ON UNIFORM CONVERGENCE OF DIAGONAL
MULTIPOINT PADE APPROXIMANTS FOR ENTIRE
FUNCTIONS

D. S. LUBINSKY

ABSTRACT. We prove that for most entire functions f in the sense
of category, a strong form of the Baker-Gammel-Wills Conjecture
holds. More precisely, there is an infinite sequence S of positive
integers n, such that given any r > 0, and multipoint Padé approx-
imants R, to f with interpolation points in {z : [z| <7}, {Rn},c5
converges locally uniformly to f in the plane. The sequence S
does not depend on r, nor on the interpolation points. For entire
functions with smooth rapidly decreasing coefficients, full diagonal
sequences of multipoint Padé approximants converge.

Padé approximation, Multipoint Padé approximants, spurious poles.
41A21, 41A20, 30E10.

1. INTRODUCTION'

Let D be an open connected subset of C, and f : D — C be analytic.
Given n > 0 and 2n 4 1 not necessarily distinct points A,, = {zj}f.zrl
in D, and

2n+1

Wi (2) = wn (Ap, 2) = H (2 — %),

Jj=1

the (n,n) multipoint Padé approximant to f with interpolation set A,
is a rational function

_ Pn(An, 2z
B (A 2) Gn (Apy 2)
or more simply,
P (2)
R,(z)= ,
(2) " ()
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where p,, and ¢, are polynomials of degree < n, with ¢, not identically

zero, such that

wn (2)
is analytic in D. The special case where all z; = 0, gives the Padé
approximant [n/n](z). It is easily seen that R, exists and is unique,
though p,, and ¢, are not separately unique.

The convergence of Padé and multipoint Padé approximants is a
much studied subject, with uniform convergence established for large
classes of special functions. One of the pitfalls of the method is the
appearance of spurious poles, namely poles that do not reflect the
analytic properties of the interpolated function f [1], [2], [5], [8], [12],
[14], [22], [23], [24], [27], [29], [30], [31], [33]. For this reason, the most
general results, such as the Nuttall-Pommerenke theorem, often involve
convergence in capacity, rather than uniform convergence. In 1961,
Baker, Gammel, and Wills nevertheless conjectured that at least a
subsequence of the diagonal Padé sequence converges locally uniformly.
Throughout this paper,

B, ={z:|z| <r},r>0.

Baker-Gammel-Wills Conjecture

Let f be meromorphic in By and analytic at 0. Then there is a sub-
sequence {[n/nl}, s of {[n/nl},~, that converges uniformly to f in
compact subsets of By omitting poles of f.

The author showed in 2001 [24] that the conjecture is false, by con-
sidering the Rogers-Ramanujan function with a non-standard value of
q on the unit circle. While this provided a meromorphic counterexam-
ple, A.P. Buslaev quickly followed [6] with an analytic counterexam-
ple, formed from an algebraic function, and then showed that even the
Rogers-Ramanujan function provides an analytic counterexample [7].
George Baker [3] subsequently noted that for these counterexamples,
just two subsequences together provide locally uniform convergence in
the unit ball. He went on to conjecture that a patchwork of finitely
many subsequences can provide locally uniform convergence for func-
tions meromorphic in the ball [4].

One of the unsolved issues is whether the Baker-Gammel-Wills con-
jecture is valid for entire functions, or perhaps even functions mero-
morphic in the plane. To date, there is still no counterexample. The
author proved [19] that the Baker-Gammel-Wills conjecture is true for
most entire functions in the sense of category.
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In this paper, we shall show that a stronger form of the conjecture,
allowing interpolation points in any compact set, with the same sub-
sequence, is true for most entire functions in the sense of category.
Accordingly, let A denote the space of entire functions, with metric
defined in terms of power series coefficients: if

f(z)=>) a;z and g(2) => b2,
=0 =0

then define
(1.1) d* (f,g) = sup |a; — b/ ™1

j=0
Convergence in this space is equivalent to uniform convergence in com-
pact sets. Recall that a subset of A is of the first category, if it is a
countable union of nowhere dense sets. As such, it is small in the sense
of category. Recall too that an F, set is a countable union of closed sets.

Theorem 1.1

There is an F, subset £ of A of the first category, such that for
f e A\E, there is an infinite subsequence S of positive integers with
the following property: given any r > 0 and for n € S, multipoint Padé
approximants R, to f of type (n,n) formed from interpolation points
A,, C B,, we have

(1.2) lim sR" (2) = f(2)

n—oo,ne

uniformly in compact subsets of the plane.

Observe that while S depends on f, it does not depend on the ball B,
in which the interpolation points lie. As far as the author is aware, e
is the only function for which diagonal rational interpolants with in-
terpolation points in any compact set (and that are not restricted to
include complex conjugate interpolation points) had been proven to
converge locally uniformly [10], [32]. For Markov-Stieltjes functions,
convergence of diagonal multipoint Padé approximants, with interpo-
lation points symmetric about the real axis, has been investigated in
[9], [13].

We also prove some more explicit results when the Maclaurin series
coefficients decay rapidly and/or smoothly:
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Theorem 1.2
Assume that

(1.3) )=

where a; # 0 for j > 0 and for some fized J, and for j > J,

aj—1Gj+1
2
@

(1.4) <2

where x < p, and p, = 0.4559... is the positive root of the equation

(1.5) S = g.

Let r > 0. Forn > 1, let R, denote a multipoint Padé approximant to
f formed with interpolation points in B,.. Then uniformly in compact
subsets of the plane,

lim R, (2) = f(2).

n—oo

Theorem 1.3

Assume that f is given by (1.3), where a; # 0 for j > 0 and for some
gl <1,

(1.6) lim YU _

j—o0 a/j2

Then the conclusion of Theorem 1.2 remains valid.

We note that Theorems 1.2 and 1.3 were proved for the special case
of Padé approximants in [20], [21]. In [20], the slightly more general
condition y < p, was allowed. We note also that Theorems 1.2 and 1.3
and the results of [25] show that given s > r > 0, then for large enough
n, f — R, formed from interpolation points in B,, has exactly 2n+1 ze-
ros, counting multiplicity, in B;. Related results dealing with smooth
Maclaurin series coefficients appear in [11], [15], [16], [28]. Without
smoothness but with more rapid decay, we prove convergence of a sub-
sequence:

Theorem 1.4
Assume that for f given by (1.3),

; 1
(1.7) limsup|aj|1/j2 <3
Jj—00
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Then there is a subsequence S of integers with the property (1.2) as
described in Theorem 1.1.

Theorem 1.1 suggests a stronger form of the Baker-Gammel-Wills
Conjecture for entire functions:

Conjecture 1.5
Let f be entire. Then there is an infinite subsequence S of positive
integers with the following property: given any v > 0 and for n € S,
multipoint Padé approzimants R, to f of type (n,n) formed from in-
terpolation points A,, C B,, we have (1.2).

We close this section with more notation, firstly, finite differences:
given distinct 21, 29, 23, ..., define f [21] = f (1),

f[21,22] _ f(Zz) - f(Zl);

2 — 2
and recursively, for r > 2

f[Zl, ...,ZT+1] = f[zl’ "'7Zr—1,Zr+1] — f[zla -"727’—1727‘]'
Rr4+1 = Zr

When points coalesce, that is not all {z;} are distinct, the finite differ-
ence is defined as the appropriate derivative. We also set

(1.8) fig = flzivr, zives o zj1a] -

We shall make extensive use of the following formula for the denomi-
nator in R, (A, z) when A, = {z;,}7"" [2, p. 339):

j=1
_ n -
fn,n—f—l fn,n+2 e fn,2n H (Z - Zk)
k=
el
det fnfl,n+1 fnfl,n+2 te fn71,2n (Z - Zk)
k=1
L fO,nJrl fO,n+2 T f0,2n 1 .

It is valid as long as this last determinant is not identically 0. By row
and column swaps, we can recast it (absorbing a sign change into the
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numerator polynomial) as

(1.9)
[ 1 Jont1 Jontz 0 foon ]
zZ— 2 fl,n+1 f1,n+2 Tt f1,2n
Gn (A, z) = det | n-1
H (Z - Zk) fn—Ln—i—l fn—l,n+2 e fn—1,2n
k=1
n
kH (Z - Zk) fn,n+1 fn,n+2 e fn,2n
L k=1 J

Throughout this paper, we assume that f is entire, not a polynomial,
and has Maclaurin series given by (1.3). The paper is organized as
follows: we prove Theorems 1.1 and 1.4 in Section 2, Theorem 1.2 in
Section 3, and Theorem 1.3 in Section 4.

2. PROOF OF THEOREMS 1.1 AND 1.4

We begin by bounding coefficients of non-polynomial entire func-
tions, much as in [19]. Let

K = max {1, |ag|} .
Define an increasing sequence of integers
O:j0<j1<j2<...

and positive numbers { pj} as follows: first, choose j; > 1 such that

1/51 1/3
_ aj, a; .
Phl:(—|;{|> :max{(—|[é|> IJZI}.

Having defined p;,, ..., p;,, define p; by

1 1
Jk+1—Jk a; =ik . .
=max{ |[— 2] > gk -
ajy,

If there is more than one choice of ji, choose the largest one. Define

-1

| Yy
'Ojk+1

a;

k

Pr = Pjyy, 0T i+ 1 <n < jgpq and k> 0.

Lemma 2.1

(a)

(2.1) lan| < K/ ] pe» for n >0,

=1
with equality when
n = ji for some k > 1.
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(b) {pi} is an increasing sequence with limit cc.
(c) If n=ji for some k > 1, then for r > —n,

Apgr < { p,:il, r>0

22) el R

Proof
(a) Suppose that £ is given, and jr +1 < n < jr41. Then by definition

of Jk+15
1
n—jgk

< pjk+1

ajy,

n
= Janl < lag 03" =lag /) T] e
l=jr+1

We have equality if n = jp.1. Applying this inequality recursively to

@j.s Gj,_,, ---, We obtain (2.1), with equality if n equals some jj, some
E>1.
(b) Now as jii2 > jit1,
,0_1 | Wy | PR TR Ay |TRt2770
Je+1 ) .
Ajy, Ajy,
. ajk+2 Tk+27 Tk ajk+1 Tk+27 Tk
@jpiq @jy,
—1 1 —L
aij Jk+179k  Jk+27 Ik (],jk+2 Ik+27 Ik
= _— =
@jy, A 1q
Jk+2=Tk+1
a; Jk+1"Jk a;
Jk+1 Jk+2
= | ZEL _Jk+2
@jy, A 1q
1 N S
a; Ik4+1Jk a; Ik427Ik+1
Jht1 k2
@jy, Ajya

-1 1
= pjk+1 > pjk+2'

The monotonicity of {p, } follows, and the fact that f is entire, forces
them to have limit oo.
(c) If r > 0, we have (using that there is equality in (2.1) for n = jj),

n—+r

1 _
S H pé Spn:—l
{=n+1

an+r
Qnp,
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If » < 0, we instead have

n—1

Sl [

{=n+r

a'n-l—r
Qp,

[ |

We shall frequently use a series expansion for finite differences. As-
sume R > 0, > 1, and 21, 2, ..., 20 € Bp. Then by the contour inte-
gral representation for finite differences [26, p. 11], if I' = {¢ : |t| = S},
where S > R, then

1 t
f[zlaz%"'azf] = 2_ g—f< ) dt
T Jp
[T (t—2)
k=1
1 ) PRE
- 2_7”/F + Z irtig+..+ig dt
i1...10>0
= Z Z?Z?"'Zéeaf—l-f-il-‘riz-‘r---ﬁ-ié‘
i1...1¢>0

(2.3)

Lemma 2.2

Assume that n = j; for some i > 1, where the {j;} are as above.
Assume that all |z;] < R and p, > R.

(a) Then for 0 < j, k < n, with the notation (1.8),

[k—4l

2 .
< ( Pn > (1 _R/pn)f(nJrlJrkf]) '
pn+1

fintk
n

24)  (pupurs) *

(b) For 0 < j<n,

n+1)

(2.5) ~ 1.

% _ 1‘ <(1 —R/anrl)i(
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Proof
(a) Let £ =n+ 1+ k — j. From the series (2.3) above
Jintk i Ap—1+iy+ig+..+i
a - Z 5122 1@ S
n 11...19>0 n
B plE P S
< o

o

91...50>0,
i1+io+...+ip=s

)

If k£ > j then all indices £/ — 1 + s > n, so (2.2) gives

S=

(2.6) = Y| g

a
s=0 n

f’,n k - —(l—1—n+3s) ps —{
Ja as S Z pn—%—l i )R S
n s=0

Pl (1= R ppyy)

Then

k—j

Pn \ 2 —(nt14k—7)
< <—> (1= R/pps1) .
pn+1

fintk

k—j
(27) (pnanrl) : a

If k£ < j, then we split into those indices < and > n — 1, and use the
appropriate inequalities in (2.2):

i—k—1 o0
fj,n+k < jz (e—1 n-‘rs)Rs —L + Z —(é_l_n'f‘S)Rs —{
a = pn S pn+1 s
n s=0 s=j—k
j—k—1 00
. —/ . —/
< p;(HJrs)Rs ( ) >‘ + Z p;(k*JJrS)Rs < ) )’
s=0 s=j—k
= S Rlp,)
Then
= j,n+k Pn —(n —J
(pnpn+1) ’ ]&Jr < (p 1) (1 - R/pn) (k=) :
n n+
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Since p,, < p,,.1, this and (2.7) give (2.4).
(b) From (2.6) with { =n + 1,
-n—1
s

(—ns— 1>‘ = (1= R/p,y) " -1,

oo

f}n+'
Jan]_l‘ S Z

s=1

Z R/Ion+1
s=1

anJrs 5

IN

|
In estimating the denominators, we need the notion of diagonal dom-
inance: a matrix

B =

[bjk]lgj,kgn
is called diagonally dominant if for all 1 < 57 < n, we have

n

bl > > bl -

k=1,k#j

We shall use the basic fact that a diagonally dominant matrix has non-
zero determinant [17, p. 373].

Lemma 2.3
Assume that for some ¢ € (0, %), infinite sequence of integers S, and
n = jZ,Z S S,

Pn 1
(2.8) <=-(1-¢);
Pr+1 9
and
(2.9) lim 22 = oc.
n=j; €S N

Then for any R > 0, and all A, C Bg, we have for large enough
n= ji7 (S 87

2.1 f .
(210) i0f 16, (A, )] > 0

Proof
Let us assume that the integers {j;} = {ji: (f)} and {p,,} are chosen as
above. Assume that n = j; for some i. We use (1.9):

Gn (A, z) = det [c B
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where c is an (n + 1) x 1 column vector, and B is an (n + 1) X n matrix:

:[

We divide the 2nd, 3rd, ..., (n + 1)st column in [c B] by a,, and mul-

tiply the jth row by (pn+1pn)_j/2
all j, k. Then we obtain

1

(2 — Zﬁ)] ;B = [fj—l,n+k—1]1§j§n+1; .

2<k<n+1
1<j<n+1

~
Il

1
k/2
and kth column by (p,,1p,)" for

Gn (A, 2) @, = det [é B] :

where
j—1
a (173‘)/2] b= (k—37)/2 fjfl,n+kfl
/=1 1<j<n+1 " 2§k_§n+17

Let R > 0, |z|] < R, and all |z;/ < R. We now show that this last
matrix [é B} is diagonally dominant for n = j; and ¢ large enough.

Consider the jth row. If j = 1, its diagonal element is 1. For j > 2,
the diagonal element is

(2.11) % =1+¢&jn,

where by the previous lemma, and by (2.9),
(2.12) lejnl < (1= R/ppy)  —1—0asn— oo,

uniformly in j. Now consider the sum of the absolute values of the
non-diagonal elements in the jth row of [é B], namely

1—4)/2 = =1 il w2 | fi
Tj = (Pn+1pn)( - [1G-=) +< + > ) (pn+1pn)( ) —371;”]‘2*1 :
=1 k=2 k=j+1 "
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Of course, if j = 1, the first term and first sum are omitted. Using
that |z] < R, and all |z;| < R, and (2.4), we continue this as

7j—1 i
2R
7 < (—1/2> +< + >
(pn+1pn) k=2 k=j+
9R - 02
)1/2 ( R/Pn N 222 (Pn+1>

(pn+1pn

[k—3l

>2 (1= R/p,) ")

<
—
3
Jr
=
H
N~
VR
b
3
Jr
—

IA

1/2
2R 2 (ppn )
—2n—2 n+1
—an T (1-R/p,) 12
(pn+1pn) 1— (—Bﬂ—)

by (2.8) and (2.9). In view of (2.11), (2.12), we have diagonal domi-
nance of [é E’], and then (2.10) follows. W

Proof of Theorem 1.4
Now for n = j;, for some i > 1, we have

lan| = K/ [ pe = K/p:
=1

= liminf p/" > liminf KV /|an|l/n2 >3/(1—¢)"?,
n—oo,n= ]1 n—oo,n= _]1

for some ¢ > 0 by (1.7). Thus p;, grows roughly at least as fast as
<3(1— )1/2) Next, for n = j;,

K + K
lan| = H _nH(P1P2P3. Pe—1)
PL P P1

P2P3 Py Pr

_ 5 (&)n—l (& n—2 (&)n—?) pn_l
PT\ P2 P3 P4 P
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Then from (1.7), for some € > 0,

1 o)/2
d=ef” > limsup]a,

|1/7‘L2
3 n—00

P [(n—1)+(n—2)+(n—3)...+1]/n*
> liminf< ")

n—00" \ P41
1/2
= liminf< P ) .
oo \ Py

So for some infinite sequence of integers S,

Pn < L- 6, nes.

Pnt1 9
So we have (2.8). But since p,,; = p, unless n = j; and n+1 = j; + 1
for some i, so, as above, p,, = p;, grows at least as fast as (3 (1 —¢))”.
Then (2.9) also follows.
Now let S > R > 0. It follows from the previous lemma that for z € Bg
and A, C Bg, we have for large enough n € S, that |¢, (A,, 2)| > 0,
so R, (A, z) has no poles in Bg. Then the uniform convergence in
compact subsets of Bg follows easily from the contour integral error
formula for multipoint Padé approximation [2]. B

We turn to the proof of Theorem 1.1, and first introduce some nota-
tion. Recall that A denotes the space of entire functions, with metric
defined by (1.1). Given R > 0, n > 1, we let

Bur = { f € A:q, (A, 2) has full degree n and no zeros in Br whenever A,, C B_R} )
Also, let

)
Cn,R - U Bj,R-
j=n

Lemma 2.4

For each n and R > 0, C,, r is open and dense in A.

Proof

We first show that each B, i is open, and then the openness of C, r
follows. Fix an n and f € B, r. Since we need to indicate depen-
dence of the multipoint Padé denominators on f, we use the notation
qn (f, Ay, 2) in this proof only. By compactness, and the continuity of
qn (f,An, z) in A, as long as it has full degree (as follows from (1.8),
(1.9)), we see that

min {|q, (f, Ay, 2)| : 2 € B, A, C Br} > 0.
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Moreover, by our hypothesis that the denominators have full degree,
all their leading coefficients are non-zero, and then also from (1.9).

min { )det {fj*1:”+k]1§j,k§n A\, C B_R} > 0.
If we consider entire g with d* (f, g) small enough, then the Maclaurin
series coefficients of g will be as close to those of f as we please, and
consequently all finite differences g;_; 4, Wwill be close to the corre-
sponding differences for f. Then we can ensure that also

min { ‘det [gj_l,nJrk]lgmén A, C B_R} > 0.

By the same token, considering the formula (1.9), we can also ensure
that

min{]qn (9,An,2)| : 2 € B, Ay CB_R} > 0.

Thus also g € B, r. So each B, r is open, and hence each C,, r is open.

The denseness is somewhat more difficult. Fix now some f € A. We
shall construct g € C, g with d* (f,g) as small as we please. Let us

assume that the integers {j;} = {j; (f)} and {p,,} = {p,, (f)} are cho-
sen as above. Choose now some large positive integer ig. Note that by
choice of our { pj} above,

lanl < K/ [ ] py (F) forn < iy (£)

and we have equality when n = ji, some 1 < k < ig. Now define p; for
py=10"T0p;
Also define for n > j;,,
an=a;,/ 11 ﬁU:==aﬁOP;<n7ﬁ°)10*("*”0x”*ﬁ0+1w2

0"

and
jio o)
— ] o)
g(z) = E a;z’ + E a;2’.
=0 J=dig+1

Then g is entire (of order 0), and

gy 10~ 0) 0

d*(f,g) < sup{

1/n
n >]ZO} .
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Straightforward estimation shows that by choosing 7y large enough, this
can be made as small as we please. Next, as g and f have the same
series coefficients up to the coefficient of z7io, we see that

Next, if n > m > j;,, we see that

() = (L (o)
A, ‘0

Jj=m+1

_—11nd: —n(n+1)/24m(m+1)/2\ 1/(n—m)
o 10%0 (10 (n+1)/2+m(m+1)/ )

= p]:; 1070 10~ (n—m)(nt+m+1)/(2(n—m))

_ ,0;; 1070~ (n+m+1)/2

which is maximal for a given m and n > m, iff n = m + 1. It follows
easily that
Jio+k (g) = Jio (f) +k k> 1,
and for n > j;,, '
Pn(9) = Py = 10" T0p; -
Then for n > i,
Pi1(9)

=10
P (9)
and

lim p, (9)"" = 10.

It then follows from Lemma 2.3, that for large enough n and all A,, C
Bgr, qn (9, Ay, 2) has no zeros in Br. Thus g € B, i for all large enough
n, and in particular, g € C, r, while ¢ may be made as close to the
given [ as we please, by choosing iy large enough. As f € A is arbi-
trary, so C,, g is dense. W

Proof of Theorem 1.1
Let

C=()[)Cur

{=1n=1
and

g=Ac=JJACu
{=1n=1
Here since C, ¢ is open and dense, £ = A\C is a countable union of
closed nowhere dense sets, and is an F,, set. Next if f € A\E, then f €
C, so f € Cyy for all n,¢. Then we can choose an increasing sequence
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of integers {ng}£21 such that f € B, for £ > 1. Then ¢,, (A,,, z) has
full degree n and no zeros in B; whenever A, C B,. This gives t_he

desired uniform convergence of {R,, (A,,,")},~, whenever A,, C Bp,
some R > 0. & -

3. PROOF OF THEOREM 1.2

We proceed partly as in [20]. Let a; # 0,5 > 1, and
(31) 0j; = aj_lajﬂ/a?, ] Z 1.

For integers t > —n + 1, we let

t
0 (o

Gp, Ap+1

Lemma 3.1

(a)

It —1

t—¢

(33) Tnt = Ux|/2 H O-‘nl—i-ésign(t)'

=1
(b) Assume that for j > J,
Then for n > 1 and t > —n — 1 such that min{n,n +t+ 1} > J,
(3.5) 78] < XtQ/Q.

(c) If (3.5) holds for j > J, then for some Cy = Cy (J), and all n > J,
and t = 0,41, %2, ... such that n+1t > 0,

(3.6) P < Cox'/2.
Proof
(a) If t > 0, we use

G, G5
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SO
t—1
Anit An+k+1
an k=0 An+k
t—1
- an+1
= H On+kOn+k—1---On41
Qn,
k=0
a t
_ n+1 t—1 _t—2
(3.7) = ( ) Ori10 s o Ontt—1-
Qnp,
If t <0, we use
Aj—1 _ 4
— 0'] ,
a; @j+1
SO
[¢]
Qp4t o Ap—k
Qp, kel Ap—k+1
[] a
n
= H (Unk+1ank+2-'-0n )
k=1 Qp+1

[¢]
_ An It [t]—1
= I 0,0, 1 "'Jn+1—‘t|‘
an+1

This and (3.7) easily give the identity (3.3).

(b) This follows directly from (a), as n+/¢sign (t) > min{n,n +t — 1} >
J in the product, so we can apply the bound (3.4).

(c) Assume

Cy =sup|oj|.
Jj=1

This also follows directly from (a). Indeed, using (3.4),

- —t
] < UL H Al H C{t\

1<e<|t]-1; 1<e<[t]-1;
n+Lsign(t)>J n+Lsign(t)<J

which easily gives the result, as there are O (J?) factors of C; arising
from ¢ where n + fsign (t) < J. R

Next for given n and j > 0,k > 0, let

, k=j
(38) bj,k: — M <&0711/2) ’

Gy, Ap+1
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where f;,,1x is the divided difference in (1.8).

Lemma 3.2

Assume all |z;| < R. Assume also (3.4) holds for j > J.

(a) There exists M depending only on R, x,J, such that for 0 < j k <
n, satisfying

(3.9) n+k—j> M,

we have for some constant Cy depending only on R, x, J,

(3.10) k] < XF 2L Cy (n+ 1+ — j) "I

(b) For n> M and 0 < j < n,

(3.11) |b;; — 1| < Canx™.

(c) We have for some constant Cy depending only on R, x,J, and all
0<jk<n,

(3.12) b < Cay*97/2,

Proof
(a) We may assume that M > J. Let { =n+ 1+ k — j. Using (2.6),

<3| |(5)
IE
s=0
Then as all £ — 14 s > J, we can apply our definitions (3.2), (3.8), and
the bound (3.5) and deduce

fﬁn+k Qp— Q-1+

S

7’L

> a - 4
b. < | s1/2 e is| R
pial < 3 ([am] o) il 7|
oo . —S ) —E
< Z( a 0711/2) X(k_]+s)2/st ( )'
s=0 n+1 §

CLn—&—l
ap,

- X(k—j>2/2 i <

s=0
oo

Y= 32/2Z<

U;l/2xk—jR> Xs2/2

()
()

an+1

IN

;l/2Xk—j+l/2R)
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Here
M 0.*1/2Xk7j+1/2R
a, "
= 0p0p—-10p—2...07 aJ 0-7_Ll/2Xk_j+1/2R
aj—1
< Xn+1+k—j—J ag R
aj-1
(3.13) — C3X£;
=y /|2
where C3 = x| ;2| R. So
k—35)2/2 = NS —/
bkl < X ”/Z;(ng) (S)‘

< k)2 (1- C3X£)_Z,

provided C3x! < 1. We now use the inequality

1
(3.14) (1—2)"—1<2zforze {0, ﬂ] L 0> 2,
This gives
2
1bj k| < x /2 {1 + 203@([} )
provided
1

1 f<—.

(3.15) C3x" < o0

As x < 1, this last inequality holds for / = n+1+k —j >

some threshhold M.

(b) Here, proceeding as in (a), we see that for n > J, with ¢

f‘,n’ =
Beio| < 3

1

a€—1+8 RS
a’n

—/

S

( (7% 0711/2> ’Tn75|RS
Ap41

( Qn O_%L/2> - X32/2Rs

an—l—l

S
( Qn+1 an1/2RX1/2)

Qn

»
I

NE

)
Il
—

M8

s=1

NE

s=1
1—Cs"R)™" ' =1,

IN

19

M and

n+1,
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as above. Using (3.14), we continue this for n > M, and uniformly in
J, as

|bj,j — 1‘ < C2an
(c) As above, welet f =n+1+k—j. lfn+1+k—j> M, we can
apply (a). So assume { =n+1+k —j < M. Now

‘ (_6) ‘ _ (6 +s— 1) < 2ma.x{€+s—1,0} < 24-"—8‘
s s o o

Proceeding as in (a), but using Lemma 3.1(c),

- a -’ —/
bl < | gL/ on s R
el < 3 ([ ) el
< Coz ( Qn 01/2) X(k-j+s)2/2R32z+s
- s—0 An1
< Oo2fx(k7j)2/22 (2 An+1 Unl/Qij+1/2R> X(52_s)/2_
s=0 n
As at (3.13), and since 0 <l =n+1+k—j < M,
Antl| —1/2 k—j+1/2 ntk—j—J+1 | _4J —J | 4 | _
2|—|o,"x R <2Ry —— 1| < 2Ry = 2C4,
n aj-1 aj-1
SO
)2 s s“—s
[biel < Co2M W72 3™ (2Cy)" y (72
s=0

Then (3.12) follows. W

Lemma 3.3
Assume that (1.4) holds with x < py, where py= 0.4559... is the root
of (1.5). For any R >0, and A,, C Bgr, we have for large enough n,

(3.16) inf g (A, )] > 0.
Proof
We use (1.9):

Gn (A, z) = det [c B
where c is a column vector, and B is an (n + 1) X n matrix:

c:r

1

(2 — 212)] ;B = [fj—tnth-1]1<i<n+1; -
2<k<n+1
1<t<n+1

~
Il

1
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We divide the 2nd, 3rd, ..., (n + 1)st column by a,, and multiply the

jth row by ( —dn_ 01/2>7 and kth column by ( —an_ Gn ) for all j, k.
Then we obtam

e b a5
where
" 1—j j—1 1
= (o) "Te-=|
(n+1 =1 11<j<n+1

and after an index change,

k—j
A an j,n
B— < 0711/2> it =[], -
An+1 an | o<j<n; :J—_n’
(3.18)

Here we are using the notation (3.8). Let R > 0, |z| < R, and all
|z;] < R. We now show that [é B] is diagonally dominant. Consider

the (j + 1)st row, where 0 < j < n. If j = 0, its diagonal element is 1.
For j > 1, the diagonal element is

(319) bj,j =1+ Ejmn,
where by Lemma 3.2(b),
(3.20) gjn] < Conx™ — 0 as n — oo,

uniformly in j. Now consider the sum of the absolute values of the
non-diagonal elements in the (j 4+ 1)st row, namely

) e (2

k=1 k=j+1
Of course, if j = 1, the first term and first sum are omitted. First let

us assume that |
n_j 2 |:2 Ogn:| :Ana

|log x|
say. Then for large enough n, we have (3.9) for all terms in the sum,
so can then estimate

J

[1G-=0)|+

/=1

Ap+1
o 1/2

a,

j n+1
(07% _ "
T < <a_+10-n1/2 2R> <§ + E ) (k—3) /2{1+C’2(n—|—1—|—k ) +1+k— j}
" k=1 k=j+1

o0

< oM+ (1+0(1)2) X <1—g
/=1
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for some small enough €. Recall that x < p,, where p, is the root of
(1.5). Using (3.19), (3.20), we see then that the (j +1,j + 1) element
in the (j 4+ 1)st row has absolute value larger than 7, as required for
diagonal dominance. We still have to handle those terms for which
n—j < A,. Here most of 7; can be estimated as above:

i n+1
< Tntl ;172 2R> + 3 XL G+ 14k — ) Y < 1
a/n k:An‘Fl
Next, for 2 <k < A,,and n —j <A, we have j —k > n —2A,, so

An

> 1bjl
k=2

An
_i)2
< 03§ X(k 3)°/2
k=2

< Oy, 22 ),

as n — 00, by Lemma 3.2(c). Again we obtain diagonal dominance. B

Proof of Theorem 1.2

Given any r > 0, the interpolants R, (A,,z) have no poles in B, for
large enough n. Then as above, the locally uniform convergence follows.
|

4. PROOF OF THEOREM 1.3

This case is more delicate than the proof of Theorem 1.2. We have
to multiply by a suitable matrix before proving diagonal dominance.
Accordingly for ¢ € C, and n > 1, let

Aue) = [a7]

The determinant of this matrix can be reduced to that of a Vander-
monde matrix by multiplying rows and columns by suitable factors. It
is known that (see e.g. [21, p. 326])

1<jk<n

n—1
det (4, (0)) = [T (1 =a')"".
j=1
When this matrix is non-singular, its inverse admits uniform bounds
on its entries. More precisely, the (k, /) entry in A, (¢)~" admits the
bound

(4.1) (A (@)7h),, | < S,
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S\ 2
7 (Lt el
SZQH(l—W |

j=1

where

See [21, Lemma 2.1, pp. 326-327|. For integers t > —n + 1, we define
Tnt Dy (3.2). We begin with bounds and asymptotics for r,,; :

Lemma 4.1
Let L > 1. We have for |t| < L,

/rn,t = qt2/2 (]- + En,t)

where

(4.2) max |€,+| — 0 as n — oo.
[t|<L

Proof

Since the total number of ¢ factors in the right-hand side of (3.3) is
t] /24 (|t = 1) + (|t| = 2) + ... + 1 = |t|* /2, the assertion follows from
our hypothesis that ¢,,, — ¢gas m — oco.

Next for given n and j > 0,n 4+ k > 0, define b, ;, by (3.8).

Lemma 4.2
Let L>1 and x € (|q|,1). For 1 < j, k <n, we can write

(4.3) b],k} — q(k—])2/2 + 5j7]<;,
where

(a) if |j =k <L,

(4.4) Ny = Jmax 80 /q% 2| = 0 as n — oo.

(b) for all 0 < j, k <mn,

(4.5) 16,4 < Cax /2,
where Cy is independent of n,j,k and of L above.
Proof

(a) Let £=n+1+k — j, where |j — k| < L. As at (2.6),

finte @] e St in e O=ltiitigt. i
- § : GH1%5 42 41
an, A, n .. ) ) ar—1
i1...1p>0 with at least one i;>1
o0
< |Gtk ZRS ap—14s| | [~
- Qp, ayp_q S
s=1
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Proceeding as in Lemma 3.2, and using Lemma 3.1(c),

> ar  _1/9|° —/
ik = Tuiegl < raaegl D R0 2] Irecal ( ))
s=1 Qo1 $
- s| e —1/2 B s2/2 —/
< rpki R |— C
< e[| coc| ()
a ¢
< rpg—j| Ca 1-R —60:1/2 X1/2 —1
’ ap—1
< rnges] Cs (n 4k — j) X"
S 06‘7“71,1@7]"”)(”7

by (3.14). Then Lemma 4.1 gives

(k—=3)?/2

06l = ‘bj,k—q

_5)2
< [bjk = Tnp—jl + — g

Tnk—j

< |rpp—jl {C’ﬁnxn + C7 max \5n7t|}
<L

* k*'z
< gt

where 77 — 0 as L — oo.
(b) Choose J such that |o;| < x for j > J. Note that J is independent
of L in (a). Using Lemma 3.2(c), for all 0 < j, k < n,

Ibk| < C4X(kfj)2/2
SO
350 < Ibyel 4+ lal ™72 < (Cak 1) *2
|
Proof of Theorem 1.3

It suffices to show that given R > 0 and A,, C Bg, n > 1, then for
large enough n,

inf |g, (An, 2)| > 0.

z€BR

We use (3.17), namely

(4.6) qn (A, 2) @, = det [é E] ,
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where [é B] is given by (3.18). We partition the column & and matrix

B as follows:

Y 1 £
Gn (A, 2) @, —det[d An(q)+A}

where d is an n by 1 column vector; f is an n by 1 row vector; and A
is an n by n matrix with "small" entries. Thus

] iy
d = < = 1/2> H z— zp) ;
a
m t=1 1<j<n
- k f T
Qp, 1/2 0,n+k
f = <G lgn a - [bU,khngn?
[ N " li<k<n
- s
An 179 Jinth
A = (r"n/ S —Anl9)
|\ " ligip<n

= [bj,khgj,kgn —An(q) = [6j,k]1§j,k§n .

(4.7)
We multiply the determinant above by

1 —fA, (¢ '] o
det| o TR e, )

We then see that

OT
—dfA, (¢) '+ 1+ AA, (9" ]
= det[I —dfA, (q)" +AA,(¢) ']

(4.8)

We shall show the matrix in this last determinant is diagonally domi-
nant. First,

dfA, (¢)*

—j i
— [(a_no'i/2> (H (Z — Zg)) b07k] An (Q)il
(nt1 =1 1<) k<n
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so the sum of the absolute values of elements in the jth row of the
matrix df A, (¢)~" is, using (4.5) and (4.1),

- ZE:E:bOk )e
)J zn: S 2 (g R
)

VAN
nn
i
/7~
O
=

(=1 k=1

X/ 2) (ZR
k=1

a'n—l—l

AN
)
N
S
/N
—_
|
=
=
(3]
VR

y

Qp

(4.9)

Next, the sum of absolute values of elements in the jth row of the
matrix AA, (¢)~" is bounded above by

n n
-1
>0 [Bsedn (@)
k=1 (=1
k—£|/2
< SY 0D el o
k=1 (=1
1"
< 25 (1-1") Y lod
(=1
-1 N2 N2
< 25 (1-lg"?) {mp Do el 3o a0

L|j—LI<L L|j—0|>L

—1 —1
< 25 (1) o (1-10) " one)

by (4.2) and (4.5). It is crucial here that C5 is independent of L.
Choosing L large enough, and then using that n; — 0 as n — oo, we
see that this row sum may be made < }1 for large enough n. Together
with (4.9), this shows that the matrix in the determinant in (4.8) is
diagonally dominant, and we are done. l
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