1,1) K890

j—1

le,1 = K;i’f) =
0,1 1,1
£V K&

a,B)

PRrOOF. If we expand qg in terms of Jacobi polynomials,

J
q§a7ﬁ)(t) _ Z b§i7ﬁ)}3i(a+2,ﬂ) (t),

i=0
and using standard techniques

a, a+2, a, a,
s _ @GP Oagng (@70, PO (0 (1))
gt pla+2.8) - plet2.8) '

K2

Then, for i < n—2, bﬁ’ﬁ) = 0, and so relation holds. Moreover, the coeffi-
(e,8)
J3.J

q](»a’ﬁ)(t) and Pj(a“’ﬁ)(t) both given by

cient b can be determined using the leading coefficients of the polynomials

(v,8) . .
gas) _ KT toatB+2)(tat B+l
VEY)

TR T Rt at B2 tat A1)

We determine the other two coefficients using Proposition 2 in [? ],

g™ (t) = Py (1) = PP (1) Ay K (1, 1), (27)
where
a K'fl(tal;oﬁﬂ)
Kty =| " (28)

K%Vt 150,8)

13



If we apply equation twice we obtain

(@h) iy _ GHa+B+1G+a+B+2) (atap
B = G rav st D@ tat g )

2+ a+6+1)(+5) (a+2,8)

C@2j+a+B+2)2j+a+p) Pz ()
G+B)U+B-1) ples2y)

2j+a+B+1)(2)+a+P)

Substituting in , and using @D and , the result follows.
[ |

For n > 0, we denote by

n (o"ﬁ) (o"ﬁ)
- : t
Ka(tu) = 4 Wa,

=0

us the reproducing kernels associated with the polynomials qj(-a’ﬁ )(t).

We need to establish a relationship between these kernels and the kernels of
Jacobi polynomials defined in Section [2.1] To this end we need the following

lemmas.
Lemma 4. The matriz A; = (I + MICJ-)f1 M is symmetric. Moreover,
Aja P ()R P (1A = Ajoy — Ay,

where hj = h;a’ﬂ) is given in (@)

ProOF. Using Sherman—-Morrison—Woodbury identity (see [? ]), we get
(I+MK;)™ =1—-MK;"+M)™,

thus
(I+MK;)™'"M =M - M(K;"+M)"'M,

14



5o and the symmetry of A; follows from the symmetry of M and IC;l. On the
other hand,

Aj—a P ()R P (1A =

= (I+MK; 1) (MK; = MK, 1) (I + MK;) ™"

(T+MK;_) " (T +MK;) — (I+MK;_)) (I +MK;)"' M

(I+MK; )" M —(I+MK;)™"

Lemma 5. Forj > 1,
(ﬁg_a,ﬁ))—l _ (h(_aﬁ))—l _ (h(_a,ﬁ))—Q Pg_a,ﬁ)( )A]P( 76)( 1),

J J

PROOF. First, we get the relation between the norms, using
B = (45, 07)° = (3,p0)" = B + P (MBI (1)
Taking into account that q‘ga’ﬁ)(l) = P§a’6)(1) (I+ MK;_1)"", we get
h(a”B) h(awB) + P(a 5)( )Aj—l P§075)(1)t'
On the other hand, from
MPPD (1) RT2PP (1) = B MK~ K1) = by (T M)~ (I+MK;_y)],
we get

P () (T + M) MPP ) 2 PP (1) (T M) MPP (1)

= PP () (T MEG_) T (T MEKS) — (I + MKj_y))
< (I+MK;) " MPP (1)
= WP I+ M)t MPYP (1)
~hT P () (1 + M) T MPEP (1)

15
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Then, it is easy to show that

D (nt = PR ) (1 M) T MPEP ) =1,

and the result follows.

Now we are ready to derive an explicit formula for the univariate kernels.
Proposition 1. For j > 0, we get
a7 (1) ™7 (w) (A7) = P () P () ()
— Kt D'AKj(u, 1) + K1 (61D A o Ky (u, 1), (29)
As a consequence, forn =0,

Kn(t,u) = K, (t,u) — K, (£, 1) A Ko, (u, 1). (30)

PRrOOF. Using and Lemma we get
() g bt = (Pi(t) = P;(1) A1 K 1(4,1))
x(Pj(u) —Pj(1) Aj—1 Kj—1(u,1))
x (bt = (hy 1?2 Py (1) A; P,(1)").
Taking into account Lemma {4 and Pj(l)hj_le(u) =K;(u,1)" = K;_1(u, 1),
we obtain
gi(t) gi(u) byt = Pi(t) Py(
- (K, )" =K1 (t, 1)")A;(Kj(u, 1) = Kj1(u, 1))
+ (K1) =K, 1)) (A1 — Aj)K 1 (u, 1)
- (Kj(u, 1) =K1 (u, 1)) A1 K (1)
+ Kot 1) P (1) P (1A K (u, 1),

Pj(u)h;t = (K;(t, 1) =K1 (8, 1)) A 1K1 (u, 1)

Therefore, we get and a telescopic sum gives .
[ |

16
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5. Multivariate Sobolev orthogonal polynomials

In this section, we will express multivariate Sobolev orthogonal polynomials
in terms of classical ball polynomials. To this end, using the following lemmas
we will simplify the matrix AlphFoMe) (I + MyK,,)" 1M}, defined in ,
where M}, was introduced in , and IC,,, = K%’k%) was given in .

Lemma 6. Let M and K be 2 x 2 matrices with det (M) = 0. Then
-1 1
(I+MK) " M= KM’

where

A =1+ trace (MK)

is assumed non—zero.
PRrROOF. This is a straightforward calculation. B

Lemma 7. Let k > 0, then

Asﬁ,kﬂ?;Mk) — M,

where

Apm =1+ 284, {kZKm (1,1) + 8K (1,1) + 16K 1D (1, 1)} .3

PROOF. We see that det (M}) = 0, and

1+ trace (Mi/C,,)
=1+2%4, {k2Km (1,1) + 4K (10 (1,1) + 4K D (1,1) + 16 KD (1, 1)} .

Then Lemma[6] gives the result.
[ |

17



If we replace t = 2|z||*> — 1 in equation , multiply the result times
Y,"~% (z), and use ((14) and , we can express Sobolev orthogonal polynomials

s in terms of ball polynomials. This representation is given in next theorem.

Theorem 2. Letn € Ny, 0<j <n/2, and 1 <v < aﬁfzj. Then,

n (#:87) pn (#.87) pn— (1:B%) pn— .
T(T) = bf; P} (75 p+2) + bjf;'q ijl%u(x;ﬂ+2)+bjl372 Pj*{%u(x7u+2)7

where P (x; p + 2) are the polynomials in the ball orthogonal with respect to
Wia(x), and

g _ (o jtptd+n—jtpt+o+l)

7 n+p+0+2)(n+p+d+1) 7

b(H:B}l) _ n_]+:u+6+1<_ 2(n_3+5) _ narL—Z)
$i—1 n+p+ 6 n+p+é+2 7)Y
(1:8%) n—j+d—1 n—j+9 n g

bjj-2 = ( +dj )

' n+u+d \n+pu+di+1

with

Al —j+p+6+ DTG +p+1)
j 206420 (1 4+ 1)L (i + 2)L(n — j + 0) 4!
X ((n+1)(n = 2j) +2j(n — j + p+ 5+ 1)),

aj = 2(n—2j)+2j(n—j+p+d+1)).

Let us define the kernels of the ball orthogonal polynomials and the kernels
10 of the Sobolev orthogonal polynomials in the usual way,

d
m/2) Qpy_2j

Lu(z,y) = ) Y Pl Py (Hf) ™ (32)

0 j=0

Ly = 33 S Qu@aeLe @) (63)

=1
m=0 j=0 v=1

m/2]a

Then, we can establish a relation between these kernels by means of the
kernels of univariate Jacobi polynomials. From now on, let C¢ denote the usual

ultraspherical polynomial ([? , (4.7.1) in p. 80]).

18



Proposition 2. Forn >0 and d > 3, we get

I[,n(:n,y) = Lyn(z,y)
Ay & kb6 e 2 (1 k4-6: M) gr 1, kit-6
-2 Ko (op2 — 1 1)t A RIKETO (962 1,1
v 2 K @~ LA R @ 1)
k+06
XQk (7”' )k (5 Ck(<€7 >)7

15 where x = r€7 y=s0,1r= ||$||; s = ||yH7 fa@ € Sd_l'

ProOF. Using 7 , and 7 we get

(@)@, () (H) ™

q;;t,,@j )(2 "2 _ l)Yme2j (x)qéu7ﬁ}”)(2 $2 _ 1)YVm72j ()

« 9B +nt2 Y (B(Mﬁ;"))q
(o) J

= (P e R s -1 (h(.“ﬂ;n)) -
_K?ﬁ;”(? 2 1,1) A(u B Mm—2;) K“’ﬂ (252 — 1,1)
+K;L7_/6'1;n( 1 1) A(N BJ i M —2;) KH B (2 2 _ 1 1))

A , .
x 2 S0y () Y2y,

Then, summing above expressions for m, j, and v we obtain

H:n($>y) = Lu(=,y)

n [m/2) an_a;

Z Z KH By 7 1)t A§N75yL;M7n*21) K?ﬂ}n (252 —1, 1)
m=0 j=
m72jA0 m—2j yym—2j m—2j
X 2 5 (rs) Y, ©Y, (0)
n o [m/2]am_a; gm (1,875 M ) g
+2 K5 (2 = L) AR (287 - 10

% 2m—2j % (’I” S)m—2j YVm—Zj (E) YVm_Zj(Q),

where we have used that Klilﬁ 7 (2r?—1,1) = 0. Taking into account the addition

19



formula of spherical harmonics for d > 3 (see [? , p. 9])
aj
k+6
PR AGIAOE —— Ci(& ),
v=1
we deduce
H:n(37 y) =Ln(z,y)
o Ly (1875 Mo 25) 11,55
-> 3 K J)PAST K (257 — 1,1
m=0 j5=0
meo; A meg: T — 2] +5
X2 2JTO(TS) 2 f m 2](<€7 >)
v A ) (1875 Mo —25) g 157"
+3 0 S KPY (@2 - L) A TR (252 - 1,1
m=2 j=1
A 2j+46
o e T ()}

Therefore, since 3 ;’IEQ

= B;-”, a change in the indexes in the last term gives

En(ajay) :Ln(xay) 7F(77,) 7F(n7 1)7
where
Ay &l w85 (w85 ;M ) g1 B75
B" BT Mo Nl
F(n) = T 2K T(2r? =1L, AS K,/ (257 —1,1)
j=0
_ _ 2j+5
2n 25 M n 2]
e R ()}
190 fOI”’I”L 0 and F( )ZO.

Finally, taking the change of indexes n — 25 = k in both expressions F(n)

and F(n — 1), and summing, we get

F(n )+F(n—1)
_ A okt (9,2 (o483 M) gk 6 oy 2
ZK[n G (2% = LD ALY KT (257 - 1,1)
kE+¢
x 2¢ (Ts)kTCg«gaQ»v

and the result follows.
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6. Asymptotics for Christoffel functions
For the boundary of the ball, we shall prove:

Theorem 3. Assume that p > —%. For ||z]| =1,

L,(x,z) — L,(x, 2 1 3
N TR TEu+d+2) (i+2p
Moreover, B
L 2
lim n(2,2) =

n—oo n2Hu+d+1 F(Z/,L +d+ 2)(/1 + 2)2 '

We note that the restriction p > —% arises because existing asymptotics for
Christoffel functions in the non—Sobolev case have only been established for this

range of . Asymptotics for the interior of the ball have been obtained as well.

Theorem 4. Forr = ||z|| < 1, we have

0 < ]Ln(x,x)—Ln(x,m)
4\—1—3 4\ —6-%
< Onttogn(2 -ty + A) " E (e g 4) T
n n

Here C is independent of n and x. Consequently if u > —%, uniformly for x in

compact subsets of {x : 0 < ||z|| < 1},

This last limit also holds for x = 0.

lim L, (z,z)/

n—oo

(35)

M]
)

In this section, we shall use the abbreviation that for m = ["3

K (z,y) = Kn(z,y; 1,k +6).
Thus k,m and n are linked. We now turn to the Christoffel function.
Lemma 8. Ford >3 andn > 0, we get

L,(z,z) =L,(z,z) — ¥, (z),

21



where

A2 n

E+d-3
U, (7) = )\(5 2%(/4: 5)( f )r%ka(t), (36)
Here x=7r& r=|z|, m= ["T—kL t=2r2 1, and
Fom(t) = k2K (t,1)% + 8k Ky (¢, I)Kf,g’l)(t, 1)+ 16K7(,?’1)(t7 1)2

(1,0) (1,1) ’ (37)
1+ 2k A {k?Km(l, 1)+ 8K (1,1) + 16KV (1, 1)}

PROOF. From Proposition 2]

U,(z) = % K’[ﬁk',té(%Z —1,1)'A% ’“j]‘s M”Kfn’”,;‘s(w? ~1,1)
k446
X2 ——=C(1). (38)

Here C{ is an ultraspherical polynomial, so that [? , p. 80, (4.7.3)]

(1) = <k+2k§—1> (k—kz—?)). (39)

Using Lemma m and , a straightforward computation shows that

Kl[l«;bktf(27. -1 1) A(# k465 MA)KP« k+96

) wkﬁ% —1,1)
QAAO {k2 Ko (t,1)? + 8k K, (£, 1) KO (£,1) + 16 KOV (¢, 1)2} .
k,m

205 Substituting this, and into 7 gives the result.
[ |

In particular, for r = ||z|| = 1, we see that ¢ = 1 and

A g ktd-3
— 1
-8t s+ (") B ).

where

Fon(l) = FEm(1,1)” + 8K (1, DR (1,1) + 16K5(1, 1) o)
k,m = .
12840 (K2 K (1, 1) + 8EES Y (1,1) + 16K (1,1) ]

Next, we obtain asymptotics involving the reproducing kernel as m — oo

22



Lemma 9. As m — oo, uniformly for k > 0, the following asymptotics hold

(1)

K (1,1) =275 (m + k)" 'm# T By (1 + o(1)), (41)
where .
o =1, —QF f)F(u o) (42)
(i)
01
K[T((nm()l(ll)l) _(m+ MQ—(i—Mk—i_—ch; +2)m _ (;E;f;’)”a +o(1)). (43)
(iii)
Kn(1,1) _ (m4p+k+i+2m
Kon(1,1) W )+ 2)(i+3)

X((p+2)m(m+p+k+0+2)+k+9)

B (m + k)?m? o
= Wty o) )

ProOOF. From Lemma [If with & = p and § = k + §, the formulas follow using
I'(z + 1) = 2T'(z) and the following consequence of Stirling’s formula: for fixed
a,b, as x — 00,

= 271 4 o(1)).

Lemma 10. (i) Let
(p+1)(p+3)
Ao(p+2)2 -

Then as m — oo, uniformly in k > 0,

Dy = By (45)

2% By, (1) = Do(m + k)P mH (1 + o(1)).

(ii)) For ||z|| =1, let

n—[logn]
A? kE+d—-3
-2 22k(/€+5)( . >Fk,m(1).

k=0

\I/nyl(l')

23



Then

\Iln,l ($)
i S - B (9
where
2 1 3
Tu+d+2) (1+2)
20 PROOF. (i) Assuming n—k — oo, so that m = [25%] — oo, the previous lemma

gives for the term in the numerator in ,

k2K, (1,1)% 4 8kK,, (1, VKOV (1,1) + 16 K0V (1,1)2

= K,,(1,1)2
(m+k)m
2(p+2)
5 (m+k)*m?
Kpn(1,1) 4W

Also the term in the denominator in has the form

(m + k)?m?
(1 +2)?

X

{#2+ 8k (1+o0(1)) +4 (1+0(1)}

(1+ o(1)).

1+ 2kA0{k2Km(1, 1) + 8K 0 (1,1) + 16K (1, 1)}

(m +k)m

— 142840k, (1,1) {k2 S s

(1+o0(1))

(m + k)?m?
(n+1)(p+3)

= 1+2F2A0K,,(1,1)

(1+0(1)}

(m + k)?m?

TESTEE L

Thus 22
K (1, 1249505 (14 o(1))
Fk:,m(]_) = PRP) (k)2 m? .
L+ 262 A0 K (1, 1) oy gy (1 0(1))
Here

28K, (1,1) = (m + k)" m# By (1 + o(1)) — oo as m — oo,

(k+1)(p+3)
W(l +o(1))
—  Do(m+ k) m (1 + o(1)).

226F (1) = 28K, (1,1)

3

24



(ii) From (i), and as 2 = 1(1— £y + O(2),
\Ifn,l(ac) - A(Q)D()
n2u+2 - )

n—[log ] R
x IZ (k+5)<k+zg>(m+k)u+ (%) 1+ o(1))

k=0 n
X022 12(d — 3)]

1+ 0(1))
n—[log ] _2 it
< 2 (GG o)
- m(1+0(1))(/01$d_2 (1—a?)""" dx+o(1))_

1/2

3

Here, setting z = s

! 1t DT (u+2)
d=2 (1 _ 2 u+1d _ 7/ 4/2-3/2 (] _ giHl gg — V2 )2 BT L)
/0 2472 (1—2)"" da 3 ) (1—s)"""ds T (2

~—

Then
Upi(z) AZDy (43T (p+2)
n2utd+l N §22u+2(d — 3)! 2T ( d+22u+3)

x5 Now we simplify the constant. Using , , , , and ,

A3 Do LT (p+2)
Ad(d — 3)122n+2 Qr(i+22u+3)

(1+0(1)).

_ 1 g, et D +3) TG (i +2)
)\(d—2)!22“+1 020 (M+2)2 2F(d+22“+3)
_ ! L) (n+De+3) TS _

(d—2126F2 (44 1) (p+2)2 (&2t

say. Using Legendre’s duplication formula

2211—1 1
N(2) = == I‘(a)I‘(a+§),
with a = p + % + 1, we see that
d d 3 _ 9—2pu—d-1
F(u+§+1)l‘(u+§+§)—2 VAT (2u +d +2),

and with a = 5=

I‘(E) r(d) =922 /2 D(d - 1).
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So, finally we obtain

B 2 (k+1)(p+3)
"TTu+d+2)  (p+2)?

We shall need an estimate on the reproducing kernels that is uniform in k:

Lemma 11. Fiz p > —1,6 > 0. Form = [”T*k] >1, k>0, andt € [-1,1],

Ko (t, 1) = Ko (t £, k 4 0)

< ca+t)F(m+ [g} +1)
1
I3

—p—3 1 —6—
) U )

1
2

x(l—tJr

Here C depends on p and § but not on k,n,t.

PROOF. Suppose first k is even, say k = 2¢. Then from the extremal properties

for Christoffel functions,

Kt ik +6) = s P*(1)
)y Uy s = up
" deg(P)<m f_ll P2(s) (1 — )" (1+ )" ds

2

(Ptya+1)")
=1+ t)_k sup 3
sty (1 (Ps) (1 45)") (1) (14 5)" ds
R(t)?

<(146)7F sup
( ) deg(R)<m~+( fil R(s)2(1—9s)"(1+ 5)6 ds

= (L 1) K, g (8 0, 9).

We now use a result from Nevai’s 1979 Memoir [? , p. 108, Lemma 5], that for

m+ (5] >1and t €[-1,1],

Konipsy(t 6 1,0) < C(m+ H + 1)

[N

x(l—t+ (1+t+

)" )
(m+ [E] +1)2 (m+ [E] +1)2 '
The case k = 2¢ + 1 is similar.
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Now, we have the necessary tools in order to prove the main theorems of

this section.

PRrROOF OoF THEOREM Bl We already have a limit for ¥, 1, and must now esti-
mate the remaining part of ¥,,, namely, for ||z| = 1,

n

2 _
\Izn,z(x):% 3 22’“(k+5)(k+z 3>Fk,m(1).

k=n—[log n]+1
We shall show that W, »(z) = o(n?**+9+1) which, together with , will give
the result. Now if m > 1,

k2K, (1,1)% 4 8k K (1, 1)K.,(,?’1)( 1,1) + 16K(0 1)( 1)2

2k A B, (1) = 28 Ag
1+ 284, {k?Km(L 1)+ 8EKD(1,1) + 16K (1,1 )}

K (1,1)2

< Ko(L,1) + Ko(1,1) +
K&V (a,1)

Here as k is close to n, and m = O(logn), and (| give

(K(“ (1, 1))

(17 ) C(nm) )

while if m > 1,
K (1,1)

—— < C(n2m2)*1.
Ky,
0,1) o 7-(1,1)
When m = 0, the estimation is simpler as K,”’ =0 = Ky,’’. Thus
28 AgFy (1) < CK,n(1,1),

where C' is a constant independent of m and n, so for some possibly different

C,
Upa(z)<C > 2K(k+96) (k + Z B 3) Kn(1,1).
k=n—[log n]+1
Here, using Lemma [9]

2P K, (1,1) < On?#H2,
while

(k + 6) <k+l‘j_ 3) < ont2,
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Thus

T, o(x) < Cn*T logn = o(n?T4F1).

Then 1) follows from Lemma Finally, we note that if p > f%, (1.10)
of Theorem 1.1 in [? |, p. 120] gives

2
lim Ly (z,z)/n2#tdtt = — =
A Lo (2, 2)/ D2 +d+2)

20 Take there p = pu + %, and note that the normalization constant w, is incorpo-

rated in [? , p. 119] in a different way to that here. Then

lim L, (z,z)/n* 4 = 2 — 2 (4 1)(p+3)
noo r@u+d+2) TQu+d+2) (n+2)?
_ 2 {1_(u+1)(u+3)}
F2p+d+2) (1 +2)?
2

F2u+d+2)(p+2)?

Next we deal with ||z| < 1.

PROOF OF THEOREM ] We must estimate Fy p,(t) defined in (37), with ¢ =
ns 2r2 —1landr = |z|.

Let us assume that ¢ < 1 — 7 for some n > 0. Then, with the convention

p; = p§u,k+5) for orthonormal Jacobi polynomials, j = m,m + 1,
Kt 1) = —Im Pm+1(O)Pm (1) — P (£) g1 (1) ‘
’ Vm+1 t—1
< c \/p?” (t) + pg""rl(t) \/pgn(l) + p$n+1(1)
¢ 1/2 2 2
< %Km+1(t,t) \/pm(l) —|—pm+1(1)’ (48)

where v,,, = kn /v b is the leading coefficient of p,,.
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Also,

‘ KO

m

(t, 1) ‘
’Ym+1
‘(pm+1( )P (1) = Pm(O)P41 (D) (E = 1) + prmga (H)pm (1) Pm(t)pm+1(1)‘
(t-1)?

< %m(w + P () {2¢<p;n<1>>2 + (Pl (D) + /2(1) +p3n+1<1>}
. % Ko a ()12 {N(p;n(l))z (P (1) + /(1) +p?n+1<1>} - (49)

Next, we note that given any real number a, there exists C, > 1 such that for

all  with min(z,z +a) > 1,

Cla® <

/
oy
&

This follows from Stirling’s formula and the positivity and continuity of F%I(;L)a )

for this range of x. Then from . iftm>21,a=pu, =k+96,

m4+k 3/2+p/2 m1+[l./2
()] < o R 7 (50)

and from ({6)),
@ (m + k)1/2+“/2 mi/2
2k/2

Substituting these into and gives for m > 1,

pm(D)] <C

K’m t,t 1/2
Kt )] < (Bt DY 17202 e 61)
and
Kyt (8, 6)\ 1/2
‘Kf,?’”(t, 1)‘ < C(gilk()) (m k)32 12, (52)
Next, by and ,
2FKED(1,1) = C(m + k)P mits) (53)

S0, inserting , and into ,

2% By (t) < Ky (1)
K2 (m 4 k)" mi 4k (m k)2 m g (o k)P m2 e
X (m + k)ﬂ+3 mp+3

< CKpqr (8,t)/(m+1).
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This bound holds also for m = 0, thought it is obtained in a simpler way
since Ky is a constant,

k2K (t,1)?

_ Ko(t, 1)
1+ 28 Agk2Ko(1,1)

Kl (tv t)
2k '

Fio(t) ok

<C

<C

Then,

- k+d-3 Komia(t,t)
U, (7) < 2k (k 2 mills
(z) C’kX:(:J ( +5)< f >7’ 1

Using Lemma and that 1 +¢ = 2r2 and m = ["Q;k], we continue this as

V()

< Cé(lﬁl)“(W)
X(l‘”<m+[’§]+2>2)_#_;(””<n V;Hz)?)_a_é

< cndl(lt+;>_”_é(1“+32>_6_§§wl}+1

< On'logn(2(1-1%) + i)_“_% (22 + i)_é_%
X g n2 n N

Finally, [? , Theorem 1.3] gives

d W,
lim L, (gc,gc)/(”+ ) _ _wulol@)
n— oo d 2
(1= Jlal®)
LDt DY) (o dos
VT Tt it1) (1 = [l ) )
K3
uniformly for  in compact subsets of the unit ball. Thus L, (z,z) grows like

nd >>n?"llogn, so (35) follows.

It remains to deal with the case x = 0, that is » = 0. In this case all terms

in ¥, (x) in vanish except for £ = 0. We see that

A316K[(,§’]1)(—1, 1)2

1+ 1640K 0 (1,1)
2

U, (0) = AjFo 2)(—1) (54)

us  With m = [3], k = 0, we see as above that

KSV(LD] < (1P ()P ]+ [P (D) [Pl ()]

+ Pt (<Dl (D] + [P (1) s (1)] ). (55)
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Here C depends only on p and §. Then
(=D < Cm*F2, |py(1)] < Cm#*3.
Moreover, gives (recall k = 0),
Pl ()] < Ot *3.

Substituting all these bounds in yields

‘K,(,?’l)(—l, 1)‘ < Omd+u+3,
In addition, leads to

‘K},}U(l, 1)’ > Cm2H+0,

Substituting the last two bounds in gives

|, (0)] < Cn* = Cn=2.

Then follows also for this case.
[ ]

7. The two dimensional case

In the case d = 2 results are somewhat different, but Theorems [3] and [ also
hold. In this case § =0, w, = 7, 04 = 2, then w,/oq = 1/2 and Ag = A 2#T1,
Moreover the reproducing kernel of spherical harmonics is obtained in a different

way.

Proposition 3. Forn >0 and d = 2, we get

Iﬁn(az,y) = L, (1‘ y)
A
— KA @ - L) AR KA, (257 11
k=0

x 2% (r s)* cos(n(6 — 0))
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where = =1 (cos§,sinf), y = s (cos B, sin ), r = ||z||, s = [|y|, 6,8 € [0, 2n].

PROOF. The proof is the same as in Proposition [2] taking into account that in
this case af = 2, for k > 0, and the addition formula of spherical harmonics

for d = 2 reduces to the addition formula for the cosines (see [? , p. 20]), then

d

A
Z Y (cos6,sin ) Y*(cos#,sin ) = cos(n(d — 6)).

v=1

Lemma [8 can be rewritten for the case d = 2 as

Lemma 12. Ford =2 andn > 0, we get

]Ln(xvm) = Ln(xax) - \Iln(x)a

where

A2
U, (z) = 70 > 2% Fy o (t).
k=0

Here r = ||z||, m = [25%], t =2r? =1, and Fym(t) is given as in .

Lemma [9) and part (i) of Lemma [L0] are true for d = 2, with § = 0, and part
(ii) of Lemma [10] turns out

Lemma 13. For ||z| =1, let

—[log n]

L
AO

U (2) = 5 > 2K Fa(1).
k=0
Then
v,
im L@ _ g

n—oo n2Ht3

where Ey is given in with d = 2.

Moreover, Lemma [11] works for d = 2, so finally Theorem [3] and Theorem [4]

also hold in this case.
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