UNIVERSALITY LIMITS FOR EXPONENTIAL WEIGHTS

ELI LEVIN! AND DORON S. LUBINSKY?2

ABSTRACT. We establish universality in the bulk for fixed exponential weights
on the whole real line. Our methods involve first order asymptotics for orthogo-
nal polynomials and localization techniques. In particular we allow exponential
weights such as |z]?? g2 (z) exp (—2Q (z)), where 8 > —1/2, Q is convex and
Q" satisfies some regularity conditions, while g is positive, and has uniformly
continuous and slowly growing or decaying logarithm.

1. REsuLTs!

Let W =¢~9 | where Q : R — [0, 00) is continuous, and all moments

/ij2 (v)dz, j=0,1,2,...,
R
are finite. Then we may define orthonormal polynomials
Pn () = py (WQ,J}) =7,z + v, >0,

n =0,1,2,... satisfying the orthonormality conditions

R

One of the key limits in random matrix theory, the so-called universality limit
[4], involves the reproducing kernel

Ku(oy) =S 0k (@) pr (9)
k=0

and its normalized cousin

Ko (2,y) =W (@) W (y) K (2,9).
For the weight W (z) = exp (— |z|”), where a > 0, the limit in the bulk takes the

form
sinm (b — a)

~ a ~

Bo(er 7 e " R <w>> Mol m) = =G =ay
uniformly for |z| < (1 —¢) Can'/*, and a,b in compact subsets of the real line, as
n — oo. Here € € (0,1) is arbitrary, and C, is a constant depending only on «.
There are results at the “soft” edge of the spectrum, namely in a neighborhood
of the point = +C,n'/®, where the sin kernel is replaced by the Airy kernel.
Moreover, universality is also often established for varying weights. Most of the
existing rigorous results have been established for weights of the form exp (—Q),
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where @ is analytic or piecewise analytic. Some of the important references are [1],
2], (3], [4], (5], [6]. [7], [9], [10], [17], [21].

In this paper, we show that the first order asymptotics for orthogonal polyno-
mials established by the authors in [11] imply universality in the bulk for fixed
exponential weights on R. We then use a localization technique, developed in [12],
[13] for weights on [—1,1], to extend the range of weights that we can treat. Our
class of weights is:

Definition 1.1

Let W = e~ 9, where Q : R — [0,00) satisfies the following conditions:
(a) Q' is continuous in R and Q (0) = 0.

(b) Q" exists and is positive in R\ {0}.

(c)

‘t1|im Q (1) = .
(d) The function
_ Q' (1)
T(t) - Q(t) ) t#o,

is quasi-increasing in (0,00), in the sense that for some C > 0,
O<z<y=T(z)<CT(y).

We assume an analogous restriction for y < x < 0. In addition, we assume that
for some A > 1,

T(t) > Ain R\ {0}.
(e) There exists Cy > 0 such that
Q// (z)
<Cy
Q' ()|
Then we write W € F (02) .
This class of weights is a special case of the class of weights considered in [11,

p. 7]; there more general intervals than the real line were permitted. Examples of
weights in this class are W = exp (—Q), where

Q' (z)
Q(z)

a.e. x € R\ {0}.

Az®,  z€]0,00)

Q(m):{ B|az|ﬁ7 x € (—00,0) ’

where o, 8 > 1 and A, B > 0. More generally, if exp;, = exp (exp (... exp ())) denotes
the kth iterated exponential, we may take

exp;. (Ax®) — exp,. (0
Q(2) = { P ( ) Py (0)

,  x€]0,00)
exp, (B \x|6> —expy (0), z € (—00,0)

where k,0 > 1, a, 5 > 1.
A key descriptive role is played by the Mhaskar-Rakhmanov-Saff numbers

a_p <0< ay,
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defined for n > 1 by the equations

1 2% !
(1) no= - IO R——
T Ja_, \/(a: —a_y) (ap — )
1 QAn /
(1.2) 0 = = @ @) da.
ﬂ- A—n \/(x - a—n) (a’n - x)
In the case where () is even, a_,, = —a,. The existence and uniqueness of these

numbers is established in the monographs [11], [15], [19], but goes back to ear-
lier work of Mhaskar, Rakhmanov, and Saff. One illustration of their role is the
Mhaskar-Saff identity:

||PW||LOO(R) = ||PWHLOO[

a_n,an]”

valid for n > 1 and all polynomials P of degree < n.
We also define,

1 1

(1.3) B, = 3 (an +a—y,) and 6, = 3 (an + la—n]),
which are respectively the center, and half-length of the Mhaskar-Rakhmanov-Saff
interval

A, =la_pn,an].
The linear transformation 5

T —
L, =—20"
@ =25

maps A, onto [—1,1]. Its inverse
maps [—1,1] onto A,,. For 0 < e < 1, we let
(1.4) Jo(e) =L 1461 —€] = [a_p + €6n, an — £0,] .

The smallest and largest zeros of p, (VV27 33) are very close to a_,, and a,,. More-
over, { Pn © LL‘”} behaves much like a sequence of orthonormal polynomials on
n>1
[—1,1]. In particular, staying well inside of the Mhaskar-Rakhmanov-Saff interval
A, = [a—n,ay] gives us the bulk of the spectrum, while ay, are the edges, in the
parlance of universality theory.
Our first result is:

Theorem 1.2
Let W =exp(—-Q) € F (02). Let 0 < € < 1. Then uniformly for a,b in compact
subsets of the real line, and x € J, (€), we have as n — oo,

sinm (b — a)

)/Kn(w,x): m—l—o(l).

~ a
19 Ko+ o) " R
In particular, if W is even, this holds uniformly for |z| < (1 —¢) ay.

We note that the proof works without change for a larger class of weights, namely
the class f(lip%) in [11, p. 12]. However, the definition of that class is more
implicit, so is omitted.

The proof of Theorem 1.2 involves a careful substitution of the first order as-
ymptotics for p,,, derived in [11], into the Christoffel-Darboux formula, for the case
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where a # b in (1.5). An extra argument is then used to deal with the case where
b—a—0.

Using a localization technique, we shall extend this to other classes of weights.
Typically, we shall deal with weights

W = hW
as well as W*, W# (These will be defined later). Their reproducing kernels will be
denoted respectively by K" (z,t), K (z,t) and K} (z,t), and in normalized form
respectively by K’f{ (z,t), K'; (z,t) and Kf (z,t). The superscripts h, * and # will
also be used to indicate other quantities associated with these weights.
Recall that a generalized Jacobi weight w has the form

N
(1.6) w(z) = [l —ay™,
j=1
where all {a;} are distinct, and all 3; > —1.
Theorem 1.3
Let W =exp (—Q) € F (C?). Let h: R — [0,00) be a function that is square inte-

grable over every finite interval. Assume that there is a generalized Jacobi weight
w, a compact interval J, and C > 0 such that

(1.7) h? > Cw in J,
while
log [[log All1,__ (j0.r7\)
1.8 i e =0
(18) M T e @ (r) |

with an analogous limit as v — —oo. Assume that K is a closed subset of R in
which log h is uniformly continuous. Let 0 < & < 1. Then uniformly for a,b in
compact subsets of the real line, and x € J,, () N K,

- oh (g gy 2 S0T(0—a)
Kﬁ(x,a:y +f(,’f(z,x)>/Kn( @) w(b—a) +o(l).

The uniform continuity of log h in K is assumed in the following "global" sense:
given € > 0, there exists 6 > 0 such that for x € K, and |t — 2| < § (with possibly
t lying outside K), we have

(1.9) K! (:c +

[log h (t) —logh (2)| < e.

Of course, this forces h to be positive in the set I in which universality is desired.
Note that we can take
h=w'/? g,
where w is a generalized Jacobi weight, and g is a positive continuous function,
with log g uniformly continuous in the real line, and

log |1
lim og|log g ()|

=0.
lz|—oo  log ||

Such a choice satisfies (1.8) since @ (x) grows faster than |z| at oo. This rate of
growth/ decay of g is similar to that for entire functions of order 0. In this case,
the set K could be taken as the real line with small intervals removed around the
zeros and infinities of w. At the other extreme, our theorem does yield universality
at a single point if we assume that log h is continuous only at a single point.
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One may replace the condition (1.7) by a more general but implicit one. We can
assume that for n > 1, and all polynomials P of degree < n, we have

/P2 gNn/ (Ph)?,
J J

log N,, = O (né)7 n — o0.

where for each § > 0,

In addition, one could replace W over J by a measure satisfying some similar
inequality. One may also weaken the growth restriction (1.8) on h if we assume h
is differentiable, and satisfies some other conditions.

The proof of Theorem 1.3 involves reduction to the situation of Theorem 1.2
by a localization technique. When we want universality at a given xg, we fix
7 > 0, and replace W" outside [xg — 7,z + 7] by the weight h (x¢) W (). Subse-
quently, we use the fact that if 7 is small enough, then W" is almost h (z¢) W inside
[xo — 7,20 + 7] because of the continuity of h at xg. The details are substantially
more complicated than in the finite interval case, since we wish to prove universality
uniformly for zg € J,, () N K, and J,, (¢) grows with n. In [12], we could instead
just use a compactness argument to prove uniformity.

This paper is organised as follows. In the next section, we present some technical
estimates. In Section 3, we prove Theorem 1.2. We recommend that at a first
reading, the reader skip Section 2, and focus on Section 3. In section 4, we establish
asymptotics of Christoffel functions. In Section 5 we localize, and in section 6, we
prove Theorem 1.3. In the sequel C,Cq,Cs,... denote constants independent of
n,x, and polynomials of degree < n. The same symbol does not necessarily denote
the same constant in different occurences. We shall write C = C (a) or C # C («)
to respectively denote dependence on, or independence of, the parameter a. Given
sequences {c,},{d,} of real numbers, we write

cn ~ dy
if there exist positive constants Cy and Cs such that for n > 1,
Cl § Cn/dn S CZ~

Similar notation is used for functions and sequences of functions. [z] denotes the
greatest integer < z.

2. TECHNICAL ESTIMATES

Throughout, we assume W ¢ .7:(02). The class .7:(02) is contained in the
classes F (Lip%) , F (lip%) , F in [11], see p. 13 there. So we can apply estimates
for all these classes from there. We define for n > 1 the square root factor

(2.1) po (@) = /(& = a_y) (an — ), ¢ € A,

Our first lemma deals with estimates involving a4, :

Lemma 2.1
(a) Let A > 1 be as in Definition 1.1. Then

(2.2) Sy laun] =0 (nl/A) .
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(b) For 3 <m <2

(23) %:_ ‘NT(lan)m_ ‘
Moreover,
(2.4) ‘%-1‘:0(2—1’).

In particular, as, ~ a, and 8o, ~ §,, for n > 1.
(¢) For n>1 and x € A,

(2.5) Q@<

(d) For n>1 and © € A,

(2.6) Q (z) < Cn.

(e) Let € € (0,1). For n>1 and z € J, (¢),

(2.7) P (T) ~ 0.

(f) Let € € (0,1). There exists s € (0,1) such that for large enough n,
(2.8) JIn (€) C Agy.

(9) There exists Co such that if n € (0,Cy), then for all € € (0,1) and n > 1,
Jn (€) D Jp_pyn) (2¢) .

(h) For n > 1 and polynomials P of degree < n,

(2.9) ”PW”LOO(R) = ||PWHLOO[

[

Moreover, given p > 0 and r > 1, there exist Cy,Cs such that for n > 1 and
polynomials P of degree < n,

(2.10) IPW L, @A, < Crexp (—=n) [PW] g -

Proof

(a) See (3.30) in [11, Lemma 3.5, p. 72].

(b) See (3.51) in [11, Lemma 3.11, p. 81] for the first relation (2.3). Straightforward
manipulations then yield (2.4).

(c) See [11, Lemma 3.8(a), p. 77].

(d) See (3.18) in [11, Lemma 3.4, p. 69], and also use the fact that T > A there.
(e) This follows as in J, (),

20,
20y,

Gp — X > €0p;

(A\VARAY]

T—a_p > E0p.
(f) The right endpoint of J,, (¢) is a,, — €d,, while that of Ay, is as,, so we want
Ay — €0y < Qsn,

<= an — Agp, < 0.

This follows from (b) for some s close enough to 1. The left endpoints can be
similarly compared.
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(g) Comparing the right endpoints of J, (¢) and J,_(;.) (2¢), we see that their
difference is

(an — 5571) - (an—[nn] - 255”—[7/”])

> Eén*[ﬁn] (2 - 5n6_7[;n]> s

as a, increases with n. By (b) of this lemma,
o

n—[nn]

1- :O(U),

)
uniformly for n > 1, so there exists Cy such that for n € (0,Cy), and n > 1,

(a'ﬂ - 56’”) - (an—[nn] - 2€6n—[7]n]) > 0.
Comparison of the left endpoints is similar.
(h) This is classical, see for example [11, (4.7), p. 97]. B
Next, we define the equilibrium density
pul@) [ Q) -Q () ds
7T2 a_n sS—T Pn (S)

It satisfies the equation for the equilibrium potential [11, p. 16]:

(2.11) on (2) , T €A,

an 1
/ log ——o0, (s)ds+Q(z) =C, z € Ay;
a |CC* S|

—n
an
/ p—
a

—n

and admits the alternative representation [11, p. 46]
1 /™ d

(2.12) on (z) = 7/ 787 r €A,
T Jbe| Ps (217)

where b is the inverse function of the map t — ay, t € R, that is b(a;) = ¢, t € R.
Sometimes, we also use the density transformed to [—1, 1],

(2.13) oy (z) = %an (L[_l] (Q?)) , xze[-1,1],

n n

which has total mass 1. Recall that the nth Christoffel function for W?2 is

Ao (W2 2) =1/K, (W?,z,2) = min (/R P2W2> /P* ().

deg(P)<n-—1
Our next lemma deals with o, and A, :
Lemma 2.2

Let 0 <e,s<1,A>0.
(a) Uniformly for x € Agp,

(2.14) K, (z,z)=\"1 (W2, 2) W? (z) =0, (z) (L4 0(1)).

In particular, this holds uniformly for x € J, (g).
(b) Uniformly for x € J, (¢),

(2.15) o (2) ~ 53
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(¢) Uniformly for |a] < A and x € J, (g), we have

(2.16) [1iLn <x+m(‘;$)>} —[1£ Ly (2)] (1 +0(1) ~ 1.

(d) Uniformly for |a| < A,n > 1, and x € J, (€), we have
On
(2.17) W (z + an> /W (z) =exp (O (|a])) ~ 1.

(e) Uniformly for |a] < A, and x € J, (g), we have

a
2.18 Opnle+—=——"—)/on(x)=140(1).
219 (e ) fon @) =100
A similar statement holds if we replace 7 Elr p by a%".

(f) Uniformly for |a| < A, and x € J, (&), we have

~ a a ~
2.19 K,|lz+ = , T+ = K,(z,x)=1+0(1).
(2.19) (4 it o) ) = 1400
(g9) For 3 <m <n and x € Agp,

(2.20) 1§é”($)<1+c(1—m).

Proof
(a) This is Theorem 1.25 in [11, Theorem 1.25, p. 26].
(b) From Theorem 5.2(b) in [11, Theorem 5.2, p. 110], for any fixed s € (0, 1),

(2.21) on (x) ~ D) in Ag,

uniformly in n,z. Then (2.15) follows from Lemma 2.1(e) and (f).
(c) For z € J, (¢),

1+ L, (z) >e,

while

(liLn (x+f(n(c;w)>> (1%L, (2))

SR R <1> ,
0 Ky (2, 2) n
uniformly for |a| < A and = € J, (¢). Then (2.16) follows.
(d) For some & between z and = + %,

‘Q(Ha?) - Q(z)

On
n

< Clal,

- ‘Q’ ©)a

by Lemma 2.1(c) and (e).
(e) To prove (2.18), we use the smoothness estimate for ¢ from [11, Theorem
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6.3(a), p.148] with v (t) = t'/2 there: for n > 1 and u,v € (—1,1),

o (u) V1 — w2 — % (v) V1= 92\

e lu— o] 1/4
- 1 —u? ’

Setting u = L, (z) and v = L, (:r + =2 > =L, (z) + #(mz), and recalling

K, (z,z)
the definition (2.13) of o}, and that p,, (z) = d,+/1 — L2 (x), we obtain
1 a
OnpPp) (X)) —(Onpp) | T+ =——
e @ =0 (o + )|

NN
S C ~‘a| ( n ) S Cn71/4,
5K (z,2) \ Py (2)

(Unpn) (:I: + Rn(axagc)
(onpn) (@)

SO

1— ) < Cn_1/4,

by (2.21) of this lemma. Finally, as p,, (z) > €d,, it is easily seen that
a
n | L 4+ =— — Pp \ T
(o4 )~

- oGt o(8) o ().

on (Hm?xaz)) /p, (x) =1+0(1).

SO

(f) This follows from (e) and (a).
(g) From (2.12), for x € Agp,

0 < op(x)—om(x)

_ 1" ods

T Jm Ps ()

In—m n
< - < m ——1 )
= wp, () T Com () (m )

by (2.21). &
Next, we record some asymptotics for orthonormal polynomials:

Lemma 2.3

(a)

Tn—1 _ 5771
(2.22) Tn 2
(b) Let 0 < e < 1. Uniformly for x € J, (¢),

(14+0(1)).

(2.23) 5Y2 (p, W) (z) = (1 — L, (x)2) o \/zcos 0, (z) +o(1),
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where
1 an ™
(2.24) 0, (z) = 5 arceos L,(x)+m Tn =

Moreover,

(2.25) 512 (pp_ W) (z) = (1 — L, (v) )71/4 \/;cosdln () +0(1),
where
(2.26) ¥, (x) =0, () — arccos L, (z) .

Proof
(a) This is (1.124) of Theorem 1.23 in [11, p. 26] Note that there A, 7—’1

(b) In [11, Theorem 15.3, p. 403], it is shown that there exists n > 0 such that for
a range of m that includes m = n — 1, n, and uniformly for for |u| <1 —n=",

51/ (pmW) (L[n—l] (u)) (1- u2)1/4

2 1 !
= [cos((m—n—i—)arccosu—&—mr/ Ufl—ﬂ>+0(n_7’).
7r 2 “ 4

Setting u = L, (z), and noting the relationship (2.13) between o, and o, we
obtain the result. We also use that for z € J, (¢) & u = ! () € [-1+¢,1—¢],

we have
V1w =/1-L, () > -

Our final lemma concerns derivatives of orthogonal polynomials.
Lemma 2.4
Let € € (0, %) There exists C > 0 such that for n > 1,

n2

(2.27) 1P lec ey < O

Proof
By Theorem 1.17 of [11, p. 22], for each s € (0, 1), there exists C' = C () such that
forn>1,

(2.28) [ W 1 o) < €2
Moreover, from Theorem 1.18 there, there exist C7,Cy > 0 such that for n > 1,
(2.29) ||PnWHLOO(]R) < Cn®?

(The factors T (a+,,) there are o (ng)) We multiply p,, by a fast decreasing polyno-
mial S, of appropriate degree, and then apply a Markov-Bernstein inequality. More
specifically, by Theorem 7.5 in [11, p. 172], given &, € (0, 3) with m?¢,,, — oo
as m — 00, there exist polynomials S, such that
—Com/min 3 3
|Sm (x)_ll Se Co {g—magm}’xe _1+§£7m71_§£m ;

0< Spm(x) <C,xe[-1,1];

1

7£m7 1)3

0< S (z) < PR AVAT = 1- 5
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with a similar relation in [—1,—1 + %S_m]. We choose for some large enough K
(chosen so that CoK+/e > Cs, where Cs is as in (2.29)),

m=m(n) = [Klogn];
and choose £, so that
3

L= 56n = Lusno LE(1-2);
3
-1+ ig—m = Lmino LL;” (—1+4¢),
and set
Ry, (l‘) = Sm (Lm+n (x))
Note that
Lpino LL‘l] (1—¢) = Lpyn(an—edy)
. Gp, — Gy — E0p

5m+n

- 176+O(%) —1-c+o(1),

by Lemma 2.1(b). So %fm = e+ o(1). Similarly, %«f_m = e+ o0(1). Then the
conditions on £, are met, and we have for some fixed 0 < ¢’ < ¢,

(2.30) IRy (z) — 1| < n~CoRVER2 e g, (e);
(2.31) 0< Ry, (zx)<C,z€Apin;
(2.32) Ry (2) < Cn~Co8VE2 e A \Jn (€).

From (2.28), (2.29), (2.31) and (2.32), and the Mhaskar-Saff identity, we see that
”anmW”Loo(R) = HanmW”LOC(A < 05;1/2'

m+n) -

Now we apply the Markov-Bernstein inequality in [11, Theorem 1.15, p. 21],
IPn R W) Pull ) < ClaRuW s,y < C81°

mtn) — n ’
where ¢, is a function defined in [11, (1.92), p. 19]. It is shown in [11, p. 112]
that given s € (0,1), we have for n > 1 and z € A,

o (2) ~ oy (@)
Then (2.8) and (2.15) imply that for n > 1 and = € J,, (¢), we have

dn
Pn (1‘) ~ .

n
Thus for = € J, (¢),

D, R W | (&) < [pn Rl W (2) + Q' ()] [pn B W] () + C—

Here as R, has degree O (logn), and is bounded (uniformly in n) in A,,qn,
Markov’s inequality gives

IRy, (2)] = O (log n)?,
while by Lemma 2.1(c), and (e),
Q' @) <O

n
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Since also R, ~ 1 in J, (¢), it follows that (for each fixed ¢ € (0,1))
, n
1PaWlL (1)) < CW'
Moreover, the global bound (2.29) on p,, W, and the Markov inequality in [11, Cor.
1.16, p. 21] gives for some C7,Csy > 0,
1P W ;) < C1in.

These last two bounds are analogous to (2.28) and (2.29). Applying the same ar-
gument as above once more, then gives (2.27). Bl

3. Proof of Theorem 1.2

‘We shall use the Christoffel-Darboux formula

K, (z,t) = 7;—1 Pn () Pr1 (t; :Zt?n—1 (@) pn ()

and its confluent form

K, (2,2) = ”7 (P (@) P (2) = Py (2) pu (@) -

n

We shall make the change of variable

Ky (z, )

This is permissible, in view of Lemma 2.2(f) and the fact that we shall prove
uniformity in b. Thus it suffices to establish the limit

. b - in7bh
(3.1) lim K, (m + ~,$) /Ky (x,2) = sin ,
n—oo K, (z,z) b
uniformly for b in compact subsets of the real line and = € J,, (¢). Let us set, for a
given z,
b On
Tnp =T+ =—— —I+O<),
Ky (z,2) n
recall Lemma 2.2(a), (b). From Lemma 2.2(c),
(3.2) 1= 2 (204) = (1— L2 (2) (1 + 0 (1))

Moreover, uniformly in b and z, Lemma 2.2 (a), (e) give

[ e = Gumne@ato)
’ = b+o(l),
so recalling the notation (2.24),
On (z) — 0, (xn,b)
Tn,b

1
= 5 [arccos Ly, (x) — arccos Ly, (zn,p)] + 7r/ On

x

= 7wb+o(1),
by Lemma 2.2(c). Also, by (2.26), we then have
Y () = by, (2np) = Tb+0(1).
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From Lemma 2.3, and the above considerations, the asymptotics for p, and p,_1
at z,, take the form

(3.3) 52 (pu W) (np) = (1 - L, (:15)2) o \/zcos (0 (x) —mb) +0(1);

(34) 3 e W) @) = (1- Lo @)?) \/z cos (1, () — ) + o (1)..

For b = 0, the relation (3.1) is immediate, as the right-hand side is 1. Now assume
b # 0. The Christoffel-Darboux formula gives

Ky (Tnp, ) | Ky (2, 7)
52 (0 @) Pt (2) = Pt (200) i @) W (2) W ().
Inserting here the expressions (3.2), (3.3), (3.4), (2.22), (2.23) and (2.25), we obtain
uniformly in z € J,, (¢) and b in a compact subset of R\ {0},
K, (@b, ) /Kn (z,2)

= (140(1) % (112 () "* %
x {cos (0,, (x) — wd) cos (¢,, (x)) — cos (¢,, (x) — 7b) cos By, () + o (1)}.
After some simple trigonometry and using (2.26), the cosine terms are reduced to
sin (7b) sin (0, (z) — 1, (x))

= sin (7b) sin (arccos L,, (z))

= sin(wd) /1 — L2 (),

and we finally obtain
~ ~ sinwb + o (1
Ro (o) /B (0,2) = (14 0(1) (721,

This gives the result, but the uniformity in b follows only for b in compact subsets
of R\ {0}. To complete the proof, it suffices to show that given a sequence {b,} of
non-zero numbers with limit 0, and a sequence {z,} with =, € J,, (¢), we have

n—oo n (xn

where we now use the abbreviation

Ky (2n) = Ky (20, ) .

Note that K, (z,) ~ n/d,. We again use the Christoffel-Darboux formula, and
expand p, (xn + b/K’n (xn)> and p,_1 (:L'n + b/K’n (xn)> about z,, to the second
order. We also use the identity

% Tn—

Kn (zn) = L (p'/npnfl - p;—lpn) (Tn) w2 (zn),

n

and the following consequence of Lemma 2.2(d):

W (mn n ~nbg;n)) JW (2) = exp (O (|bu])) = 1+ 0(1).
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‘We obtain

. by, -
Kn T + =, o Tn Kn Tn
( Ky (zn) ) K ()

n (xn

by, 2
1+0(1) ’Yn—l 0+ f(n(CEn,) (p/npn—l 7p'IIL—1p7L) (l‘n)W (zn)

= 2
bn Tn +0 ((i(nb&n)) maxj=n—1.n [[D; WL _ (1, () M8Xj=n—1.n Hp;‘/W|’Lm(Jn(g))>

I
= 140 <b”n2j_n73a)f,n Wz ey ;e ||p9'W}|Lw<Jn<e>>> +o(l)
= 14+0(by) +0(1),
by Lemma 2.4, and (2.28), completing the proof. B

4. CHRISTOFFEL FUNCTIONS

In this section, we show that for a suitable range of x,
A ((Wh)2 a:) S (W2, 2) = b2 () (14 0(1)).

In addition, we also need a "localized" form of this result, involving weights that are
equal to W = Wh in a neighborhood of a given xy. We shall need some additional
notation for this purpose. We choose zy and 7 > 0, and set

(4.1) I (wo,7) = [vo = 7,0 + 7]
We let

L h(z), xel(zo,T)
(4.2) W (z) = W(x){ h(zo), xeR\I (;oﬁ) ’

h(z), x €1 (xo,7)

(43)  WE@ =W max (h(2) b (o)}, @ € RV (a0,7)

‘We shall use the fact that

(4.4) Wh < W# and W* < W# in R,
while
(4.5) Wh=w*=W#*in I (z0,7).

Of course, W* and W# depend on xg, but the estimates and asymptotics will be
uniform for a range of zo. We shall assume throughout that W € F (C?) and that
h satisfies the hypotheses of Theorem 1.3.

Theorem 4.1
Let 0 <e<1,A>0. Then for

Wi =W" or W* or W#,
we have

An (W2, fu
(4.6) sup ( 1x06+a") “1l=0(1).
20ekndn(e)lal<A [ An (W2, 20 4+ a®2) h2 (z0)

As a first step, we prove the following. We remind the reader that W* and W#
both depend on 7.
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Lemma 4.2
Let 7> 6 >0, n,e € (0,1). There exists ng such that for n > ng, g € KN J, (¢),
x1 € I (20,0/2), we have

(4.7) Mo (W2, 1) [An (W2, 21) BN (ragyy (L+1) + o nC
and

—112 —nC
(48) >\n (WQ,xl) /)\n (Wf,l'l) S ”h 1||Loo(I(IO76)) (1+77)+e .

The threshhold ng is independent of xo € KN J, (g), but depends on 7,9,n,¢€.
Proof of (4.7)

Letn € (O, %) ,n>1, and m = n—[nn]. Choose a polynomial R of degree < m —1
such that

A (W2, 21) :/R(RW)2 and R (z1) = 1.

We shall need the fast decreasing polynomials of Ivanov and Totik [8, p. 2, Theorem
1]. Choosing there

¢ (@) =min { (n o)) n o]}, @€ [-1,1],
there exists C; > 1 and polynomials S} of degree < Cinlogn such that
S5 (0) =1 and |7 ()] < e~ ™I nltl} g e (1,1,
In particular |S¥| < 1in [—1,1] and
S5Ol e, S <<
Let
Sn (8) = Spyms2c; 1og m) (;;l) ;

a polynomial of degree < nn, for n exceeding some threshold that depends only on
7. Note that for ¢t € Ag,\I (x0,0), we have |t — z1| > §/2, so

(4.9) 190 ()] < e O R T < e ¢ € Ag,\I (20, 0),
recall (2.2). Note also that
(4.10) [Sn ()] <1, t € Ag,.
Let us set
P =RS,,

a polynomial of degree < n — 1 with P (x1) = 1. Then

An (WE, 1)

< /OO (PW,)?

(PWH)?

S s g
1(130,5) J\I(mo,zS) AQ,I\(JUI(:Eo,(;)) R\Agn

(411) = 2]1+I2+13+I4.
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Here as W1 < W ||, (7(z0,5)) in I (20,6), (recall (4.5)), while (4.10) holds, so

B e [ W
I(z0,0)
||h||ioo(l(xo,5)) Am (W2,x1) :
Next, using (4.9), (4.10), and the fact that W < 1, we see that
C-
fo< e RIS ) [ max (hh (o).
J

Here using Christoffel function bounds for the Legendre weight [16, p. 106, 108],
we see that

(4.12)

IN

2
RISy < onC [ B
< Clnc/R2W2.
J
Thus
,nc
(4.13) I < CsnCe™ A, (W2, 21) (1 + ||h|\iw(,(xo75))) .

Next, h*! (xg) are bounded for o € KN .J, (¢)N.J, while (2.6) and (1.8) imply that
umformly for zo € KN Jy, () \J, log |log h*! (z0)| = 0 (logn). Hence, for all r > 0,
(4.14) log | max {h=!, hE (20)} HLQC(A%\J) =0(n").

Then by (4.4) and (4.9),
_nC nCa/2
O o +||h\\im<z<xo,a)))/A \J(RWf
2n

< Ce ™ (T I sy ) A (W21).

for n large enough, with the threshhold on n depending only on h. Finally, we note
that given r» > 0, we have for n > ng and all 5 > 1,

HWl/W”LOC(Aw‘Jrln\AzJ'n) = Hmax{h,h(:co)}||LW(A2j+1n\A2M) = exp ((2j+1n) ) ’

SO

I, = / (PW1)?
Z 27+1 \A

2in

2 exp (2 (2j+1n)r) / (PW)?

Agit1,\ g5,
< ZeXp (2 (2j+1n)r — (an)cz) / (PVV)2 ,
=0 R

by (2.10) of Lemma 2.1(h), applied to P, regarded as a polynomial of degree < 2/n.
As we may assume r < Cy, we obtain for n > ng # ng (xo) ,

I < e_”c/ (PW)? < e_"c/ (RW)? < e " Ay (W2 21) .
Agn A2n

IN
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Adding the estimates for Iy, I, I3, I gives for n > ny,
nCs —n®
Mo (Wi 21) A (W2, 21) < ||h||i(x,(1(zo,5)) (1 +e ) +e .

Here ny is independent of 21 € I (zg,7),z9 € KN J, (g). Finally, given 0 < s < 1,
Lemma 2.2(a), (g) give for z1 € Agp,

(4.15)
Am (W2,x1) /)\n (W2,CE1) _ Zn ((;Zl))

Combining this estimate and the previous one, and choosing 7 > 0 small enough,
gives the result for z; € A, NK N J, (g). In view of (2.8), we may choose s so
close to 1 that KN J, (g) C Agm.

Proof of (4.8)

Although this is similar to (4.7), there are some significant differences, so we provide
some details. Let n € (O7 %) ,n>1,and m = n — [nn]. Choose a polynomial R of
degree < m — 1 such that

(1+0(1))§1+C(%—1) <1+0Cn.

)\m (Wf,zl) = /R(RW1)2 and R(xl) =1.

Let S,, and P = RS,,, as above. Then
)\n (W27 -Tl)

[

S s <,
I(zo0,9) J\I(zo,d) Aoy, \(JUI(20,6)) R\As,

(4.16) = Lh+L+13+ 14
Here W < Wy ||k in I (x,9), while (4.10) holds, so

IN

(PW)?

71HLOO(I(10,6))
(4.17) I < ||h*1||im(1($075)) A (W2, 1) .
Next, using (4.9) and (4.10), we see that

I < Cre ™™ / (RW)? .
J\I(xo,0)
If W =W*, we continue this as
I < Cie ™" h(zg) > / (RW1)?
J\I(z0,6)

< Cleina}h (-730)_2 Am (W12,.’E1) .

If W, = Wh or W#, we instead use (1.7), namely that h? majorizes a generalized
Jacobi weight over J, together with the fact that for some C' > 0,

/R2§nC/R2w,
J J

max {h, h (z0)}* > h? > Cw,

see [16, p. 120]. Since

we see that

I, < 016_"04710/ (RW;)* < e A (Wt 1) .
J
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Thus in all cases,
IQ < e*nc (1 —+ ||h71||iw(1(w075))) )\m (Wf,l’l) .
Next, by (4.9) and (4.14),
I; < 016—1104 Hmax {h—l, h1 (xo)}“im(A%\J) /A w (RW1)2
2n

—26nC44nCa/2 2
< Cye TSN (W2 ),

for n large enough. Next, by (2.10),
(4.18) Ii<e ™ / (RW)?.
Aoy

We now proceed to replace W by W;. Firstly,

[y
AZn\J

W s [, (A

2n

IN

(4.19) eI\, (Wi, 21),
for each 7 > 0, by (4.14). Next, as above,

/ (R < on® (14 172 m) /(RWl)Q.
J :
Combining this, (4.18), and (4.19), we see that
L<e ™ A\ (WEa).
Adding the estimates for Iy, I, I3, I gives for n > ny,

IN

(420) A (W220) P (WEs1) < 0L ey (T 677) 67
Then, using (4.15), and recalling that m =n — [nn] > 5, we see that
A'rrL (WQ,Z‘()) //\m (WfaxO) S ||h 1HL ([ 20,8 ( + 077) + eimCS

Finally, as n runs through the positive integers, so does m=m(n) (form(n+1)—
m (n) < 1), so choosing > 0 small enough, we obtain the result. H

Proof of Theorem 4.1

Let n € ( ) By uniform continuity of log h in IC, there exists d > 0 such that
log h (s) —logh (t)] <7

for |s — t| < § and dist(s, ) < § and dist(¢, ) < §. Then for such s, ¢,

‘h<s>

ni

<e"—1<2y
and so for zy € J, () N K,
(4.21) ||hi1||L Iz0.5)) JhEY (o) < 14 20

Moreover, for n > ng (A), we have zg + an € I(x,d/2), uniformly for zo €
KN Jy, (). Substituting these in Lemma 4.2, we obtain the result. B
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5. LOCALIZATION
Throughout, we assume the hypotheses of Theorem 1.3, and the definitions (4.2),
(4.3) of W* and W#.

Theorem 5.1
Let A > 0. Then as n — oo,

(5.1) sup
a,be[—A,Al,xzo€J, (e)NK

~ ~ 6n 6” %
(&% - k) (wo tas @t b) ’ /K (20, 0) = 0.
n n

Remark R
We emphasize that K depends on the specific xg, and 7, although the limit is
uniform in xy € J,, () N K (for a given 7).

Proof
Recall that Wh = W* = W# in I (z,7), and
(5.2) W*, Wh < W# in R.

The idea is to estimate the Ly norm of K7¥ — K over R, and then to use Christoffel
function estimates, and to develop an analogous estimate for K — K. Now

[t @) = K ) (W0 )
/R(K# (2, 8)) (W" (t))zdt—Q/RK# (2,6) K" () (W (t))th+/R(Kﬁ (z,0)* (W (1)) dt

_ /(K# (2,8)° (Wh (1) dt — 2K (,2) + K] (z,2),
R

by the reproducing kernel property. In view of (5.2), we also have

[ @t @) o) de< [ (f @) (0 0)° de= K @),
So
/R (K# (2,8) — K" (2.8))> (W" (1)) dt
(5.3) < KM'(z,x) - K¥ (z,1).

Next for any polynomial P of degree < n—1, we have by definition of the Christoffel
functions,

1/2
2
5.9 Pl < KL ([ (7).
R
Applying this to P (t) = K7 (z,t) — K" (z,t) and using (5.3) gives
< Kp ) [KF (o, 0) = K (2, )]

1/2

so for all z,y € R,
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Now we set = xq +a57j and y = xo + b%, where a,b € [-A, A]. By Theorem 4.1,
uniformly for z € J,, (¢) N K, and |a], |b] < A,

Moreover, by Theorem 4.1, Lemma 2.2 (a), (d), (e), and the uniform continuity of
log h (compare (4.21)),

h 2
KZ ) C(hW)2 @)on®) _
K} (z, @) (W) (y) oy (2
Similarly,
h
K (z,z) <c
Kh (:1:07 :EO)
So,
# h On On h
sup (K7 — K)!) (@0 +a—, 20 +b— || /K, (x0, z0)
a,be[—A,A] n n
= o(1).

The estimate holds uniformly for zy € J,, (¢) NK. The exact same proof shows that

sup
a,be[—A,A]

= o(1).

On On .
(K# — K;E) <xo + a;,xo + bn) ‘ /K (0, %0)

Theorem 4.1 shows that K" (zo,z0) /K (20,20) = 1+ o(1) uniformly for zo €
Jn () N K. Then we may combine the last two estimates, giving uniformly for
T € Jp (E) N K:,

sup
a,be[—A,A]

= o(1).

(KZ - K;) (mg + a%, To + bi;) ‘ /KZ (o, x0)

Finally, by Lemma 2.2(d), uniformly for o € J, (¢) and |a|,|b] < A,

w (xo + a6> JW (zg) ~1~W <$0 + b%) /W (z0) .

S0
sup Kh - ( 6n,$0 + b6n> ‘ K (x0,0)
a,be[—A,A] n n
(Wh) (zo + a®2) (Wh) (zo + b%=) ‘ L ( On 6)‘ h
= sup n e (K, —K2) o +a—,z0+0— || /K, (z0, T
Ll W o) ( ) {wo+a= w0+ b= )| /Ky (wo, o)
= o(1).
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6. PROOF OF THEOREM 1.3

In this section, we prove Theorem 1.3, whose hypotheses we assume throughout.
We also assume the definition (4.2) and (4.3) of W* and W#.

Theorem 6.1
Let A > 0,n € (O,%). There exist C,7 > 0 and ng such that for n > ng, and
xg € Jp (E) NK,

(6.1) sup
a,be[—A,A]

- ~ On bd, ~
(KZ — Kn) <xo + %,wo + n> ’ /K (20, 70) < 0771/27

where C' is independent of n,T,n, xg.

Proof
Choose 7 > 0 such that
1 h(t)
.2 — < <1 fi I(t dt .
(6.2) T4 = (s = +nforsel(t,7) andte

This is possible because of the uniform continuity of logh in K. Fix zg € J, () NK
and let W™ be the scaled weight

W™ (z) = h(zo) W (z) in R.
Note that p, (W"?,z) = ﬁpn (W2, z), and hence,

1

. KY = K, .
Observe that (4.2) and (6.2) imply that
_ W )
(6.4) (1+n) 1§W.§1+n1nR.

Then, much as in the previous section,
2
/ (K @, t) = K% (2,0) W2 (1) at
R

/K;;2 (z,t) W™ (1) dt—2/K;; (z,t) K™ (x,t) W™ (1) dt+/K:2(x,t) W2 () dt
R R R

/RK;f (z,t) W*2 (t) dt + /

I(xo,7)

K2 (z,1) (W“ - W*2) (t)dt — 2K (z,2) + K™ (z,2)
= K"(z,2) - K (z,2) +/I( )K;;2 (z,1) (W“ - W*2> (t) dt,

recall that W* = W® = h (x9) W in R\I (z0, 7). By (6.4),

/1 R (W= — w2 (1) de < 3 / K2 (2,6) W*2 () dt < 30K (z,7) .
o

I(20,7)

So

[ (@0~ KB @) W 0 de < KX (o) — (1= 30) K (z3).
R
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Applying an obvious analogue of (5.4) to P (t) = K} (z,t) — K™ (x,t) gives for
z,y €R,

K (2) — K% (2,)]

< KR (0" (K @) - (-3 K ()]
K () — K (w,9)| /K (@,0)
K8 w9\ K (e,2) ]
< (wen) [ro-wigey)
In view of (6.4), we also have
K (z,x) _ Mz < 1
KR (w2) A (@)~ (14
so for all z,y € R,
(6.5) K (,y) - K: (2,9)| /K% (2, )
1/2
K¥ (y,y) _1-3g
: <K: (x, )) l ey
K" (
< Vo (K™
_ K, (y,y)
a \/6777< n(l', ))
Here we have used (6.3). That relation also implies that
}?: (x,y) = Xn ((L’,y) :
Then for z,y € I (zo,T),
(6.6) |5 (@y) = Ko (@9)| /K (2,2)
= | & @) - KR (@,9)| /B8 (@,0)
_ W |hy)h() .
W (y) | h(y) h(z) ]
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Here by Cauchy-Schwarz and (6.4),

%' n (., y) /KR (2,2)
< P (Kles Kl
< (o O (L)
= (1+n)° (gz(z:z))l/z

Then (6.2), (6.5), (6.6) and the above two inequalities give

K5 (@,9) = Ko (@,9)] /o (2,0)

- 1/2
< <W> {(1+77)2 (1 m)* = 1)+ V/En .

K, (z,x)

Now we set © = g+ n" and y = zo+ 2=, where a,b € [—A, A]. Applying Lemma
2.2(a), (d), (e), we obtain

sup
a,be[—A,A]

- - 0 bd,
(K:;—K,L) ( a’nl7$0+ L)‘/Kn .TQ,J?O)<C[
uniformly for xg € J,, () NK. A

Proof of Theorem 1.3
Let A,e > 0. By Lemma 2.2(a), (b) and Theorem 4.1, uniformly for n > 1 and
xo € Jp () NK,

~ n ~
(67) Kn (.’1?0,.’)30) ~ 5* NKT}LL (.’IJ(),.%'()).
Combining Theorem 5.1 and Theorem 6.1, we see that uniformly for n > ny and
xo € Jp () NK,

(6.8) sup
a,b€[—A,A]

L 5
(K}; - Kn) (mo + a— w0 + ) ' /Ry (0, 20) < Cy'/2.

Here C' is independent of 7, but ny may depend on 7. As the left-hand side is
independent of 77, we deduce that as n — oo,

sup
a,be[—A,A]

~ ~ adnp,
(KZ—K»,L) <JZO+ $0+)‘/K” x‘o,ﬂl‘o) —0

uniformly for zo € J, (¢) N K. It follows (because of the uniformity in a,b above,
and by (6.7)) that also

sup
a,be[—A,A]

(&2~ £o) <x0 oo O (:U)O,l’o)> ’ [En (@0,0) = 0 (1).
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Then Theorem 1.2 gives
(6.9)

ffﬁ (370+ = a yTo + = )/Kn($07$0)=

b sin (a — b)

7 (a—b)

+o(1),

K, (zo,20) K, (zo,20)

uniformly for zo € J,, (¢)NK. To replace K,, (o, o) by K" (0, zo) in the left-hand
side, we use the fact that

Ky (w0, 20) / K} (w0,20) = 1+ 0(1)

uniformly for 2o € J, (¢) N K, by Theorem 4.1. We also use the uniformity in a, b
in (6.9). W

(1]

2]
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