ON CHRISTOFFEL FUNCTIONS AND RELATED QUANTITIES
FOR COMPACTLY SUPPORTED MEASURES

D. S. LUBINSKY

ABSTRACT. Let p be a compactly supported positive measure on the real line,
with associated orthogonal polynomials {p,}. Without any global restrictions
such as regularity, we discuss convergence in measure for
(i) ratio asymptotics for Christoffel functions;
(ii) the Nevai operators (aka the Nevai condition);
(iii) universality limits in the bulk.
We also establish convergence a.e. for sufficently sparse subsequences of
Christoffel function ratios.
Orthogonal Polynomials on the real line, Christoffel functions, universality limits

in the bulk. 42C05

1. INTRODUCTION!

Let p be a positive measure on the real line, with compact support supp[u], and
infinitely many points in its support. Then we may define orthonormal polynomials

satisfying

/pnpmdﬂ = dmn-
The measure (4 is said to be regular in the sense of Stahl, Totik and Ullmann [29)] if

. 1/n _ 1
(1) 2T = Cap (supp [u])’
where cap (supp [p]) is the logarithmic capacity of the support of u. In particular,
if the support is an interval [a, b], the requirement is that

4
: 1/n
Jim /" ==

For definitions of logarithmic capacity, and the associated potential theory, see [22],
[23], [29].

At first this particular definition seems technical and obscure - to the extent that
one might doubt the utility of the concept. There are numerous equivalent defin-
itions of regularity, but (1.1) is used because it is relatively direct. An important
monograph by Stahl and Totik [29] comprehensively explores regular measures and
the asymptotics in of their orthogonal polynomials. More recent analysis appears
in [24].

Regularity of a measure is a very weak global requirement. Thus the Erd6s-
Turdn criterion asserts that if g/ > 0 a.e. in supp[p], then p is regular. But far
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2 D. S. LUBINSKY

less guarantees regularity, and there are pure jump, and pure singularly continuous
measures, that are regular.

Here is a very useful equivalent formulation of regularity: p is regular, iff for
every sequence of polynomials {P, }, where deg (P,,) < n, we have

@l ([ |Pn2du)1/2] T

for quasi every z €supp|u]. Here quasi-every means except on a set of capacity 0.
When C\supp[dy] is regular for the Dirichlet problem, one can replace |P, ()| by
[ Pallr. (suppldp)y- Thus, in an nth root sense, the sup norms of polynomials are

(1.2) lim sup

n—0o0

comparable to their Ly (du) norms. Regularity of p also permits asymptotics for
pn (2)”" outside supp[u], and on supp[u]. In particular, regularity is equivalent to

lim sup |py, (m)|1/n =1 for quasi every x € supp [p].

n— oo

Perhaps most surprising of all, is the appearance of this concept in so many
orthogonal polynomial asymptotics that have nothing to do with nth root asymp-
totics. The reason for this often is that regularity of p permits localization, allowing
one to show that one can dispense with the behavior of polynomials outside a given
neighborhood of a point (in an appropriate sense and setting of course). This is
achieved by using polynomials that decay geometrically away from a given points,
together with some version of (1.2).

This is particularly the case in studying asymptotics of Christoffel functions

: J P*dp
A (dp, ) = A e
( # .’E) deg(llDI)lgn—l P2 (;E)

)

where the inf is taken over all polynomials P of degree < n — 1. As is well known,

n—1

An (dp,z) =1/ Zp? () =1/K, (z,z),
=0
where
Ky (z,t) =Y pj(2)p; (t)
=0

is the nth reproducing kernel.

Vili Totik [31] established the following result, which is the single most impor-
tant asymptotic for Christoffel functions. In its formulation, we need the notion of
a regular set (not to be confused with a regular measure!). We say F is a regular
set if C\ F is a regular domain with respect to the Dirichlet problem. In particular
any finite union of intervals is regular.

Theorem 1.1

Let p be a measure with compact support E. Assume that E is a regular set, and
that 1 is reqular in the sense of Stahl, Totik and Ullmann. If I is an interval in
the support for which

(1.3) /log,u’ > —00,
I



ORTHOGONAL POLYNOMIALS 3

then for a.e. x € I,
(1.4) lim n, (dp, ) = ' (2) /v ().

Here v/; (z) is the density of the equilibrium measure vy for E. Recall that
if £ is a compact set in the plane, with positive logarithmic capacity, it has an
equilibrium measure vg. This is a probability measure such that the equilibrium
potential

1
VVE (2) = [ log ——dvg (t
()= [ rox =gave 0
satisfies
VY (z) = —log cap(FE)

quasi-everywhere on E. Moreover, this equation holds precisely at every point of
E that is regular for the Dirichlet problem for C\E - the so-called regular points.
For further orientation, see [22], [23], [29].

In the special case E = [-1,1], v (z) = ﬁ, and Theorem 1.1 was estab-
lished earlier by Maté, Nevai and Totik [18]. Totik used regularity in localization,
which permitted replacing difficult measures g by locally "nicer" ones. Totik ob-
serves in [31] that some sort of global condition like regularity is necessary. He
notes that, given any compact set E, properly containing an interval I, one can
construct a non-regular measure that satisfies the local Szegd condition (1.3), but
for which (1.4) fails at every point of I. However, this still leaves open the question
as to what global condition is necessary, and whether the Szeg6 condition (1.3) is
necessary.

Recently, Barry Simon [27] proved that if u is regular, with compact support E,
and p/ > 0 a.e. on an interval I, then

/

W
nA,

lim [ [V — =0.

n—oo I

An essentially weaker result than asymptotics for Christoffel functions are ratio
asymptotics, for example involving two closely related measures. This study goes
back to a celebrated memoir of P. Nevai [20]. Typically, one might consider a
non-negative function g that is integrable with respect to du, and try show that

oy Anlgduz)

in some sense. Note that this type of limit offers the hope of great generality, as its
formulation does not involve equilibrium measures, or properties of the support. In
particular, when p is regular, and g*! are bounded on supp|u], while g is continuous
at x, then methods pioneered by P. Nevai allow one to establish (1.5). This subject
was further explored by Mate, Nevai and Totik for orthogonal polynomials on the
unit circle [17], and by Lopez [11] for measures on the whole real line

A recent result of the author [15] shows that, at least for ratio asymptotics of
Christoffel functions, it is possible to move beyond the class of regular measures.
In fact, (1.5) holds in measure for arbitrary compactly supported measures:

Theorem 1.2
Let p be a compactly supported measure on the real line with infinitely many points
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in its support. Let g : R — (0,00) be a dp measurable function such that g*' are
bounded on supp|u|. Let € > 0. Then, as n — oo,

An (g dp, )
1. ! il .
(1.6) meas{xe{u >0} N (g0, 2) g(x)>ep—0
Moreover, for every p > 0,
An (g d P
(1.7) lim Al dpx) g(z)| de=0.
n=o0 J i >0} An (dM7 33‘)

Here, of course, {¢/ > 0} = {z: ¢/ (z) > 0} and meas denotes linear Lebesgue
measure. The essential feature of this result is the absence of local and global
restrictions on u.

One important application of Totik’s Theorem 1.1 is to universality limits for
random matrices in the bulk of the spectrum. This much studied limit takes the
form

(1.8) lim Kn (f + f(,l?g,g)’g * Rn?&f)) _ sin (a — b)

oo Kn (§,6) m(a—b) ’
uniformly for a,b in compact subsets of the real line. Here ¢ lies in the interior of
supp[u], and

Ky (s,8) = ' ()" 1/ ()17 K (s.1)
is a normalized form of the reproducing kernel. Quite often, we remove the nor-
malization from the outer K, so that (1.8) takes the form

a b
(1.9) lim Ko (5 WA f@(&f)) _ sin7(a—b)
n—00 K, (576) 71—(a_b) 7
with a,b now lying in compact subsets of the complex plane.

The limits (1.8) and (1.9) arise in describing the correlation of spacings of eigen-
values of n x n Hermitian matrices with random entries. A probability distribution
is placed on the space of such matrices, with a probability density that is related to
the measure p above. There are many settings for universality limits. In the most
important cases, the fixed measure p is replaced by measures that change with n.
See [2], [3], [5], [6], [7],[9], [10], [19], [28], [30] for further orientation.

One of the biggest challenges is to determine the minimal conditions on u that
permit the universality limit (1.8). This has been intensively investigated in recent
years, with important advances in [1], [8], [12], [13], [14], [25], [32]. To date, the
most general result for fixed measures is due to Totik, and uses Theorem 1.1 above,
as well as its method of proof:

Theorem 1.3
Let p be a measure with compact support. Assume that p is reqular. If I is an

interval in the support for which
/ log pt/ > —o0,
I

then for a.e. & € I, (1.8) holds uniformly for a,b in compact subsets of the real
line.

Totik established this theorem using asymptotics for Christoffel functions, an
inequality of the author, and the method of polynomial pullbacks. That allows one
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to pass from supp [u] consisting of a single interval to several intervals, and then
to general compact sets. Simon proved related results using Jost functions [25].

The drawback of this theorem is the global assumption of regularity, even though
this is a weak global assumption. The author [12] came up with an alternative
method to establish (1.9) that avoids the assumption of regularity. Its basic hy-
pothesis is that (1.9) holds for b = a, that is

K7L('£+~a ,£—|—~a )
(1.10) lim Kot FuEd) _ g

for all real a, together with some local hypothesis, such as p’ bounded above and
below in some interval. Note that (1.10) can be reformulated as a ratio asymptotic
for Christoffel functions,

=1

(1.11) lim An (11, €)
An (d“’g * Rn(éyé))

This ought to be easier to establish than (1.8), because A, (du,z) (or K, (z,x)
along the "diagonal") admits an extremal property. Unfortunately, there do not
seem to be any techniques that establish (1.11) without first establishing the much
stronger limit (1.4) in Totik’s Theorem 1.1.

Recently, the author [16] has established that for arbitrary measures with com-
pact support, universality holds in measure:

Theorem 1.4
Let p be a measure with compact support and with infinitely many points in the
support. Let € >0 and r > 0. Then as n — oo,

K (§+ U ¢ ) :
" Kn(£:)’ Kn(£,8) sin7 (u — v)
meas £ € {y >0}: sup _
{ } lul ol <r Kn (§:€) T (u— )

— 0 asn— oo.

(1.12)

Using the standard equivalence between convergence in measure, and subse-
quences that converge a.e., one deduces:

Corollary 1.5
Assume the hypotheses of Theorem 1.4. Let S be an infinite sequence of positive
integers. Then there is a subsequence S’ of S such that for a.e. £ € {i/ > 0},

(1.13) T (¢+ miea €+ teg) _sinm(a—b)
. im = ,

n—oo,neS’ Kn (5, g) s (CL — b)
uniformly for a,b in compact subsets of the plane.

The proof of Theorem 1.4 is complicated. It depends on a uniqueness theorem
for the sinc kernel, on maximal functions, and Hilbert transforms, and the theory
of entire functions of exponential type.

It is no coincidence that convergence in measure is the conclusion in Theorems
1.2 and 1.4. Both depend heavily on upper bounds for the reproducing kernel K,
that are true outside sets of small measure. The latter depend on bounds on Green’s
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functions associated with C\ E, where E is an arbitrary compact subset of the real
line.
Another key tool in both Theorems 1.2 and 1.4 is an estimate for the tail integral

2
f|t x|>ﬁ Ky (33715) dﬂ (t)

1.14 v, (z,r) = ) .
(1.14) (z,7) Ko (@.2) r>0
Here if ¢/ (x) = 0, or does not exist, we set ¥, (z,r) = 0. Also, let
(1.15) An () = Py (2) + 1 (2)
and define the maximal function

1 x+h
M [dv] (z) = sup — dv

h>0 20 Jo_p,
for positive measures v on the real line. In [15], we showed that for a.e. = €supp[y],

W, (o) < @;w (And] <x>>2 .

Using the classical weak (1,1) estimate for maximal functions readily yields, for
r,e >0,
Tn—1 l
Tn VTE
This estimate has some applications to what Barry Simon calls the Nevai con-
dition. One way to formulate this involves the Nevai operators {G,}. Given a
function f that is integrable with respect to du, we define

[ K2 (@,0) £ () dp (t)

(1.16) meas{x € supp [p] : ¥, (z,7) > e} <

Gn [le“v f] (‘T) = K’n, ($, SE)
The Nevai condition at x is that
(1.17) Jim G [dp, f](2) = [ (@)

for every continuous f. Paul Nevai [20] introduced the operators {G,,} as a means
to establishing the ratio asymptotic (1.5) for Christoffel functions.

A very interesting recent result of Breuer, Last, and Simon [4], relates the Nevai
condition to sub-exponential growth of orthogonal polynomials:

Theorem 1.6
Assume that

(1.18) 0 < inf 12=1 < supM < 00.

Then (1.17) holds at x for every continuous compactly supportly function f iff

pa()
(1.19) nleréo ZJ Op]( )—O.

An equivalent formulation of (1.19) is that
. An—l (d/.t, 1')
lim 2n—1\%H %)

P An (dp, )

Sub-exponential growth of orthogonal polynomials has been studied intensively over
the years [20], [21]. It was Nevai and his collaborators who showed that when the

=1.
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measure u has [—1,1] as its essential support, and its recurrence coefficients have
appropriate limits, then (1.19) is true throughout [—1, 1]. In particular, this is true
when g/ > 0 a.e. in [—1,1]. More recently, Breuer, Last and Simon [4] constructed
an example of a regular measure with support [—2, 2] such that (1.19) fails at every
point of (for example) [1,2]. Nevertheless, they formulated the following:

Conjecture 1.7
Let p have compact support. The Nevai condition (1.19) holds for du a.e. x €supp|dy] .

Here we shall prove the following simple:

Theorem 1.8
Let 11 be compactly supported with infinitely many points in its support. Let {nk};il
be an increasing sequence of positive integers with

o0

(1.20) > LR

Nk
k=1
(a) Then for Lebesgue a.e. © € {u' > 0},
(1.21) lim A, (z) /Ky, (z,z) =0.
k—o0

(b) Let f: R — R be continuous and of compact support. Then for Lebesgue a.e.
z € {y >0},
(1.22) lim G, [f] () = f (2).

k—oo

(c) Let g : R — R be continuous, of compact support, and positive on supplu]. Then
for Lebesgue a.e. x € {y > 0},

An, (9 du,
(1.23) lim 2 (9 41, 7)

B Wy 9

Recall that A, was defined at (1.15). Since a sequence of functions converges

in measure iff every subsequence contains another subsequence that converges a.e.,
An(g dp,-)
An(dp,)
in {g/ > 0}. This provides an alternative, and simpler, proof of the special case of

Theorem 1.2 in which g is continuous.
We shall discuss the application of (1.16) to estimates of A, (z) /K, (z,z), and

prove Theorem 1.8 in the next section.

Theorem 1.8(c) has the following consequence: as n — oo, — ¢ in measure

2. PROOF OF THEOREM 1.8

We may assume that supp[u] is contained in [—1, 1]. Maté, Nevai, and Totik [18]
proved, without any further restrictions on p, that

limsupnA, (dp,z) < ' () /vi_1, ()
n—oo
= mv1-22y ()
for a.e. x € supp[u]. It follows that if we let
S;={u >0} n{z:n\, (dp,z) < 4p' (z) for all n > j},
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then
(2.1) G = supp [p] \ U S; has meas (G) = 0.
j=1
Note that
(2.2) xGSj:>~L§4f0ralln2j.
K, (z,z

We recall that ¥, (z,r) was defined by (1.14). We also let

i, K2 () dpr (1)
(2.3) R

and d denotes the diameter of supp|[u] .
Our first estimate is a consequence of (1.16):

Lemma 2.1
Letn>3>1, and e,7 > 0.

(a)
(2.4) meas (S; N{x : Qy, (z,7) > €}) < ’Y:: \/?:1%
(b)
A, (2)
i >
—1/2
Yn—1 60d
2.5 <
& < (50) v
Proof
(a) For z € S; and n > j, we have by (2.2),
2
o )<Lﬁmmﬂw&mmmmww( oy
n AT = K, (z,z) o\ )
Thus
meas (S; N{x : Q, (z,r) > €})
nr
< ; : — | >
< meas (S] N {x v, (x, 1 ) > E})
< Yn—1 17 (2)
- 5, nre’
by (1.16).

(b) We use an idea of Breuer, Last and Simon [4]: from the Christoffel-Darboux
formula, and orthogonality,

(2.6) /(tf:p)QKfL (z,) dp (t) = (7”-1)2/1” (z).

n
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Then, given n > 0, we see that

Tn—1 2 An (CC)
PY'rL KTL (Z',.T)
< 9 f\tfm\gn K?L (.7,‘, t) dlLL (t) n d2 f|t*f”|>7’l K'Z (IE, t) d,u (t)
< K, (z,x) K, (z,x)
< P +d*Q, (z,n).
Then
2
Yn—1 An (l’) 2 2 2
> >
( . > Ko (w0) = 2° = d°Q, (z,n) >n
SO

meas (Sj N {z : KA&J(;C;) = <’Y’7;;1)2 2772})

4 . n ’Yn—l 34d
< meas (SJ N {$  Q (z,m) 2 dg}) = v, /2’

by (a). Now make the substitution

- —2
c = ( n—l) 2772
fYTL
to obtain (2.5). B

We can obtain an alternative estimate, by more elementary means. It has a
larger, better power of n in the denominator, but also a worse power of ¢ :

Lemma 2.2
Let n>372>1, and g,7 > 0. We have

(¢)
. Ap (m)
meas <Sj N {x R (1) > 5})

8
(2.7) < oyt
(b)

meas (S; N{x : Q, (z,r) > €})

8 1 Tn—1 :
= < w5
Proof
(a) For x € S;, (2.2) shows that
An(z) _ An(@)p/(x)  n 44, (z) ' (x)

K, (z,7) n K, (z,) n
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meas (50 {as 20 > )

S0,

< meas (Sj N {a: AL () (2) > %})
< % An(x),/(x)dx<%

(b) From (2.6),

IA
VN
~
< ||
8
N—
[\
i
w®
=
QL
=
~
~—
I
VRS
2
35
s =
N———
[\V)
=
:\
&

S0
Yn—1 An (:E)
< .
n (a,7) < ( ™Yn > Ky (z,2)
Thus,
meas (S; N{x : Q, (z,r) > e})
An ‘T) Tn—1 -
< i > —
< meas (SJ N {x K, (w.0) = € ( o )
< é (%11>2
ne \ rv,
|

We turn to the

Proof of Theorem 1.8
(a) Fix j > 1, and let
. A, (z)
= ; C—_— > .
& (4, e) =8N {:c Ko (a) = s}

For n > j, Lemma 2.2(a) gives

8
1 < —.
meas (Ep (7,€)) < o

Let
£ (j.e) =limsup&,, (j,&) = (| | &ns (Gr8) -
koo =1k=t
Because of (1.20), £ (4, ) has linear Lebesgue measure 0. Forz € {¢/ > 0} \ (€ (j,£) U G),
we have for large enough k,
A”k (37)
K’nk (IL’, :I“)
Recall that G was defined at (2.1). Then, if
1
&=G6uU Eld -],
gu | (.7, £>

321

<e.
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we see that £ has linear Lebesgue measure 0, and for = € {¢/ > 0} \&,

o An (@)
P Ko ()
(b) Let

Fn(gyre)=8;N{x:Q, (z,r) > e},

so that by Lemma 2.2(b),

. 8 (Yar\'_ 8 dy,
< — (2= < =)~
meas (Fy (j.r,€)) < — ( o ) <—()

Recall that d is the diameter of supp[u]. Let

k—oo
so that F (j, 7, €) has Lebesgue measure 0, by (1.20) again. Forz € {y/ > 0}\ (GU F (4,7, ¢)),
we have
Qp, (z,7) < e for k large enough.

101
jm>1

Then F has Lebesgue measure 0, and for « € {y' > 0} \F, we have, for each r > 0,
lim Q,, (z,7)=0.

k—o0

Finally, let

Now let f be continuous and of compact support. We see that
Gn ldp, f](z) = f (z)]
1
| O @IK w0
t—z|<r

IN

K, (z,z)
2 £l L @) @ (2,7)
< sup [f() = f@)]+2[fllL®) O (z7).

lt—al<r
It follows that for x € {u' > 0} \F,
limsup |Gy, [du, f] () — f(z)] < sup |f ()~ f(z)].

k—o0 [t—z|<r
As r > 0 is arbitrary, continuity of f gives (1.22).
(c) We use the elementary inequality [20, p. 76]

An (g dp, x)
m <G, [d,u,g] (33)

Together with (b), this gives, for a.e. z € {y/ > 0},

. An,, (g dp, )
limsup =2~ 122 < g (z).
k—>oop /\nk (d,u,x) - ( )

1

Replacing du by g du, and g by g~ ', gives for a.e. z € {u/ > 0} (recall that g is

bounded below in compact supp [u]),
: An (dﬂa .’E) -1
limsup —2~—""2_ < g " (z).
k—oo Ang (9 du,x) ( )
Then (1.23) follows. W
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