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A New Approach to Universality Limits
Involving Orthogonal Polynomials

By D. S. LUBINSKY*

Abstract

We show how localization and smoothing techniques can be used to
establish universality in the bulk of the spectrum for a fixed positive mea-
sure p on [—1,1]. Assume that p is a regular measure, and is absolutely
continuous in an open interval containing some point z. Assume more-
over, that p' is positive and continuous at z. Then universality for p
holds at z. If the hypothesis holds for z in a compact subset of (—1,1),
universality holds uniformly for such z. Indeed, this follows from univer-
sality for the classical Legendre weight. We also establish universality in
an L, sense under weaker assumptions on /.

1. Introduction and Results

Let u be a finite positive Borel measure on (—1,1). Then we may define

orthonormal polynomials

n=0,1,2,... satisfying the orthonormality conditions

1
/ PrnPmdit = Omn-
-1

These orthonormal polynomials satisfy a recurrence relation of the form

(11) TPn (x) = Gp+1Pn+1 (1’) + bnpn (1’) + anPn—1 (x) )
where
anzfyn_1>0andbn€R, n>1,
Tn

and we use the convention p_; = 0. Throughout we use

dp

w=—
dx
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to denote the Radon-Nikodym derivative of u. A classic result of E. A. Rakh-
manov [12] asserts that if w > 0 a.e. in [—1,1], then u belongs to the Nevai-
Blumenthal class M, that is
(1.2) lim a, = L and lim b, =0.

n—00 2 n—00
We note that there are pure jump and pure singularly continuous measures in
M, despite the fact that one tends to associate it with weights that are positive
a.e. A class of measures that contains M is the class of reqular measures on
[—1,1] [13], defined by the condition

lim /™ = 2.

n—oo
Orthogonal polynomials play an important role in random matrix theory
[3], [8]. One of the key limits there involves the reproducing kernel

n—1
(1.3) Ko (2,y) =Y pk () pr ()
k=0

Because of the Christoffel-Darboux formula, it may also be expressed as

P (@) a1 (y) = Pn—1 () Pn (y)
T —y

(1.4) K, (r,y) =a

Define the normalized kernel
(1.5) Ky (w,y) = w(2)"? w (@)'? K, (z,y).

The simplest case of the universality law is the limit

~ . )
. Kn (w T I?n(w,w)wx + I?n(m,m)) sin 7 (CL — b)
(1.6) lim o _
n—oo K, (z,x) 7 (a—0)
Typically this holds uniformly for x in a compact subinterval of (—1,1) and

a,b (in c)ompact subsets of the real line. Of course, when a = b, we interpret
sin(a—b
m(a—b)
limits here — the reader may consult [1], [3], [4], [8] and the forthcoming

proceedings of the conference devoted to the 60th birthday of Percy Deift.

Our goal here is to present what we believe is a new approach, based on

as 1. We cannot hope to survey the vast body of results on universality

localization and smoothing. Our main result is:

THEOREM 1.1. Let p be a finite positive Borel measure on (—1,1) that is
reqular. Let J C (—1,1) be compact, and such that p is absolutely continuous in
an open set containing J. Assume moreover, that w is positive and continuous
at each point of J. Then uniformly for x € J and a,b in compact subsets of
the real line, we have

~ . .
(1.7) lim fon <$ M [?Z(f”@)’x * I?n(m,m)) _smm (a — b)‘
n— oo Kn (.CC, x) T (a — b)
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If J consists of just a single point z, then the hypothesis is that p is
absolutely continuous in some neighborhood (z — &,z + ¢) of z, while w () > 0
and w is continuous at x. This alone is sufficient for universality at z.

COROLLARY 1.2. Let m > 1 and

R (Y1,92, -+ Ym) = det (IN(n (yi,yj)>

m

i,j=1

denote the m-point correlation function. Uniformly for x € J, and for given
{& 172, we have

lim ——R,, a;+~£1 ,x—|—~£2 ,...,:c—l—Néim
n—oo K, (z,xz)™ K, (z,x) K, (z,1) K, (z,)

~ae (),

COROLLARY 1.3. Let r, s be non-negative integers and

1,7=1

n—1
(18) K (@,2) = p) @) p)) (2).
k=0
Let
0, r+ s odd
(1.9) Tr,s == (_1)(7‘75)/2
—rsy1 o Tt s even.
Then uniformly for x € J,
1 1
(1.10) lim —— K\ (z,2) = Trs-

n—oo pr s+l rw () (1 — xz)(r+8+1)/2
REMARKS. (a) We believe that the hypotheses above are the weakest im-

posed so far guaranteeing universality for a fixed weight on (—1,1). Most

hypotheses imposed so far involve analyticity, for example in [5].

(b) The only reason for restricting a,b to be real in (1.7), is that

= a b . . .
K, (:17 + T (xvx),x + o (:c,:c)) involves the weight evaluated at arguments in-

volving a and b. If we consider instead K, <x + % (“x o T+ = (bx x)), then the

limits hold uniformly for a, b in compact subsets of the plane.

We also present L, results, assuming less about w:

THEOREM 1.4. Let p be a finite positive Borel measure on (—1,1) that
is reqular. Let p > 0. Let I be a closed subinterval of (—1,1) in which p is
absolutely continuous, and w is bounded above and below by positive constants.
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(a) If I' is a closed subinterval of 1°,

b ) p
(1 11) lim K <33 + f{n(x x)’ T f(n(x,x)) - sinm (a — b)
. n—oo S Kn (1’7.'13') W(a—b)

dx =0,

uniformly for a,b in compact subsets of the real line.
(b) If in addition, w is Riemann integrable in I, then we may replace

K, _ , K, , .
<x+ K (i)Uw;_Kn(zz)) by <x+K[¥E:(E£)U£U;_Kn(II)> m (112)

n(z.

When we assume only that w is bounded below, and do not assume ab-
solute continuity of u, we can still prove an L form of universality, see Theo-
rem 5.1.

In the sequel C,Cq,C5, ... denote constants independent of n,z,y,s,t.
The same symbol does not necessarily denote the same constant in different
occurrences. We shall write C = C (a) or C # C («) to respectively denote
dependence on, or independence of, the parameter . Given measures p*, pu,
we use K\, K7 and Dy, p# to denote respectively their reproducing kernels and
orthonormal polynomials. Similarly superscripts *, # are used to distinguish
other quantities associated with them. The superscript L denotes quantities

associated with the Legendre weight 1 on [—1,1]. For x € R and ¢ > 0, we set
I(x,0)=[x—0d,x+].

The distance from a point x to a set J is denoted dist (x, J). For such a set J,
we let
I(J,0)={x:dist(x,J) <d}.

[x] denotes the greatest integer < x. Recall that the nth Christoffel function
for a measure u is

A () = 1/Ko (w,0) = | min < /_ 11 P2d,u> 1P (2).

The most important new idea in this paper is a localization principle for
universality. We use it repeatedly in various forms, but the following basic
inequality is typical. Suppose that u, u* are measures with p < p* in [—1,1].
Then for z,y € [-1,1],

Ko (@,y) — Kn (@)l _ <Kn (y,y)>1/2 [1 K} (x,x)rﬂ

K, (z,x) K, (z,x)

-G bzl

Observe that on the right-hand side, we have only Christoffel functions, and
their asymptotics are very well understood.
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The paper is organised as follows. In Section 2, we present some asymp-
totics for Christoffel functions. In Section 3, we prove our localization principle,
including the above inequality. In Section 4, we approximate locally the mea-
sure p in Theorem 1.1 by a scaled Jacobi weight and then prove Theorem 1.1.
In Section 5, we prove the Ly result Theorem 5.1, and in Section 6, prove the
L, result Theorem 1.4. In Section 7, we prove Corollaries 1.2 and 1.3.

Acknowledgement. This research was stimulated by the wonderful con-
ference in honor of Percy Deift’s 60th birthday, held at the Courant Institute
in June 2006. In the present form, it was also inspired by a visit to Peter
Sarnak at Princeton University, and discussions with Eli Levin during our
collaboration on [6].

2. Christoffel functions

We use A% to denote the nth Christoffel function for the Legendre weight
on [—1,1]. The methods used to prove the following result are very well known,
but I could not find this theorem as stated in the literature. The issue is that
known asymptotics for Christoffel functions do not include the increment a/n.
We could use existing results in [7], [9], [10], [15] to treat the case where
x+a/n € J, and add a proof for the case where this fails, but the amount of
effort seems almost the same.

THEOREM 2.1. Let pu be a regular measure on [—1,1]. Assume that u
18 absolutely continuous in an open set containing a compact set J, and in J,
w = ' is positive and continuous. Let A > 0. Then uniformly for a € [—A, A],
and x € J,

- AW
(2.1) 11151010)\” (az+n) /A (m—i—n) =w(x).
Moreover, uniformly for n > ng (A), x € J, and a € [—A, A],

(2.2) A <x + %) ~ %

The constants implicit in ~ do not depend on p.

REMARKS. (a) The notation ~ means that the ratio of the two Christoffel
functions is bounded above and below by positive constants independent of n,
z and a.

(b) We emphasize that we are assuming that w is continuous in J when re-
garded as a function defined on (—1,1).
(c) Using asymptotics for AL, we can rewrite (2.1) as

lim nA\, (m—{—%) =7V 1—2%w(x).

n—0o0
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Proof. Let € > 0 and choose > 0 such that p is absolutely continuous in
I(J,0) C (—1,1), and such that

w ()

(y)

(This is possible because of compactness of J and continuity and positivity
of w at every point of J.) Let us fix zop € J and recall that I (xg,0) =
[zo — 0,20 + d] . Define a measure p* with

(23) (14e¢)7'<

<1l4e, zel(J0) with |z—y|<4.

g

p' = pin [=1,1]\I (2o, )

and in I (zg,9), let u* be absolutely continuous, with absolutely continuous
component w* satisfying

(2.4) w* =w(xg) (1+¢) in I (z0,9).

Because of (2.3), du < dp* in [—1,1], so that if A} is the nth Christoffel
function for u*, we have for all x,

(2.5) Mo (2) < N, ().

We now find an upper bound for A} (z) for x € I(xz,0/2). There exists
r € (0,1) depending only on ¢ such that

t—x

2
(26) 0<1- < > <rfor x € I (x9,0/2) and t € [—1,1]\I (x0,9) .

(In fact, we may take r =1 — (g)z.) Let n € (0, %) and choose ¢ > 1 so close
to 1 that
(2.7) ol < /A,

Let m = m(n) = n —2[nn/2]. Fix « € I (x0,d/2) and choose a polynomial
P, of degree < m — 1 such that

1
)\ﬁb(a)):/ P2 and P2 (z)=1.
-1

Thus P, is the minimizing polynomial in the Christoffel function for the Leg-
endre weight at z. Let

Sn (t) = P (t) <1 — <t = m>2> /2] |
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a polynomial of degree < m—1+2[nn/2] < n—1with S,, (z) = 1. Then using
(2.4) and (2.6),

1
N (2) < / Syt
-1

Sw(a:o)(l—l—s)/ P2

I(IE[),(;)

P71\ wous Tz[nnﬂ]/ "
([-1,1\I(0,0)) [—1,1)\ I (x0,0)

1
< w (@0) (14 )My (2) + | Pl o1,y 7™ / K

Now we use the key idea from [7, Lemma 9, p. 450]. For m > mg (o), we have

1
1Pall?_yy < 0™ / Ph= o ).

(This holds more generally for any polynomial P of degree < m — 1, and is a
consequence of the regularity of the Legendre weight. Alternatively, we could
use classic bounds for the Christoffel functions for the Legendre weight.) Then
from (2.7), uniformly for x € I (z¢,0/2),

X5 () <w (20) (14 2)AL (2) {1 +C [al—%«"/z]"}
<w (z0) (1L + )M, (2) {1+ 0 (1)},
so as A, < A7,
sup A () /A (@)
z€l(x0,0/2)
(2.8) <w(zo)(1+e){l+0(1)} ;?p 5 A () AL ().

The o (1) term is independent of xy. Now for large enough n, and some C
independent of n, m, n, xg,

(2.9) sup AL (z) /A\E(z) <14 O
z€[—-1,1]

Indeed if {pﬁ} denote the orthonormal Legendre polynomials, they admit the
bound [9, p. 170]

-1/
|P£($)|§C<1—x2+—> 14, re[-1,1].
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Then uniformly for z € [—1,1],

by classical bounds for Christoffel functions [9, p. 108, Lemma 5]. So we have
(2.9), and then (2.8) and (2.3) give for n > ng = ng (o, 9),

sup An (l‘)

N7 . N v 2
et D@ w (@) = e)%(1+ Cn).

By covering J with finitely many such intervals I (zg,/2), we obtain for some
maximal threshold n; = n; (g,6,J), that for n > ny,
An ()

su —_— 2 .
e R @u@) < T o

It is essential here that C' is independent of ¢,7. Now let A > 0 and |a| < A.
There exists ny = ny (A) such that for n > ny and all |a] < A and all z € J,
we have z + & € I (J,6/2). We deduce that

An (z+2)
lim sup sup &
n—oo acl—A,Alwes Ak (2 + &) w(z)

<(1+€)2(1+Cn).

As the left-hand side is independent of the parameters ¢, 7, we deduce that

A (m + 2)
2.10 li n < 1.
(2.10) i sup (mq N @+ D) w @)) <

In a similar way, we can establish the converse bound

Moo+ &) w ()
2.11 I - <1
(2.11) ly?l_)solép <ae[_,s41,1}4)],er An (24 2) -

Indeed with m, x and 1 as above, let us choose a polynomial P of degree
< m — 1 such that

1
A () = /_ PO and Ph@) =1
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Then with S,, as above, and proceeding as above,

1
@< [ s
-1
<fo@)ta+a] [ P
I($0,5)

202 |
[_171]\1(1075)

< [w (o) (1 + 5)] A () {1 +C [o—l—nrn/?r} ;

+1Pn17, (11T (0.

and so as above,
sup Ay, () /A ()
x€l(x0,0/2)

< [w(@) @+ +0(1)]  sup AL (@) /AL (2)
x€l(x0,0/2)

< [ww) ™ @+ )| {10} 1+ Cn).

As n runs through all the positive integers, so does m = n — 2[n/2]. (Indeed,
the difference between successive such m is at most 1.) Then (2.11) follows and
using monotonicity of A\, in n, much as above. Together (2.10) and (2.11) give
(2.1). Finally, (2.2) follows from standard bounds for the Christoffel function
for the Legendre weight. O

3. Localization

THEOREM 3.1. Assume that u, u* are reqular measures on [—1,1] that are
absolutely continuous in an open interval containing a compact set J. Assume
that w = ' is positive and continuous in J and

dp = dp™ in J.

Let A > 0. Then as n — oo,

(3.1) sup
a,be|—A,Al,xze]

/n=o0(1).

n

b
(K, — K) (m—i—%,x—l— >

Proof. We initially assume that

(3.2) dp <dp*in (=1,1).
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The idea is to estimate the Ly norm of K, (z,t) — K} (x,t) over [—1,1], and
then to use Christoffel function estimates. Now

1
/(K( 1) — K (1) dp (1)
/K2wtdu —2/ K, (z,t) K (mt)du()—i—/lK;Q(w,t)du(t)

=K, (z,z) — 2K} (z,x) + /_1 K2 (z,t)du(t),

by the reproducing kernel property. As du < du*, we also have

/ K2 (z,t)du (t) / K2 (z,t)du* (t) = K (z,x).
So
1
(3.3) / (Ko (1) — K (20 1))2 dps (1) < Ko (2,) — K (3,0)

1

Next for any polynomial P of degree < n — 1, we have the Christoffel function
estimate

1 1/2
(3.4) P ()] < Ko (3 5) "2 ( / 1P2du> .

Applying this to P (t) = K, (z,t) — K (x,t) and using (3.3) gives, for all
T,y € [_17 1]7

K (2,y) — K} (2,9)] < Ko (y,9)" [Kn (2,2) — K (2,2)]°

SO

x,x
K, (z,x) K, (z,x) x, T

n (T, 7)
Now we set ¥ = zg + - and y = 2 + %, where a,b € [—A, A] and x¢ € J.
: ?ng =1+ 0(1), for they both have
the same asymptotics as for the weight w on [—1,1]. Moreover, uniformly for

a,be[—A A,

By Theorem 2.1, uniformly for such x

b b a a
K, <£L"0+—,l‘o+—> ~ Ky <$0+—,330+—) ~ M,
n n n n
$0

/n=o(1).

sup
a,be[—A,Al,xo€]

b
(K — K2) (:co £ e —)
n n

Now we drop the extra hypothesis (3.2). Define a measure v by v = = p* in
J; and in [—1,1]\J, let

dv () = max {dist (z,J) ,w () ,w* (x)} dz + dus (x) + du; (z),
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where w, w* and pg, u are respectively the absolutely continuous and singular
components of u, u*. Then dy < dv and du* < dv, and v is regular as its
absolutely continuous component is positive in (—1, 1), and hence lies in the
even smaller class M. Moreover, v is absolutely continuous in an open interval
containing J, and v/ = w in J . The case above shows that the reproducing
kernels for p and p* have the same asymptotics as that for v, in the sense of
(3.1), and hence the same asymptotics as each other. O

4. Smoothing

In this section, we approximate p of Theorem 1.1 by a scaled Legendre
Jacobi measure p# and then prove Theorem 1.1. Recall that K, is the normal-
ized kernel, given by (1.5). Our smoothing result (which may also be viewed
as localization) is:

THEOREM 4.1. Let u be as in Theorem 1.1. Let A > 0, € € (0, %) and
choose 6 > 0 such that (2.3) holds. Let xo € J. Then there exists C and ng

such that for n > ny,
<I~(n —Kﬁ) <x+ g,x—i— E)
n n

where C' is independent of €, §, n, xg.

(4.1) sup
a,be[—A,Alzel(x0,2)NJT

/n < Ce2,

Proof. Fix x¢ € J and let w# be the scaled Legendre weight
w? = w(xg) in (—1,1).
Note that

(4.2) K# (2,y) = —— KL

K, (z,y).

w (20)

(Recall that the superscript L indicates the Legendre weight on [—1,1].) Be-
cause of our localization result Theorem 3.1, we may replace du by w* (z) dx,
where

w* =w in I (xg,9)
and

w* =w(xg) in [—1,1)\I (z0,0),

without affecting the asymptotics for K, (a: + o+ %) in the interval I (mo, %)
(Note that e and ¢ play no role in Theorem 3.1.) So in the sequel, we assume
that w = w (v9) = w? in [~1,1]\I (0, ), while not changing w in I (zg,d).
Observe that (2.3) implies that

-1 w .
(4.3) (1+¢) §W§1+£, in [—1,1].
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Then, much as in the previous section,

/1 (K (.t — K o)) (1)

-1

1 1
:/ K,%(m,t)w#(t)dt—2/ K, (z,t) K7 (z,t) w™ (t) dt
-1 -1
1
+/ K2 (x,t) w? (t) dt

-1
1
:/ Kg(m,t)w(t)dH/ K2 (x,t) (w#—w) (t) dt
—1 I(CC(),&)
— 2K, (z,z) + KI (z,x)
= K7 (2,2) — K, (z, %) +/
I($0,5)

recall that w = w? in [~1,1]\I (z0,9). By (4.3),

/ K2 (x,1) (w# — w> (t)dt < 5/ K2 (z,t)w (t)dt < eK, (z,z).
I(CC(),&) I(Z‘o,é)

K2 (z,t) (w# - w) (t) dt,

So
1 2
(4.4) / (Kn (z,t) — KF (x,t)) w? (t)dt < K¥f (z,2) — (1 —¢) K, (z,2).
-1
Applying an obvious analogue of (3.4) to P (t) = K, (z,t) — K (z,t) and
using (4.4) gives for z, y € [-1,1],

[ o) — K ()| < K )2 [KF ) — (1= ) K )]

‘Kn (z,y) — Ki (x,y)‘ K# (4y.1) 1/2 K, (z.2) 1/2
. <=z 1-(1-¢) 22
K (z,x) w (@ K] (z,x)
In view of (4.3), we also have

Ky (z,2) )\# (x) - 1
K (z,z) Malz) — 14+¢

SO

so for all z, y € [-1,1],

Ky (z,y) — K} (:c,y)‘ ) K# (4y.1) 1/2 [1_ 1_5]1/2
- (z,) 1+¢
(
(

K (2,7)

A\

)

[O)
7 N
WA

_ 25<7
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Here we have used (4.2). Now we set z = z1 + & and y = 1 + %, where z1 €
1 (a;o, g) and a,b € [— A, A]. By classical estimates for Christoffel functions for
the Legendre weight (or even Theorem 2.1), uniformly for a,b € [—A, A], and

T € J,
b
AL (xl —|——> ~ AL <:171 —I—E) ~nl
n n

and also the constants implicit in ~ are independent of ¢, ¢ and z; (this is
crucial!). Thus for some C' and ng depending only on A and J, we have for

n 2 no,
(Ko &) (o4 2o+ 2 )| < ovE
n n

sup
a,be[—A,A],x, 6](:{:0, %)OJ

Then also, from (4.2),

/n < Cy/e.

sup
a,be[—A,A],x, 6](:{:0, %)OJ

b
(w(l'o)Kn—K#) (3314—%,1’1-1- >

n

Finally, note that for n > ng, 1 € 1 (xog) NJ and a,b € [—A, A],

w(a:l—i— %)1/211)(3:1 +Q)1/2

w (z0)
Changing x; to x gives (4.1). O

Proof of Theorem 1.1. Let A,e; > 0. Choose € > 0 so small that the
right-hand side Ce!/2? of (4.1) is less than e;. Choose § > 0 such that (2.3)
holds. Now cover J by, say M intervals (a:j, %), 1 < j < M, each of length
. For each j, there exists a threshold ng = ng (j) for which (4.1) holds for
n > ng(j) with I (:170, %) replaced by I (:Ej, %) Let nq denote the largest of
these. Then we obtain, for n > nq,

<I~(n—K,€> <$+%,l’+%>

<f(n—K§) <$+%x+%>'> — 0.

Finally the universality limit for the Legendre weight (see for example [5]) gives
as n — oo,

(4.6) LMK% (

(1+e)7 ' < <1l+e.

sup /n < ey.

a,be|—A,Al,xze]
It follows that

(4.5) lim sup
N0 \ a,be[—A,A),xeT

)

n n n 7 (u—wv)

ury/1 — a2 vVl — x2> sinm (u — v)
x+ J+ -

uniformly for u, v in compact subsets of the real line, and x in compact subsets
of (—1,1). Setting

a=um\1—22 and b=vrV1— 22
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in (4.5), we obtain as n — oo, uniformly for x € J and u, v in compact subsets
of the real line,

™1 —12? - ( +mr\/l—acQ +v7r\/1—x2> sinm (u — v)
x T .
n

(4.7) lim ——K, - = Tru—v)

n—oo n
Since uniformly for « € J, by Theorem 2.1,
K (v,2) ' = KE (v,2) 7" (1+0(1) =7vV1—22/n(1+0(1)),
we then also obtain the conclusion of Theorem 1.1. O

For future use, we record also that

(4.8) lm L%, <x oy %> ) sin((a;(l;) iw—b; —)

n—oo N

uniformly for € J and a,b € [-A, A].

5. Universality in L,
In this section, we prove:

THEOREM 5.1. Let v be a finite positive Borel measure on (—1,1) that is
reqular. Let I be a closed subinterval of (—1,1) such that

(5.1) w > Cy in I.

Then if I' is a closed subinterval of I, uniformly for a,b in compact subsets
of the plane,

1 vV1—22 bv1 — z2
lim -K, (:L"—{—ML x ,$+7T x)
n—oo Jr/n n n
1 i —-b
(5.2) sinm(a=b), o,

_mu(:n)m m(a—0b)
Let A > 0, with also A less than half the length of I. Define a measure pu# by
p# = pin [—1,1\I

and in I, we define du™ (x) = w¥ (z) dx, where

1
-1

(5.3) w (x) = %/Q:J;Aw:/ w (x+ sA) ds.

LEMMA 5.2. Let I’ be a closed subinterval of I°.
(a) p# is absolutely continuous in I°and w* > 1Cq in I°.
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(b) u* is reqular on [—1,1].
(c) There exists C1 > 0, independent of A, such that for n > 1,

1 1
(5.4) sup —K, (t,t) <C; and sup—K7 (t,t) < Oy.
terr n tel’ M

(d)

1
(5.5)  lim —/ ‘Kn—K#
I/

n—oo N

(t,t)dt:%/l

(e) For some Co > 0 independent of A,

1 1 ‘ dt
w(t)  w#(t)

1 1 ‘

MOBREAD) dt < Cy sup /I|w(t+u)—w(t)|dt_

1
(5.6) /I — sup
Proof. (a) is immediate.

(b) This follows from Theorem 5.3.3 in [13, p. 148]. As p is regular, that
theorem shows that the restriction of p to [—1,1]\I is regular. Hence the
restriction of p* is trivially regular in [—1,1]\I. The restriction of u# to
I is regular as its absolutely continuous component w# > 0 there. Then
Theorem 5.3.3 in [13, p. 148] shows that u# is regular as a measure on all of
[—1,1].

(¢) In view of (5.1), we have for z € I,

n () > inf P?/P?(z) > :
M@= inf [ PP @)z G

Here we are using classical bounds for the Legendre weight translated to the
interval I, and the constant C; depends only on the intervals I’ and I. Then
the first bound in (5.4) follows, and that for A is similar. Since the lower
bound on x# in I is independent of A, it follows that the constants we obtain
in (5.4) will also be independent of A.

(d) Since p is regular, and ' = w is bounded below by a positive constant in
I, we have a.e. in I,

K, (x, 1
lim (2, 7) =

n—oo M mw (z) V1 — 22
See for example [7, p. 449, Thm. 8] or [15, Theorem 1]. A similar limit holds for
K /n. We also have the uniform bound in (c¢). Then Lebesgue’s Dominated

Convergence Theorem gives the result.
(e) Recall that I is a positive distance from 41, while w, w? are bounded below
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in I by Cy/2. Then

11—t2 wl(t) - w#l(t)‘dtﬁ C/, "w# (t)—w(t)(dt
<C/,/ (t+sA) —w (t)|ds dt

:c/ lw (E+ sA) — w ()] dt ds
—-1JI

< C sup lw (t 4+ u) —w (t)| dt.
uj<aJ1

Proof of Theorem 5.1. As per usual,

/_11<K#_Kn) (z, 1) du ( / K#2 (2, 1) du? (t)

—2/1K#(w,t)Kn(wtdu / K2 (x,t) du (t)
/K2wt >(t)
= K (z,2) — K, (z, ) /K2 x,t)d —,u> (t)

gK#(x,x)_Kn(x,x)+/lKg(g;,t) w —w) (1) de

recall that = u# outside I and that u# is absolutely continuous in I. Then
the Christoffel function estimate (3.4) gives for z,y € [—1, 1],

(5.7)

(z,y)
< K# (y,y)/ (K# (z,2) — Ky (z,2) + /I K2 (z,1) (w# - w) (t) dt> "

We now replace z by z + V1= 2y by x + mvil=e? V=22 Cintegrate over I’, and
then use the Cauchy-Schwarz 1nequahty We obtain

12 N
(5.8) / <x+7aﬂ 711 * x+7bﬂ 1 x>d$§T11/2T21/2,

K, — K7 ,
where

n

n

)
n n

1_2 1_2
TIZ/K#<$+Z)7T\/ T gH_bm/ m)dm’
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and
A1 — 2 A1 — 2
TQ:/ (K#—Kn) <$+a7r L x,l""aﬂ- 1 x)dl'
1 n n
A1 — 2
/ /K2< arvl-e ,t) <w —w) (t)dt] dx
I/
(59) =:T51 + Tho.

Now let A > 0 and a,b € [~A, A]. Choose a subinterval I” of I° such that
I' c (I")". Observe that for some ng depending only on A and I’, I”, we have

V1 — 12
(5.10) a?—i—uef”forxef/, be[-AA], n>no.

n

Then (c) of Lemma 5.2 shows that for n > n,
(5.11) T1 § an,

where C is independent of n and b € [— A, A]. Next, we make the substitution
§ =+ LV an_ﬁ in Th1. Observe that

ds_1 anT c 1 )
de nv1—x2 277

for n > mq, where n; depends only on A and I. We can also assume that
(5.10) holds, with a replacing b, for n > ny. Hence for n > max {ng,n1} and
all a € [-A, 4],

|T21|S/
I/
32/

so using (d), (e) of the above lemma,

a1 — 22 a1 — 22
ol | 2+ , T+ dx
n n

K¥ — K,|(s,s) ds

1
limsup —7%; < C' sup lw (t 4+ u) —w (t)| dt,
n—oo TN lu|l<A JT17

where C' does not depend on A and a. Next,

_ r2
< ot | [ (o S
I ’
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Here for n > max {ng,n1},

_2
/K2< L ””,t)dx

Si/ < aw\/l—m2 )w(aj—kaﬂvl_ﬂ)dw
Co

n

2 2
s—/ 2(s,8)w (s)ds < =Ko, (1,1).
Co Co

Then using (c) of the previous lemma, we obtain
(o] §Cn/ | (1) i
I

<Cn sup lw (t+u) —w(t)|dt,
lul[<A JI7

compare (5.6). Substituting all the above estimates in (5.8), we obtain

awx/l — x2 brv/1 — 22
lim sup z+ dx
n—oo N

1/2
§C<sup \w(t—i—u)—w(t)]dt) ,

n n
ul<A J 1

uniformly for a,b € [~A, A], where C is independent of A. Now as u# is
regular, is absolutely continuous in I, and w# is continuous in I°, Theorem 2.1
shows that

)

n—oo N n n

_ 2 2
lim K#< atv'1l —x w+b77\/1 m)

_ sinw(a —b) 1
m(a—b) 71— 22w# (z)

uniformly for € I’ and a,b € [—A, A]. Tt follows that

1 V1 — 22 brv1 — 2
limsup/ —-K, <a:—i—a7T v , T+ T z )
n—oo | n

n n
_ sinm(a—b) 1 e
ﬂ(a—b) V1 — 22w (z)
< sin 7 ( a—b ‘/ 1 p
x
- T 1_;32 w# () w(:n)

1/2
—l—C(sup |w(t+u)—w(t)|dt> ,

lu| <A JI"
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uniformly for a,b € [— A, A], where C is independent of A. Since the left-hand
side is independent of A, we may apply (e) of the previous lemma, and then let
A — 0+ to get the result. Of course, as w is integrable, we have as A — 0+,

sup |w (t+u) —w ()| dt — 0.
lul<A J17

6. Universality in L,

The case p = 1 of Theorem 1.4(a) is an immediate consequence of Theo-
rem 5.1 and the following lemma:

LEMMA 6.1. Assume the hypotheses of Theorem 1.4(a). Let A > 0 and
I’ be a closed subinterval of I°. Asn — oo, uniformly for a,b € [-A, A],

_ p2 1— 2
l/ K, <x+a7r\/1 T +b7T\/ 1‘)
nJp

(6.1) — Kn (“&é,x)’ﬁfi'n(l;?w))

n n
Proof. Choose a subinterval I” of 19 such that I’ ¢ (I")°. Define 7, ()

dr — 0.

by
1 V1 — 22

K, (z,) N n " (=).

Then the integrand in (6.1) may be written as

K (a: + ‘”\/?,x + bm/?)
a: + Mmrn( ),z + Lmrn (m))

'_ < bﬂ\/l—x2) la| Tv/1 — 22

[1—rn (2)]

|s=¢

a1 — 2
Z?tK" <x + TT" (x) 7t> -

where ¢ lies between z + 2= and g+ VI (4) with a similar restric-
tion on ¢. Now by Lemma 5. 2( ) and Cauchy—SchwarZ,

|b| TV/1 — a2

n

+ 1=y (2)]

sup | Ky, (s,t)| < Cn.
s,tel
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By Bernstein’s inequality [2, p. 98, Corollary 1.2],

sup
sel” tel

%Kn (s,t)‘ < C,Cn?

with a similar bound for %Kn Here C7 depends only on I and I”. Then for
some C5 independent of a,b,n, x,

Kn (l‘ + Cm\/i_xz,l' + bry/1—22

n

. 4 <Cl—=ry(z).
-K, (33—!— amy/1—x r (2), 7 + bry/1—z - (l‘)) | ()]

n n

S

Hence the integral in the left-hand side of (6.1) is bounded above by
C | |1—ry(x)|de.
I/

Of course C' is independent of n. Next [7, p. 449, Thm. §],

(6.2) Ty (x) = Kz :B)wa) P — la.e. in [I.

We shall shortly show that

(6.3) rn (x) < C for x € I' and n > ny.

Then Lebesgue’s Dominated Convergence Theorems shows that

lim 1 — 7, (z)|dx =0.

n—oo Il
To prove (6.3), choose M > 0 such that w < M in I. Define a measure pu* by

dpu=dp* in [—1,1]\7I;
du* (x)=Mdz in I.

Then dp < dp* in [—1,1] so A, < A in [—1,1]. As the absolutely continuous
component of p* is positive and continuous in I, Theorem 2.1 shows that for
some C > 0,

A (@) <

gforacé]'ananl,
n

and then

(6.4) m:n)\n(:v)ngoerI' and n > 1.

The definition (6.2) of ry,, the fact that w is bounded below in I, and this last
inequality, give (6.3). O
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Proof of Theorem 1.4(a). As w is bounded above and below in I, the
lemma and Theorem 5.1 give uniformly for a,b € [—A, A],

— 2
Kn<x+ _a ot b )w(m)wvl x

n

lim
n—oo

_ sinm(a —b)

(0 —1) dr = 0.

Now as at (6.2), a.e. in I,

1 ~w(z)mV1 — 22 .
Koen) - (1+o0(1)).

Moreover, by (6.4), Lemma 5.2(c), and Cauchy-Schwarz, both

1 _a _ b _a _ b
~Kp <:E ‘Rt Kn(mc)) and K, <:E t Rt Kn(m,m)) /K, (z,x) are
bounded above uniformly for a,b € [—A, A], x € I', and n > ng. We deduce

that

sinm (a —b)

(0 =0 dzr = 0.

lim
n—oo I/

K, <a:+ R’n((;,x)’“ Kﬂ&@) /K (z,2) —

Finally, as we have just noted, the integrand in the last integral is bounded
above uniformly for a,b € [—A, A], x € I’, and n > ng, so we may replace the
first power by the pth power, for any p > 1. For p < 1, we can use Holder’s
inequality. O

Ko (a4 s b et )
K, (z,x)

In proving Theorem 1.4(b), our last step is to replace
K, (x-i—%,x—i—#)

Knp (z,x Kp(z,2)

by
K, (z,x)
it is only here that we need Riemann integrability of w in I. For general

Lebesgue measurable w, it seems difficult to deal with the factor K, (x,z) =
w (x) Ky, (z,x) below.

This is more difficult than one might expect —

LEMMA 6.2. Assume that w is Riemann integrable and bounded below by
a positive constant in I. Let I' be a compact subinterval of I. Let p, A > 0.
Then uniformly for a,b € [—A, A], we have

p

) a b B
nh_)ngo : w(:n—{—m)w(aH—m)/w(m)—l dz = 0.

Proof. Let a,b € [—A, A]. From (6.4), for a suitable integer ny and some
L > 0, we have
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uniformly for z € I', a,b € [—A, A], and n > ng. Next, as w is Riemann
integrable in I, it is continuous a.e. in I [11, p. 23]. For x € [ and n > 1, let

) = sup { o (a-+-5) — w (@) o < 2 ).

Note that for z € I’;n > ng and a,b € [—A, A],

We have at every point of continuity of w and in particular for a.e. x € I,

lim Q, (z) =0.

n—oo

< Q, (z).

Moreover, as w is Riemann integrable, €2, is bounded above in I, uniformly
in n. Then Lebesgue’s Dominated Convergence Theorem gives uniformly for

a€|—A A,

i)

This, the fact that w is bounded above and below, and some elementary ma-

p
dxg/Qn(w)pdxHO, n — 00.

nipulations, give the result. O

Ko (24— b
Proof of Theorem 1.4(b) Since (x K}((’;‘(”; z) K"(“))

formly in n,z,a,b (over the relevant ranges) and

R (4 AT f<<bm>) /K" (v + Row "t ﬁ)

Kn (1‘,1‘) Kn (1‘,1‘)

a b
=, |w <x+ IN(n(:L",:n)) w <x+ I?n(x,m)>/w(x)7

this follows directly from the lemma above and Theorem 1.4(a). O

is bounded uni-

7. Proof of Corollaries 1.2 and 1.3

Proof of Corollary 1.2. This follows directly by substituting (1.6) into the
determinant defining R,,. O

In proving Corollary 1.3, we need
LEMMA 7.1. Let w > C in I and I',I" be closed subintervals of I° such

that I' is contained in the interior of I". Let A > 0. There exists Cy such that
formn>1 z el and all o, f € C with |af,|5] < A,

(7.1) '%Kn <x+%,x+ﬁ>‘§C2.

n
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Proof. Recall that %Kn (z,z) is uniformly bounded above for x € I’ by
Lemma 5.2(c). Applying Cauchy-Schwarz, we obtain for z,y € I"”,

(7.2 Ll <Ly <

Next we note Bernstein’s growth lemma for polynomials in the plane [2, The-
orem 2.2, p. 101]: if P is a polynomial of degree < n, we have for z ¢ [—1,1],

|P(2)] < ‘z—{- V2 — 1‘ 1Pz =1

From this we deduce that given L > 0, and 0 < 0 < 1, there exists Cy #
Cy (n, P, z) such that for |Re (2)| < 6, and [Imz| < £

[P (2)] < Ca Pl 1,1

Mapping this to I by a linear transformation, we deduce that for Rez € I’ and
Imz| < %,

[P (2)| < C3||Pl (i

where C5 # C3 (n, P,z). We now apply this to %Kn (z,y), separately in each
variable, obtaining the stated result. O

Proof of Corollary 1.3. Since w is positive and continuous at each point
of the compact set J, we may find C' > 0 and finitely many closed intervals
{I} such that w > C in each I, and such that J is contained in the union of
their interiors I°. From each such interval I, we can choose a subinterval I’ as
in Lemma 7.1, in such a way that J is contained in the union of the finitely
many intervals {I'}. It suffices to prove (1.11) for just one of the intervals I'.
We proceed to do this. .

By the lemma, {%Kn (m + 2T+ g)} . is analytic in «,( and uni-
n—
formly bounded for «, 3 in compact subsets of the plane, and x € I’. Moreover,

from (4.8), and continuity of w,

ﬁ) _ sin ((a—ﬁ)/m)

lim lw(ac)Kn <$+%,l‘+ ")

n—oo n, n

uniformly for x € I’ and «, 8 in compact subsets of I’. By convergence con-
tinuation theorems, this last limit then holds uniformly for «, (3 in compact

subsets of the plane. Next, expanding pj (x + %) and pg <:17 + g) in Taylor
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series about x,

1 n—1
—Kn<x+g,x+é>:— pk<x+g>pk<x+é>
n n n n n
k=0
B\° 1
L oy (8)
Ly LA S 0wl )
r,s=0 ’ k=0
o" 6% 1
s K (.2).
r,s=0

with the notation (1.9). Since the series terminates, the interchanges are valid.
By using the Maclaurin series of sin and the binomial theorem, we see that

o 5) _ §% of

a— B sl

r,s=0

where 7, s is given by (1.10). Since uniformly convergent sequences of analytic
functions have Taylor series that also converge, we see that for x € I, and each
r,s > 0,

r,8 _ Trs 2\ —(r—s)/2

This establishes the limit (1.11), but we must still prove uniformity in . Let
A,e > 0. By the uniform convergence in Theorem 1.1, there exists ng such
that for n > ng,

w(z)V/1—122 Kn x+ a7r\/1—x27x + bry/1—2a2
(73) w(y)v/1—y? K, (y + aw@jy + bﬂ@) s 6,

uniformly for z,y € J, a,b € [-A, A] and n > ng. Using Bernstein’s growth
inequality as in the lemma above, applied to the polynomial in a, b in the left-
hand side of (7.3), we obtain that this inequality persists for complex a, b with
lal, 6] < A, except that we must replace € by Ce, where C' depends only on A,
not on n,z,a,b,e. We can now use Cauchy’s inequalities to bound the Taylor
series coeflicients of the double series in a,b implicit in the left-hand side in
(7.3). This leads to bounds on

1
nr+s+1 w

r,Ss 1 T8
(@) KU (@, @) — e (W) K5 (y,y)

that are uniform in z,y € I'. O
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