SOME RECENT METHODS FOR ESTABLISHING
UNIVERSALITY LIMITS

D. S. LUBINSKY

ABSTRACT. We survey some recent methods for establishing universal-
ity limits for random matrices in the unitary case. These include Levin’s
method using a Markov-Bernstein inequality, a comparison inequality of
the author, and a method based on complex analysis and reproducing
kernels. We focus on the bulk of the spectrum for measures with com-
pact support, but the methods may also be used at the soft or hard
edge, and for measures with unbounded support.

1. INTRODUCTION®

Let M (n) denote the space of n by n Hermitian matrices M = (m4;);; ;.-
Consider a probability distribution on M (n),

PM (M) = cw(M)dM
= cw(M) (H:Zl dmj]) (Hj<k d(Remji) d(Im mjk)> .

Here w (M) is a function defined on M (n), and ¢ is a normalizing constant.
The most important case is

w (M) = exp (—2n Q (M)),
for appropriate functions @ defined on M (n). In particular, the choice
Q (M) = tr (M?)

leads to the Gaussian unitary ensemble (apart from scaling) that was con-
sidered by Wigner, in the context of scattering theory for heavy nuclei.
One may identify P(™ above with a probability density on the eigenvalues
T S.CL‘Q S §$n OfM,

p) (x1,22,...,Tpn) = C H w (z5) (Hi<j (z; — mj)z) .
j=1

See [15, p. 102 ff.]. Again, c¢ is a normalizing constant.
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It is at this stage that orthogonal polynomials arise [15], [43]. Let u be
a finite positive Borel measure with compact support and infinitely many
points in the support. Define orthonormal polynomials

Pn (i’) = Vnmn + 7’7n > 07
n=20,1,2,..., satisfying the orthonormality conditions
/ Piprdp = dji.

Throughout we use w to denote the Radon-Nikodym derivative of . The
nth reproducing kernel for p is

n—1
(1.1) Ko (2,y) =Y pe (@) pr (1),
k=0
and the normalized kernel is
(1.2) K (w,y) = w (@) w ()" K (2,y).
When

w (z) = e ") gy,
there is the basic formula for the probability distribution P(™ [15, p.112]:
1 -
P(”) (1‘17 X9, ..., :L”n) = ﬁ det (Kn (:L‘i, $])> I<ij<n .

One may use this to compute a host of statistical quantities - for example
the probability that a fixed number of eigenvalues of a random matrix lie
in a given interval. One particularly important quantity is the m—point
correlation function for M (n) [15, p. 112]:

n!
Ry (z1,22,...,Tm) = (n_m)'/.../P(”) (X1, @2y Tp) dTypy1 dTpia ...dxy,

= det (f(n (a:i,xj)>

The universality limit in the bulk asserts that for fixed m > 2, and £ in
the interior of the support of {u}, and real aj,ag, ..., a;,, we have

am
e K, (5,§)>

1<ij<m

) 1 a1 a2
l ~7Rm + ~ ) + r
L G e e

— det <sin7r(aiaj)> '
m(ai = a5) )< jem

Of course, when a; = a;, we interpret

sinm(a;—a;)
m(a;—aj)
this limit, this reduces to the case m = 2, namely

as 1. Because m is fixed in

. . . |
(1.3) lim Ko <£ * ffg(éﬁ)’§+ f<n(£,£)) _sinw (a — b)-
e Kn (57 g) s (a — b)
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Thus, an assertion about the distribution of eigenvalues of random matrices
has been reduced to a technical limit involving orthogonal polynomials. The
term universal is quite justified: the limit on the right-hand side of (1.3) is
independent of &, but more importantly is independent of the underlying
measure.

Typically, the limit (1.3) is established uniformly for a,b in compact sub-
sets of the real line, but if we remove the normalization from the outer K,
we can also establish its validity for complex a, b, that is,

(1.4) lim o <£ TRt fﬂj&&)) _sinm(a—b)
n—0o0 Kn (57 f) T (a — b)

The most obvious approach is to use the Christoffel-Darboux formula,

VYn—1Pn (u) Pn-1 (U) — Pn—1 (u) Pn (U) 75 v

(1.5) K, (u,v) = 5 p— , U
(1.6) Ky (uu) = %(p;<u>pn,1<u>—m(u)p;_l(u)),

leading to (for b # a),

Kn <5 + ffn((léf)’g + fd&@))

K (§,€)
) G - ) Eaml G 7-) bl G -) L G =),
Tn a—>b
= O

(1.7)

It is clear from this that if we have sufficient knowledge of the asymptotic
behavior of p, as n — oo, then we can substitute in these asymptotics,
and deduce universality. Of course, the question is: what is sufficient? For
classical weights, such as Jacobi weights, complete asymptotic expansions
(such as Plancherel-Rotach asymptotics) are available, and these yield far
more than universality.

In recent years, the deep and powerful Riemann-Hilbert methods have
also yielded far more than is required for universality. Originally, they were
applied to w = ™9 or varying weights w = e~ "%, for analytic Q [4], [5],
8], [9], [15], [17]. The O-bar method has permitted their application to non
analytic @, for example, when Q" satisfies a Lipschitz condition [41], [42].
The Riemann-Hilbert literature is extensive; some recent references include
(3], [10], [11], [12], [13], [14], [16], [24], [25], [26], [27], [40], [59]. Other useful
methods arise from techniques in mathematical physics, probability theory,
and operator theory [1], [6], [7], [18], [20], [21], [23], [46], [47], [51], [56],
[57], [58], [60]. We shall not survey these methods here. We shall simply
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survey three recent methods, giving an outline of proofs, and some relevant
references.

In the sequel, C, C1, Cs, ... denote positive constants independent of n, x, ¢, z
and polynomials of degree < n. The same symbol does not necessarily de-
note the same constant in different occurrences. For x > 0, we let [z] denote
the greatest integer < z. For sequences {c,} and {d,}, we write

cp ~ dp
if there exist positive constants C; and Cs such that for all n,
C; < Cn/dn < Cs.

Similar notation is used for functions, and sequences of functions. While K,
is associated with p, we shall use K for the kernel associated with a measure
p*. For other measures such as v, we shall use K. Similar superscripts are
used for other orthogonal polynomial quantities.

2. THE CHEBYSHEV WEIGHT

Let us start with the Chebyshev weight
1
w(x)=—,x € (—1,1),
@ == ve LY
for this gives substantial insight about the general case. Then py =
while for n > 1,

1
V'

1 2
Tl _ 3 and p, (cosf) = \/>cos (nh).
m

Tn
Moreover, if
& =cosfe(-1,1),
straightforward manipulations give

n—1

K, (€,6) = 7r\/11—7§2 1—|—22(cosj9)2
i

(2.1) - ! <n—1+sm(2n_1)9)= " L0().

msinf 2 2sin 0 7 sin @

Let us set, for a given &, a and b, with b # a,

a
f"‘m = COSGn,
b
5—’— m = COS (9n+5n)

Here, expanding to a Taylor series of first order,

fl;b = cos6, —cos (0, + o,)
Kn (§,6)

= &psind, + 0 (62),
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so 0, = O (l) and

n

a—>b
0p, = ———(1+0(6,
sin 0, K, (675)( o)
a—>b
2.2 = ———————+0(n?).
22 EVN N
It is also easy to see that
1 1
(2.3) cosf, = cosf + O <> ; sinf, =sinf + O <> .
n n
Then from (2.1),
7 (a—0) 1
2.4 n=— — .
(2.4 =" o ()

Then we can express the numerator I';, in the right-hand side of (1.7) as

r, = % [(cosnby,) (cos (n — 1) (0, + 65)) — (cos (n — 1) 0y) cosn (0, + 6]

[ cos((2n—1)0, + (n —1)dy) +cos (0, — (n—1)dy) }
—cos ((2n — 1) 0, 4+ ndy) — cos (0, + ndy)

e o o5 o o (-2

Here in the first step, we used the identity

1
2T
1
T
(2.5)

1
cos Acos B = 5 [cos (A + B) + cos (A — B)]

and in the second step, we used

cos A — cos B = 2sin (A;B) sin <B_A) .

2
Using (2.3) and (2.4), we continue (2.5) as

= o) (o (1) (miren w0 ()
= %(Sme) sin (7 (a — b)) + O <711> ~

Substituting into (1.7), we obtain

a b .
K (f t Rt f?n(s,o) _ sin (7 (a — b)) L0 <1> '
K, (57 f) T (a’ - b) n
Thus we have the universality limit (1.3) for a fixed £ € (—1,1) and for fixed
a,b with a # b.
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3. LEVIN’'S METHOD

It is clear that the proof in the previous section requires modification if
b = a. Indeed, one of the problems of substituting asymptotics for p,, and
Pn—1 into (1.7) is treating the case where b is close to a. In the past this
has been circumvented by using higher order terms in asymptotics for p,.
It was Eli Levin who first observed that first order asymptotics suffice, and
that remainders can be estimated using a Markov-Bernstein inequality. This
was applied in [31] to exponential weights. We illustrate the method in this
section for measures with compact support.

Assume that our measure p has support [—1,1]. Fix £ = cosf € (—1,1),
and assume that uniformly for x in a neighborhood of &, we have
(I+0(1)).

(3.1) K, (z,2) = m/%

Assume, moreover, uniformly for such x = cos s,

(3.2) pn () w ()Y (1- :L'2)1/4 = \/zcos (ns+h(s))+o(1),

where h is a continuously differentiable function with bounded derivative.
We also assume that w is positive and continuous near £. For such measures,
we also have

Tn—-1 1
(3.3) =—-+o0(1).
Yo 2
We note that if u satisfies Szeg6’s condition
1 /
1
log i (@) 1 o oo,

-1 \/1—.%2

while p is absolutely continuous, and y’ is continuous in a neighborhood of
€, then (3.1) is true [39], [44], [45]. If in addition, p’ satisfies a Lipschitz
condition of order greater than % near £, then (3.2) is true [22, p. 246,
Table II]. Of course, more general results are available, but these are easy
to formulate.

We shall use the Christoffel-Darboux formula (1.5) and its confluent form
(1.6). We assume b # 0, set a = 0 (effectively, this is a change of variable

a

+
R Nk
and establish the limit
- b sin b
3.4 li , n ,
@O i (6 ) MR = T

uniformly for b in compact subsets of the real line. Let us set

(3.5) fup =€+ = ég)—§+0<;>,
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recall (3.1). Also write

{n’b = costyp; § = cosl,

so that
wa — 030y — cos0
= = (sin0) (Bny — 0) + O (0 — 0)*)
Then
(36)  Ony—0— —(bma)[b{(w FO ) =-"1o(n)

so the asymptotics for p, and p,—1 at &, ; take the form
_ —1/4 |2
pu(6s) = w(@ (-7 \/; cos (i + h (0)) + 0 (1)

(3.7) = wE V- \/Zcos (R + h () — 7b) + 0 (1)
(3.8)

Pt (Enp) = w (672 (1 - g2~/ \/Zcos (n—1)0+h(0) —7b) +o(1).
The Christoffel-Darboux formula in the form (1.7) gives

Kn (fn,ba 5) /Kn (57 5)
V-1 (pn (én,b) Pr-1(§) — Pn1 (é.n,b) Pn (5)) .

= wie) = .

Inserting here the asymptotics (3.2), (3.3), (3.7), (3.8), we obtain uniformly
for b in a compact subset of R\ {0},

Kn (gn,ba 5) /Kn (57 6)
1 (1 B 62)71/2 { cos (n + h (0) — wb) cos ((n — 1) 0 + h(0))

b —cos((n—1)0+ h(#) — wb) cos (nf + h(6)) }+o(1).

Using some elementary trigonometry, as in the previous section, the cosine
terms in {} are reduced to

(sin7b) sin 6,
and we finally obtain
b
Kn + = 5 Kn 5 =
<§ Kn (§,€) €> M (60)

This gives the result, but the uniformity in b follows only for b in compact
subsets of R\ {0}. For b = 0, the result is immediate.

sin b

b

+o(1).
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Now comes Levin’s main idea on bounding the tail. His method shows
that given a sequence {b,} of non-zero numbers with limit 0, we have

(3.9) lim K <§+ b(g 5),5) JK, (6,6 =1

n—oo

This will give the uniformity in b. We again use the Christoffel-Darboux
formula, and expand p, (5 +b/ K, (€, §)) and p,_1 <§ +b/ K, (€, 5)) about
&,, to the second order:

(5+ IZ& o £> JK (€,€)
1

- %w@)'@;{pn(u%)pm@pn1<g+ A é)) (@]
o () o1 (€) — ot (€)pn (€)]

1 o _ bn / !
" (R Y [ (1)t (6) = sy (5) 9 €]
Rleo” (1.6)
of the Christoffel-Darboux formula, we continue this as

(3.10)
0+14+0 <| n|> <max i, ‘—i—max [ 1|> <m}x|pn| +m}X\pn_1\) .

Here J is some interval containing £ in its interior. Now the asymptotic
(3.2) ensures that p,, is uniformly bounded in some open interval containing
€. To bound p!!, we use the Bernstein inequality

[P (t)] < \/7” lwm1ays t€(=1,1).

This is valid for polynomials P of degree < n. In particular, |P’| grows no
faster than n [|P[|;__; 4 in any compact subset of (—1,1). Applying this
twice, with appropriate intervals, we obtain

max ‘p;ﬂ + max }p',;_l‘ =0 (nQ) )
so we can continue (3.10) as
140 (bal) = 1+ 0(1).

Thus for any sequence {b,} of non-zero numbers with limit 0,
by,
lim K, (5"’ a£> /Kn (§,6) = 1.
e Kn (£,6)
We have thus proven that

K <5+ n?&é ’5> sin (7b)

lim =

n—o0 Kn( ,f) 7Tb ’
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uniformly for b in compact subsets of the real line. Because of the uniformity
in b, and local uniformity in £, we can, as noted above, make the substitution

_a
E— &+ 7o) and deduce
Proposition 3.1
Under the assumptions (3.1), (3.2), and (3.83), we have

a b

oo K. (.€) m(a—b)

uniformly for a,b in compact subsets of the real line.
Levin’s method should be useful whenever we have both (i) first order as-
ymptotics for orthogonal polynomials, and (ii) a suitable Markov-Bernstein
inequality.

4. A COMPARISON INEQUALITY

The method of the previous section, like all of its predecessors, requires
asymptotics for the orthonormal polynomials themselves. Inspired by Percy
Deift’s 60th birthday conference, the author came up with an inequality
that allows one to establish universality when asymptotics for p,, are not
available, but asymptotics are available for the reproducing kernel

along the diagonal. Since %Kn (x,z) is an average of squares of orthonormal
polynomials, it is likely to have more regular behavior. Moreover, it satisfies
an extremal property,

K, (z,z)= sup P?(2) //Pzd,u.
deg(P)<n—1

This is more commonly formulated for the Christoffel function

1
An (@) = K, (z,z)’
as
4, = inf 2 % (z).
(@) M) = it [ P @)

Christoffel functions have been studied for many decades, and serve as a
cornerstone of what one might call the Hungarian approach to orthogonal
polynomials - a theme studied by Erdés, Turdn, Freud, Nevai, Maté, Totik,
and others [22], [39], [45], [54].

The key inequality is:
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Lemma 4.1
Assume that pn and p* are measures on the real line such that [ x?dp* ()
is finite for each j > 0, and such that

p< pt
Let K denote the nth reproducing kernel for p*. Then for all real x,y,
(Ko (2, y) = K (2,9)] / Kn (2, 2)
K, 1/2 K+ 1/2
K, (z,z) K, (z,z)
Proof

The idea is to estimate the Ly norm of K, (x,t) — K (x,t) and then to use
Christoffel function estimates. Now

[ at) = K3 @00 du (1)
:/K2xtd,u —Q/K (z,t) K (x,t) du (t /K*Za:tdu)
= Kn(m,x)—QK;(x,x)—i—/K;z (x,t)dp (1),

by the reproducing kernel property. As u < p*, we also have

/K*2xtdu /K*2wtdu() K (z,x).
So

Lﬂm@ﬁ—mwm%mw
(4.3) < Ky (z,z)— K (z,x).

Next for any polynomial P of degree < m — 1, (4.1) yields the Christoffel
function estimate

(1.4) rmwsmmwwﬂ/ﬁwf@

Applying this to P (t) = K, (z,t) — K (z,t) and using (4.3) gives, for all
T,y € [_15 1] )

Ky (2,y) — K (2, y)]
< Ky (y.y)"? [Kn (z,2) — K (2,2)]2

|

The essential feature is that in the left-hand side of (4.2), we have K, (x,y)
with =z and y different, while the right-hand side involves values of K,
"along the diagonal". If K (z,z) is close to K, (z,z), and K, (y,y) =
O (K, (z,x)), then the left-hand side is small. Thus, assume that for z in a
neighborhood N of &,

K, (z,x) ~ K, (z,z) ~n
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while for some ¢ € (0, %), large enough n, and z € N,
K} (z,z) > Ky (z,z) /(1 +¢).
As p < p*, we also automatically have
K (z,z) < K, (z,2).
Then given A > 0, (4.2) yields for n > ng (4) and |a|, |b] < A,
(4. 5)

Ko (¢4 mieert* mten) 0 (¢ mileg € mten) P
Kn (€,€) f(£(§,§) - ’

where C' is independent of . To replace K, (¢,€) by K} (,£), in ﬁ

and —— 7 ( ) inside K, one would use uniform convergence in a, b as n — oo.
n

This approach is powerful because the Christoffel function A, (z) = 1/ K, (z,

depends primarily on the structure of the support supp[u] of p, and the value
of ¢/ (z). In particular, if in some open neigborhood N of z
BN = B
and supp|u|=supp|u*], then we expect that
lim K} (z,2) /K, (z,z) =1,
n—oo
and once we know universality for p*, it follows for u.

To establish this rigorously, one needs the concept of regularity in the
sense of Ullman or, Stahl and Totik [52]. We say the measure p is regular if

1
lim fyl/ e e T
n—o0 cap (supp [u])
where cap denotes logarithmic capacity. For example, if supp|u] = [a, b], the
capacity is (b — a) /4 and the requirement is that
4
hm fyl/ "=
b—a

For those new to the concept, this definition may seem implicit. It is used
primarily because it is easy to state. One transparent sufficent condition
for regularity is that x4/ > 0 a.e. in supp|[p]. In applying it to universality,
the crucial feature of a regular measure is the following: if J is a compact
subset of supp|u|, then

(4.6 {d Pl ([ 1P ) } S lasm oo,
eg(P

That is, sup norms of polynomials of deg < n over .J, are dominated by
their L? (1) norms, up to a factor that is e°(_ Tt is the latter property that
enables one to prove, for example:

Proposition 4.2

x)
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Suppose that 1 and p* have the same support and both are reqular measures.
Let x €supp|u], and assume that p = p* in a neighborhood of x. Assume,
moreover, that given § > 0, there exists n > 0 such that for large enough n,

(4.7) Ky (z,2) /Ky (T,2) <146,

Then
lim K, (z,2) /K, (z,z) = 1.
n—oo

Proof when supp[u] C [—1,1]

Let 6 € (0,4) be such that u* = g in (z — 8,z +6) and let n > m > 1.
Choose a polynomial P, of degree < m — 1, such that P, () =1 and

A () =1/K} (z,x) = /and,u*.

We use this to estimate A, () above. There exists r € (0, 1) depending only
on ¢ such that

(4.8) Ogl—<t2$>2Srforte[—l,l]\(x—é,a:—i-é).

(We may take r =1 — (%)2) Let

3]

so-mo(1-(52))

a polynomial of degree < m — 1+ 2 [25™] < n — 1 with S, (z) = 1. Then

using the extremal property of Christoffel functions,

A (z) < / S2du

n—m

x+0
< / 5 Pnsz:u' + HpmH%m(supp[y]\(xf(s,er&)) 72[ 2

'/
supp[p]\(z—d,2+9)

n—m

= [ B 4 Pl 23
- 5 map + ” mHLoo(supp[,u*]\(mfzS,er&)) r
T

< )\:n («T) + HPmH%oo(supp[,u*]\(xfts,er(;)) 72[”_27”] /du

(4.9)
Now we use the regularity of p*. Assume that m = m(n) is chosen so
that for some fixed n > 0, we have n — m > nn. For example, choosing
m = n — [nn]| — 2 suffices. By the regularity of u*,
1PnllE o orpppry s,y < (Ho(l))n/P’%d“*
= (I+0(1)" A, ().

Since
PP o) < (Lo ()" =0 (1),

|
supp[p]\(z—d,2+0)

dp

dp
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putting this in (4.9) gives
An () <A () (T +0(1)).

By hypothesis (4.7), we can choose 7 in the definition of m = m (n) so small,
that for a given § and large enough n,

(4.10) Ar () <A () (1+0).
Assuming this, we obtain
limsup Ay, () /A, (z) < 140,
and since the left-hand side is independent of §, we obtain
limsup A\, () /A) () < 1.
In a similar fashion, we can establish
limsup A}, () /A, (z) <1

and then have the result. The use of (4.7) for this converse direction is more
tricky (we did not assume it for p) but still doable. B

Corollary 4.3

Suppose that 1 is a regular measure on [—1,1]. Let x Esupp[p], and as-
sume that p is absolutely continuous in a neighborhood of x, and that y' is
positive and continuous at x. Then

1
lim K (a:—l—g,x—l—g) —(\/ 22 ( )
n n 0

Sketch of Proof for a =0
See [33] or [55] for more comprehensive results. The original ideas go back
to Nevai [44], [45], and M4té, Nevai and Totik [39]. Let p* be the Legendre
weight on [—1, 1],

du* (x) = dz on supp [] .
It is easy to establish (4.7) using bounds on Legendre polynomials, for

K} (z,z) — Zp )< C(n—m)

uniformly in 7, m and for x in compact subsets of (—1,1). Moreover, it is
classical that uniformly for such x,
1 1 -1
lim —K} (z,2) = — (\/ 1-— :c2> :
n—oo N m

From Proposition 4.2, it follows that for any regular measure v on [—1, 1],
with v absolutely continuous near x, and v/ = 1 near z, we also have

lim EKZ (z,2) = 1 (\/ 1-— x2) - .

n—oo n ™
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To convert to the general case above, one considers a measure w such that
w = p outside a neighborhood N of x, while in N, ' = ¢/ (x) (1 +¢). The
last limit, suitably scaled, shows that
1 1 -1
lim ~K¥ (z,2) = — ( 1— 224/ (;n)) 1+e)".
™

n—oo n

If the neighborhood N of z is small enough, the assumed continuity of y' at
x shows that throughout [—1,1],

w > W
We deduce that Ay > A, globally, and hence,

1 1 -1
limsup ~ K, (2, 2) < - ( 1— 224/ (:)3)) 1+e)t.
n i

n—oo
Of course ¢ here is arbitrary, and we can similarly establish an asymptotic
lower bound. W
This leads to:

Theorem 4.4

Let p be a finite positive Borel measure on (—1,1) that is reqular. Let
€ € (—1,1) and such that p is absolutely continuous in an open set con-
taining £. Assume moreover, that u' is positive and continuous at &. Then
uniformly for a,b in compact subsets of the real line, we have

~ . .
(4.11) lim Kn (§ + I?Z(&E)’§+ I?n(g,g)> _ sinT (a — b).
i K, (€,6) 7 (a— D)

Sketch of proof

Step 1. Change i outside a neighborhood of ¢

Consider the measure p* that is absolutely continuous in [—1, 1], and which
is equal to the Legendre weight multiplied by u' (£) outside a neighborhood
of &, while p* = p in that neighborhood of £. Let

v =max {u*, u}.
Then v = p = p* near &, while v > y and v > p*. Moreover, by Corol-
lary 4.3, K}, K, and K,, all have the same asymptotic behavior along the
diagonal at z, so

Jm (e e D) G (e e )

= 1= lim Ky (6+ 2,6+ 2) /K, (64 264+ ).
n—00 n n n n
We can then apply Lemma 4.1, as in the discussion after there, to deduce
that v and p* have the same universality behavior at &, and so do v and p.
Then p and p* also have the same universality behavior at €.
Step 2. Use the continuity of y’ at &

Because of Step 1, we can assume that p is a constant multiple of the
Legendre weight outside a neighborhood N of z, say ' = u/ (§) outside N.
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Inside NV, we leave p unchanged. We emphasize that this does not change
the universality behavior at &, as shown by Step 1. Next, we let u* be a
constant multiple of the Legendre weight in (—1,1), namely (u*)" = p/ (¢)
throughout (—1,1). If NV is small enough, we will have

*\/
1)
14+e = W

<1l+4e¢

in A/ and hence globally. It follows that also globally,

1 An
1+¢ = An slte

We can then apply Lemma 4.1 to the measures p and (14 ¢)p* to show
that the universality behaviors of p and p* at £ are O (¢) apart. Finally, let
¢ approach 0 carefully. l

We note that this approach has been taken far beyond the confines of
the above results, especially by Findley, Simon, and Totik [19], [49], [50],
[55]. In particular, Findley and Totik have shown that if u is a regular
measure on a compact set, then universality holds a.e. in a neighborhood
of any point where log i is integrable. The problem with the extension to
this case, is that there is no nice measure, such as the Legendre weight on
(—1,1), for which universality is known. So Totik manufactured one. He first
consider supports of the form Pl=1[—1,1], where P is a suitable polynomial
- this handles the case of supports that consist of several intervals. He then
approximates arbitrary compact sets by such "polynomial pullbacks". The
proof also shows that if x’ is positive and continuous at a given point x,
or more generally, the local Szegd function satisfies a Lebesgue point type
condition at x, then universality is true. A different approach to extension
was taken by Barry Simon, who used Jost functions, and obtained results
that are closely related to those of Findley and Totik.

The comparison approach has also been applied to universality on the unit
circle [29], to exponential weights [31], at the hard edge of the spectrum [34],
and in a generalized setting [35].

5. A NORMAL FAMILIES APPROACH

The main drawback of the comparison inequality, is that it requires a com-
parison measure for which universality is known. This leads to the (weak)
global restriction of regularity, which is used in much the same way as out-
lined in Proposition 4.2. In [36], a method for establishing universality was
introduced, based on ideas from complex analysis, that avoids this pitfall. It
uses basic tools of complex analysis, such as normal families, together with
some of the theory of entire functions, and reproducing kernels.

Suppose that p is a measure with compact support and that w = p’ is
bounded above and below in some open interval O containing the closed
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interval J. Then it is well known that for some C7,Cs > 0,
1

(5.1) C1 < Ky (z,2) < Cy,
n

in any proper open subset O1 of O. Indeed, this follows by comparing A,
below to the Christoffel function of the weight 1 on a suitable subinterval
of O, and comparing it above to a suitable dominating measure. Cauchy-
Schwarz inequality’s then gives

(52) K60 < C

for £€,t € O1. We can extend this estimate into the complex plane, as follows:

Lemma 5.1

Let [c,d] be a real interval and J be a compact subset of (c,d). Let A > 0.
There exists ng and C such that for n > ng, polynomials P of degree < n,
€ J and |a| < A,

(5.3) [P (o+i%)] <Pl e

Proof for [c,d] = [-1,1].
Let z € J and z = z + . By Bernstein’s growth inequality,

(5.4) P )] < e+ V21| 1Pl 1y

As |z + Va2 — 1‘ = 1, straightforward estimation gives

log)z+\/z2—1‘ §C’|Z|+O(n_2),

where C' is independent of a and n. On substituting this into (5.4), we ob-
tain (5.3) in the special case [¢,d] = [-1,1]. B

Let A > 0 and fix £ € J. We apply Lemma 5.1 to %Kn (§+ 2E+ %),
separately in each variable @ and b. This yields an ng such that for n > ng
and la|, [b] < 4,

lKn 54‘8 é’_i_é <Clng(\Ima|+|Imb|).
n n’> n)|~

Here C; and Cy are independent of n, A, a and b. Thus

e (ersee D
n n n)J),—1

is uniformly bounded in compact sets, and so is a normal family. In view of
(5.1), the same is true of {f, (a,b)} 2|, where

n=1’

Ko (5 t et Tt

)
(5.5) fu (a,) = SO,
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Thus, given A > 0, we have for n > ng and |al, |b| < A, that
(5.6) [f (@, b)] < CyeCallimeliimeD,

We emphasize that C7 and C5 are independent of n, A, a and b.

Let f (a,b) be the limit of some subsequence { f;, (-, )}nGS of {fn (-, )}y
It is an entire function in a,b, but (5.6) shows even more: namely that for
all complex a, b,

(5‘7) |f (a’ b)| < 01602(|Ima"+|1mb|).

So f is bounded for a,b € R, and is an entire function of exponential type
in each variable. We can then apply the very rich theory of entire functions
of exponential type [28]. Recall, here, that the exponential type of an entire
function g of order 1, is the smallest number 7 such that for any given ¢ > 0,
we have

I

g (2)] < el

for large enough |z|.
Our goal is to show that

sin7 (a — b)

(5.8) e

So we study the properties of f. Our main tool is to take elementary prop-
erties of the reproducing kernel K,,, and then after scaling and taking limits,
to deduce that an analogous property is true for f. Let us list some of these:
(I) Real Zeros

Let us fix a. Since for each real £, K, (£,t) has only real zeros, the same is
true of f (a,-). Moreover, f (a,-) has countably many such zeros.

(IT) Squares Inequality

For all a € C,

(5.9) / T\ (@s)Pds < f ().

—00

To prove this, we start with the identity

[ 1860 0.0 du (6 = £, (8.5).

We let b = §+ (g 5 make the substitution t = £ + =—— 7 (5 5 and drop most
of the range of mtegratlon, leading to
" 5 (5 T Rle ))
/ <§ + 7§ + = ) 7 Kn ds
- (5 §) Kn (6,91 (&) Kn(&,8)

< K, e a)
= (“Kn(s,f)“ffn(&&)
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Recalling (5.5), we can reformulate this as

' K€+ i)
| ltas)f = s < i (0.a)
If we now assume that p’ is positive and continuous at &, then we can let
n — oo through S, and deduce (5.9), but with (—oc, 00) replaced by (—r, 7).
One simply lets » — oco. With a little more work, this argument extends to
the case where € is a Lebesgue point of u.

(ITII) f is bounded above and below on real diagonal

Uniformly for u € R,

(5.10) f(u,u) ~ 1.

Indeed, this follows from (5.1): for some C1,Cq,1n > 0, for [t| < 7, and for
large enough n,

K, (E+t,E+1)

Ch < < Cy,
UKL T
while
f(u,u) = lim fon (5 tRaen ST ffn(s,g))
’ n—oo,neS Kn (5’7 é‘) :

(IV) If o, is the exponential type of f (a,:), then o, = o, indepen-
dent of a

For this one uses interlacing properties of zeros of K,,. Namely, that given
any real &, the zeros of K, (¢,t) interlace those of p,. This implies that in
any real interval [c, d], the difference between the number of zeros of f, (a, -)
and of f, (b,-) is at most 2. By taking limits as n — oo through S, one
can deduce that in any interval, the difference between the number of zeros
of f(a,-) and f (b,-) is bounded independent of the interval. By classical
results on entire functions of exponential type,

— x Number of zeros of f (a,-) in [-r,r] — Ze
2r 7T

as r — 00, and this yields that o, is independent of a.
(V) Key least squares inequality

For real a,
a, s sino (s —a)\?
o< [ (Feg-asa) @
(5.11) f(i, 5" g

To prove this, observe that the left-hand side equals

o [ [ e e [ (daetes

(5.12)

2
> ds.
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We now apply (5.9) to the first term, obtaining the upper bound ﬁ For
the second term, we use the reproducing kernel identity [53, p. 95]
o sino (x —t)
5.13 = t) ———=dt, v € R
(513 o) = [ g =T D aer

which holds for g that is entire of exponential type at most o and g € Ly (R).
The second term in (5.12) then becomes —2%. Choosing g (t) = M also

leads to
> /sino (a—s)\> T
—o \ o(a—2s)

which can be substituted for the third term in (5.12). Then (5.11) follows.
(VI) A formula for the type

(5.14) o=msup f(z,x).
zeR

9

Since the left-hand side of (5.11) is nonnegative, we obtain

o>msup f (a,a).
a€R
The converse direction is more difficult. One uses classical inequalities, the
so-called Markov-Stieltjes inequalities. If {¢;,, } are the zeros of (¢ — ¢,,) K, (¢, 1)
in increasing order, these assert that for k > £,

-1 t[n ¢
> A (tn) g/ <> A (tn) -

j=k+1 b j=k

Suitably scaled, these zeros tj,, correspond to zeros of f, (0, z). In the limit
as n — oo through the subsequence S, the zeros of f,, (0, z) converge to zeros
of £(0,z). If we denote the zeros of zf (0, z) by {pj} in increasing order,

we obtain
-1

Z ! )<Pz—PkSZZ:

it (0j: P
The left-hand inequality leads to
{—k—1
super f (7, 7)

This enables us to estimate above the number of zeros of f(0,z) in any
interval [—r, ], aka [py, ps]. Dividing by 2r, and using classic results on zero
distribution of entire functions of exponential type, leads to

pj,pj)

< pe— Pk

o
<.

SUPzer f (:Ca :B) -

Then (5.14) follows.
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Plugging into (5.11) gives
/°° <f(a,s) sina(a—s)>2
— ds
—o \f(a,a)  o(a—s)
1 1

fla,a)  supyep f (z,2)

Finally, if we assume universality along the diagonal, which we formulate as
lim f, (a,a) =1
n—oo

for all a, then f (a,a) =1 for all a. The right-hand side of (5.15) vanishes,
while 0 = 7, and we obtain

f(a73) =

Since the limit is independent of the subsequence, we have sketched the
proof of [36]:

(5.15)

sinm (a — s)
m(a —s)

Theorem 5.2

Let p be a finite positive Borel measure on the real line with compact sup-
port. Let J C supp[u] be compact, and such that p is absolutely continuous
in an open set containing J. Assume that w is positive and continuous at
each point of J. The following are equivalent:

(I) Uniformly for £ € J and a in compact subsets of the real line,

K, (E+86+9)
(5.16) TR 60

(II) Uniformly for £ € J and a,b in compact subsets of the complex plane,
we have

=1.

Ko (6+ mieg €+ mieg) _s
I ST Rent T Rugn) _ sinm(a—b)
(5.17) lim =
n—oo K, (&,€) 7 (a—D)

The clear advantage of the theorem is that there is no global restriction
on u. The downside is that we still have to establish the ratio asymptotic
(5.16) for the Christoffel functions/ reproducing kernels, and to date, these
have only been established in the stronger form

lim K (6,6) 1 (6) =/ (€).

n—oo

where 1/ is the density of the equilibrium measure of the support of u, and
1 is assumed to be regular, together with some local condition. However,
it seems likely that the ratio asymptotic (5.16) should hold more generally
than this last limit. Note too that the continuity assumption on w can be
replaced by a Lebesgue point type condition.

Initially, I believed that the hypotheses in Theorem 5.2 should give (5.16)
automatically. However, I am inclined to doubt this now. One can show
under the hypotheses of Theorem 5.2, that the limit of any subsequence of



UNIVERSALITY LIMITS 21

K"@+Ei%§5£+ﬁn@©)

Kn(£,6)
that is norm equaivalent to a classical Paley-Wiener space. Since there are
such spaces with reproducing kernel other than the sinc kernel, this raises
the possibility that there might be other subsequential limits than the sinc
kernel. This has been used in [38] to show that for sequences of measures, one
can get universality limits "in some sense in the bulk" that are different from
the sinc kernel. However, it remains to establish this for a fixed measure.

We note that the method of this section has been applied to varying
exponential weights [30], at the hard edge of the spectrum in [37], at the
soft edge of the spectrum [32], and to Cantor sets with positive measure by
Avila, Last and Simon [2].

is the reproducing kernel of a de Branges space
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