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ABSTRACT. Let W : R — (0,1] be continuous. Bernstein’s ap-
proximation problem, posed in 1924, deals with approximation by
polynomials in the weighted uniform norm f —|| fW |1 (r). The
qualitative form of this problem was solved by Achieser, Mergelyan,
and Pollard, in the 1950’s. Quantitative forms of the problem
were actively investigated starting from the 1960’s. We survey old
and recent aspects of this topic, including the Bernstein problem,
weighted Jackson and Bernstein Theorems, Markov-Bernstein and
Nikolskii inequalities, orthogonal expansions and Lagrange inter-
polation. We present the main ideas used in many of the proofs,
and different techniques of proof, though not the full proofs. The
class of weights we consider is typically even, and supported on
the whole real line, so we exclude Laguerre type weights on [0, 00).
Nor do we discuss Saff’s weighted approximation problem, nor the
asymptotics of orthogonal polynomials.
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1. BERNSTEIN’S APPROXIMATION PROBLEM

The first quarter of the twentieth century was a great period for ap-
proximation theory. In that time, Jackson and Bernstein completed
their great works on the degree of approximation. Miintz proved his
theorem on approximation by powers {xkﬂ' };‘;0, solving a problem of
Bernstein, while Faber had introduced Faber polynomials and Faber
series. Szegd was developing the theory of orthogonal polynomials on
the unit circle. Right at the end of that quarter, in 1924, S.N. Bernstein
[4] came up with a problem that became known as Bernstein’s approz-
imation problem, and whose ramifications continue to be explored to
this day.

One can speculate that one day Bernstein must have felt confined
in approximating on bounded intervals, and so asked: by Weierstrass,
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we know that we can uniformly approximate any continuous function
on a compact interval, by polynomials. Are there analogues on the
whole real line? The first thing to deal with is the unboundedness
of polynomials on unbounded intervals. Clearly we need to damp the
growth of a polynomial at infinity, by multiplying by a weight. For
example, consider
P (z)exp (—2?),2 € R,
where P is a polynomial, or more generally,

Here W must decay sufficiently fast at +o00 to counteract the growth
of every polynomial. That is,
(1.1) |l‘im 2"W(x)=0,n=0,1,2,....

What can be approximated, and in what sense? This problem is
known as Bernstein’s approximation problem. A more precise statement
is as follows: let W : R — [0, 1] be measurable. When is it true that
for every continuous f : R — R with

lim (fIW) () =0,

|z|—o00
there exists a sequence of polynomials {P, } ~, with
Tim [ (f = Pa) W [ Loey= 07

We say then that the polynomials are dense, or that Bernstein’s prob-
lem has a positive solution. The restriction that fW has limit 0 at
+00 is essential: if %W (z) is bounded on the real line for every non-
negative k, then z*W (z) has limit 0 at 400 for every such k, and so
the same is true of every weighted polynomial PW. So we could not
hope to approximate in the uniform norm, any function f for which
fW does not have limit 0 at +o0.

When W vanishes on a set of positive measure, or is not continuous,
extra complications ensue. So in the sequel, we shall assume that W
is both positive and continuous. The more general case is surveyed at
length in [67]. The case where we approximate only on a countable set
of points is included in that study.

In his early works on the problem, Bernstein often assumed that 1/W
is the restriction to the real line of an even entire function with positive
(even order) Maclaurin series coefficients. Other major contributors
were N.I. Akhiezer, K.I. Babenko, L. de Branges, L. Carleson, M.M.
Dzrbasjan, T. Hall, S. Izumi, T. Kawata, S.N. Mergelyan, and V.S.
Videnskii. Yes, that’s Lennart Carleson, and the same Mergelyan of
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Mergelyan Theorem fame (on uniform approximation by polynomials
on compact subsets of the plane).

Bernstein’s approximation problem was solved independently by Achieser,
Mergelyan, and Pollard, in the 1950’s. Mergelyan [67, p. 153] intro-
duced a regularization of the weight

. |P(t) W (t)] }
Q(z) =su P (z)| : P apolynomial and sup —~———-%- <1,.
(2) p{| (2)| poly Sup T <

Theorem 1.1 (Mergelyan)
Let W : R — (0, 1] be continuous and satisfy (1.1). There is a positive
answer to Bernstein’s problem iff

> log €2 (t
08 ( )dt =00
oo 1412
In another formulation, there is a positive answer iff
Q(z) =00

for at least one non-real z (and then €2 (z) = oo for all non-real z). We
shall outline the proof of this in the next section.

Akhiezer (and Bernstein?) [67, p. 158] used instead the regulariza-
tion

W, (z) = sup {|P (2)| : P a polynomial with || PW |1 &< 1}.

Theorem 1.2 (Akhiezer)
Let W : R — (0, 1] be continuous and satisfy (1.1). There is a positive
answer to Bernstein’s problem iff

/oo log W, (t)

o 1412
Finally, Pollard [160], [67, p. 164] showed:

dt = oo.

Theorem 1.3 (Pollard)
Let W : R — (0,1] be continuous and satisfy (1.1). There is a positive
answer to Bernstein’s problem iff both

[ s,

o 1+t2
and there ezists a sequence of polynomials {P,} such that for each x,

lim P, (z) W (z) =1,
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while
sup 1B Wy < 00

Pollard later [161] reformulated this as

> log|P (x
sup {/ %d:p : P a polynomial with || PW || @< 1} = 00.
e x
Of course, these are not very transparent criteria. When the weight
is in some sense regular, simplifications are possible.

Theorem 1.4
Let W be even, and log (1/W (€*)) be convex. There is a positive an-
swer to Bernstein’s problem iff

(1.2) /Ooo log (LW () 1. _ o,

1+ 22

This result was proved by Lennart Carleson in 1951 [10], although
Misha Sodin pointed out to the author that it appeared in a 1937 paper
of Izumi and Kawata [51]. On perusing the latter paper, the author
agrees that it is clearly implicit in the results there, though not explic-
itly stated. I have also seen the result attributed to M. Dzrbasjan. The
reader should conclude that the "history" presented in this survey is
by no means authoritative, but merely what could be deduced (often
from secondary sources) in the available time.

Corollary 1.5
Let o > 0 and

(1.3) Wa (z) = exp (= [2[%)

There is a positive answer to Bernstein’s problem iff a > 1.

As regards necessary conditions, Hall showed that (1.2) is necessary
for density. When density fails, only a limited class of entire functions
can be approximated [70]. A comprehensive treatment of this topic is
given in Koosis’ book [67]. A concise elegant exposition appears in [86,
p. 28 ff.]. A more abstract solution to Bernstein’s problem was given
by Louis de Branges (of Bieberbach fame) in 1959 [29]. The ideas in
that paper have had several recent ramifications [170], [171].

What about extensions to L,? At least when W is continuous, the
answer is the same:

Theorem 1.6
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Let W : R — (0,1] be continuous and satisfy (1.1). Let p > 1.
Then any of the conditions of Achieser, Mergelyan, or Pollard, is
necessary and sufficient, that for every measurable f : R — R with
W, &) < oo, there exist polynomials {F,} with

nh_{{.lo 1(f = Pn)W”Lp(R) = 0.

There is even a generalization of this theorem to weighted Miintz poly-
nomials [184]. As regards the proof of the L, case, let us quote Koosis
[67, p. 211]: “In general, in the kind of approximation problem con-
sidered here, (that of the density of a certain simple class of functions
in the whole space), it makes very little difference which L, norm is
chosen. If the proofs vary in difficulty, they are hardest for the L; norm
or the uniform norm.” Indeed, in his 1955 paper [161], Pollard added
about two pages to deal with the L, case.

In the special case of Lo, there are connections, to the classical mo-
ment problem. Let {s;} be a sequence of real numbers. If there is a
positive measure o on the real line such that

(1.4) o = / Pdo (t), k=0,1,2, ..,

then we say that the Hamburger Moment Problem for {s;} has a so-
lution. If there is only one solution o, of the equations (1.4), we say
the moment problem is determinate. Existence of ¢ is equivalent to
positivity of certain determinants. The determinacy of the moment
problem is often a deeper and more difficult issue. If we define

¥ (2) = sup {|P (z)]2 : P a polynomial with / ]P|2 do < 1} ;

—00

then a necessary and sufficient condition for determinacy is [67, p. 141]

/°° log™ ¥ (1)

TP dt = oo.

Here log™ # = max {0,log z}. In particular, for the measure
do (t) = exp (—[t|") dt,

one can use this to show that the corresponding moment problem is
determinate iff & > 1. Recall that Bernstein’s approximation problem
also had a positive solution iff o > 1.

There are still closer connections to Bernstein’s problem [38, Thm.
4.3, p. 77]. Tt is noteworthy that this was obtained by M. Riesz in 1923
even before Bernstein’s problem was formulated.
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Theorem 1.7
Suppose that o is a positive measure on the real line, with finite mo-
ments {sy}, asin (1.4). Suppose moreover, that o has no point masses,
so that © — ffoo do is a continuous function of x. Then the moment
problem associated with {sy} is determinate iff for every c—measurable
function f with [ f*do finite, and for every e > 0, there exists a poly-
nomial P such that
(f — P)*do < e.

Without assuming the continuity of | do, determinacy still implies
density of the polynomials [38, p. 74 ff.]. There is also an important
result on one-sided approximation [38, Theorem 3.3, p. 73]:

Theorem 1.8

Suppose that o is a positive measure on the real line, with finite mo-
ments {si}, as in (1.4). Suppose moreover, that the moment problem
associated with {sy} is determinate. Let ¢ > 0 and f : R — R be
a function that is Riemann-Stieltjes integrable against do over every
finite interval, and improperly Riemann integrable over the whole real
line, and of polynomial growth at oco. Then there exist polynomials R
and S such that

R<Sf<SinR

and -
/ (S—R)do < e.
Some recent work related to Bernstein’s approximation problem and
its Ly analogue appear in [6], [7], [8], [79], [156], [169], [170], [171],
[184].

2. SOME IDEAS FOR THE RESOLUTION OF BERNSTEIN’S PROBLEM

In this section, we present some of the ideas used by Akhiezer,
Mergelyan, Pollard, to resolve Bernstein’s Approximation problem. It’s
relatively easy to derive the necessary parts of the conditions. We fol-
low [67, p. 147 ff.] and [86, p. 28 ff.]. Recall Mergelyan’s regularization
of W

_ | | POV )

Q(2z) =sup {|P(z)| : P a polynomial and stgﬂlg N 1.
In the sequel, C, Cy, C5, ... denote positive constants independent of
n,x,t and polynomials P of degree < n. The same symbol does not
necessarily denote the same constant in different occurrences. We write
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C =C(a) or C # C («a) to respectively show that C' depends on «, or
does not depend on a. We use the notation ~ in the following sense:
given sequences of real numbers {¢,} and {d,}, we write
Cn ~ dn
if for some positive constants C, Cy independent of n, we have
Cl S Cn/dn S CY2-

Lemma 2.1

In order that Bernstein’s approximation problem has a positive solution,
it is necessary that for all z € C\R,

(2.1) Q(z) = 0.

Proof

Suppose that Bernstein’s problem has a positive solution. Fix z € C\R.
Since the function f (t) = (t — z) " is continuous, and fI¥ has limit 0
at 0o, we can find polynomials {R,,} such that

(2.2) o = [(f = R)W| &) — 0,

as n — oo. Let

Py = 1A o2y,

On On
Then for all ¢t € R,

B (t)
=2 W (t)

Next, for some constant C' independent of ¢, we have

:é|f—Rn|(t)W(t)§1

‘t_? <C, teR.
t—1
Then
P, (t t t— P (t
sup—| n()W()|:sup Z n()W(t) < C.
terR V1412 ter [t —1||(t—2)

It follows that P,/C' is one of the polynomials considered in forming
the sup in €2 (2), so
1

= — 00,

0,C

Q(z) > ‘P”ng)

n—oo. A
Let’s think how we can reverse this to show the condition is also
sufficient. If Q(z) = oo, then reversing the above argument, we see
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that there are polynomals { R, } satisfying (2.2), with f (t) = (t — z) .
If () = oo for all z, we can approximate linear combinations

m

F) =Y

Jj=1

G

t— Zj
by polynomials in the norm |[-W|[; ). For small €, we can then
approximate

1 1 1 B 1

2 |(t—2)—e (t—2z2)+e

(t —2)° — 2

and hence also 1/ (t — z)°. Iterating this, we can approximate 1/ (t — z)™

for any non-real z, and m > 1. We can then approximate polynomials
in 1/ (t — z). The latter can in turn uniformly approximate on the real
line, any continuous function f (¢) that has limit 0 at co. (Use Weier-
strass’ Theorem and make a transformation x = 1/(t —¢).) Since
W < 1, we then obtain a positive solution to Bernstein’s problem, for
continuous functions that have limit 0 at oo. This class of continuous
functions is big enough to approximate arbitrary ones for the Bernstein
problem. For full details, see [67, p. 148 ff. ].
Next, we show :

Lemma 2.2
In order that Bernstein’s approximation problem has a positive solution,
it 1s necessary that

* log (1/W) ()

2- p— .
23) /_oo 14 t2 dt
Proof
The basic tool is the inequality

, 1 [ log|P (t)]
2.4 log | P < - ——dt
24) oglP ()| <~ [ ==

valid for all polynomials P. To prove this, suppose first that P has no
zeros in the closed upper half plane. We can then choose an analytic
branch of log P there, and the residue theorem gives

. 1 [ logP(t)

Taking real parts, we obtain (2.4), with equality instead of inequality.

When P has no zeros in the upper-half plane, but possibly has zeros
on the real axis, a continuity argument shows that (2.4) persists, but
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with equality. Finally when P (z) contains factors (z — a) with a in the
upper half-plane, we use

logla—i| < logla—i|
1 [*logla—t

T ) o 1412
1 [>1 —
T ) o 1412

and divide such factors out from P. So we have (2.4). Now if

P @)W )
= ® e SO

we obtain

> log | P (t > log (1 1 [ log(1+t?
L[ lslP Ol L0 W), 1 [ s,
T ) o 1412 T ) o 1+t 2 J_oo 1412
and hence

: 1 [ log(1/W (1)) 1 [ log(1+t?)
log | P < = — /7 — — 7t
og | (Z)’_W/_oo 1+ t2 dt+27r/_oo 1+1¢2 dt

Taking sup’s over all P satisfying (2.5) gives

> log (1/W (1)) 1 [ log(1+¢?)
log 2 (i) < W/ Td”%/mwdt'

As we assumed Bernstein’s approximation problem has a positive so-
lution, Lemma 2.1 shows that 2 (i) = oo, and hence (2.3) follows. B
With a little more work, this proof also gives

[0,

1+¢2

0.9}

see [67, p. 153].

3. WEIGHTED JACKSON AND BERNSTEIN THEOREMS

In the 1950’s the search began for quantitative estimates, rather than
theorems establishing the possibility of approximation. Bernstein and
Jackson had provided quantitative forms of Weierstrass’ Theorem in
1911 and 1912, two wonderful years for approximation theory. Recall
first the classical (unweighted) case. Jackson and Bernstein indepen-
dently proved that

(3.1) B, [fle = lnf ||f Pl — | ' w1115

deg(P) n

Q
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with C' independent of f and n, and the inf being over (algebraic)
polynomials of degree at most n. The rate is best possible amongst ab-
solutely continuous functions f on [—1, 1] whose derivative is bounded.
More generally, if f has a bounded kth derivative, then the rate is
0 (nlk) In addition, Jackson obtained general results involving mod-
uli of continuity: for example, if f is continuous, and its modulus of
continuity is

w(f;6) =sup{|f(z) = f(y)|:z,y€[-1,1] and [z —y| <4},
then

Blfl. < Co (i),

where C' is independent of f and n.

Bernstein also obtained remarkable converse theorems, which show
that the rate (or degree) of approximation is determined by the smooth-
ness of f. These are most elegantly stated for trigonometric polynomial
approximation: let

Enlgl = degl(%ggn lg — R||Loo[0,27r]

denote the distance from a periodic function g to the set of all trigono-
metric polynomials R of degree < n. Let 0 < o < 1. Bernstein showed
that

Sn[g]:O(n_a),nﬁoo@w(g;t):O(to‘), t — 0+,

where w (g; -) is the modulus of continuity of g on [0, 27, defined much
as above. That is, the error of approximation of a 2w —periodic function
g on [0,27] by trigonometric polynomials of degree at most n decays
with rate n= iff ¢ satisfies a Lipschitz condition of order oe. Moreover,
ifk>1,

Elg=0(m") &w(it) =00, t—0+.

Here in the converse implication, the existence and continuity of the kth
derivative ¢g*) is assured. Bernstein never resolved the exact smooth-
ness required for a rate of decay of n=!, or more generally O (n*k ) The
case k = 1 was solved much later in 1945 by A. Zygmund, the father
of the Chicago school of harmonic analysis, and author of the classic
"Trigonometric Series" [189]. Zygmund used a second order modulus
of continuity.

For approximation by algebraic polynomials, converse theorems are
more complicated, as better approximation is possible near the end-
points of the interval of approximation. Only in the 1980’s were com-
plete characterizations obtained, with the aid of the Ditzian-Totik
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modulus of continuity [36]. An earlier alternative approach is that of
Brudnyi-Dzadyk-Timan [31]. We shall discuss only the Ditzian-Totik
approach, since that has been adopted in weighted polynomial approx-
imation. Define the symmetric differences

ZMf@)—‘f<x+g)—f(x—g>;
Aif(z) = éMAﬁ@%;

Abf(x) = Ay (AFLf(2))

so that
2

(3.2) Al f(z) = ; (’j) (1) f (a: + kg - m) .

If any of the arguments of f lies outside the interval of approximation
([—1,1] in this setting), we adopt the convention that the difference is
0. The rth order Ditzian-Totik modulus of continuity in L, [—1,1] is

w' (f;h) = su A’ [ (x 1] -
b (i), k£J|hﬁq*()MﬂLu

Note the factor
p(r) = v1—a?
multiplying the increment h. This forces a smaller increment near the
endpoints +1 of [—1, 1], reflecting the possibility of better approxima-
tion rates there.
For 1 < p < oo, Ditzian and Totik [36, Thm. 7.2.1, p. 79] proved
the estimate

. /1
Balfl, = iuf 1F = Pl ot (£7)

<
deg(P)< »

with C' independent of f and n. This implies the Jackson (or Jackson-
Favard) estimate [31, p. 260]

B [f], <Cn™" @ f |l 1a,

n > r, provided =Y is absolutely continuous, and the norm on the
right-hand side is finite. Moreover, they showed that if 0 < o < r, then
[31, p. 265]
(3.3) E,[fl,=0 (™) ,n — oo,
iff

wy, (fih), =0 ("), h —0+.
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For example, if (3.3) holds with o = 3%, this implies that f has 3 con-
tinuous derivatives inside (—1, 1) and f” satisfies a Lipschitz condition
of order 1/2 in each compact subinterval of (—1, 1).

This equivalence is easily deduced from the Jackson inequality above,
and the general converse inequality [36, Theorem 7.2.4, p. 83]

Wl (f3t), <ML > (n+ 1) E,[f],, t€(0,1).

0<n<%

The constant M depends on r, but is independent of f and ¢t. Of course,
this subject has a long and rich history, and all we are attempting here
is to set the background for developments in weighted approximation.
Please forgive the many themes omitted!

For weights on the whole real line, the first attempts at general
Jackson theorems seem due to Dzrbasjan [37]. He obtained the correct
weighted rates, but only when restricting the approximated function
to a finite interval. In the 1960’s and 1970’s, Freud and Nevai made
major strides in this topic [150]. That 1986 survey of Paul Nevai is still
relevant, and a very readable introduction to the subject.

Let us review some of the fundamental features discovered by Freud,
in the case of the weight W, (z) = exp (— |z|"),a > 1. A little calcu-
lus shows that the weighted monomial "W, (z) attains its maximum
modulus on the real line at Freud’s number

gn = (na)"/.

Thereafter it decays quickly to zero. With this in mind, Freud and
Nevai proved that there are constants C; and C5 such that for all
polynomials P, of degree at most n,

(34) || P”WO‘ HLP(R)S 02 || PnWO‘ ||Lp[_C1n1/@,C1n1/a] ’

The constants C; and Cs can be taken independent of n, P, and even
the L, parameter p € [1,00]. Outside the interval [—C’lnl/o‘, Clnl/a],
P, W, decays quickly to zero. This meant that one cannot hope to
approximate fW by P,W outside [—Cin'/*, Cin'/*]. So either a "tail
term" || fWV, ||Lp[|z|201n1/a] must appear in the error estimate, or be

handled some other way. Inequalities of the form (3.4) are called re-
stricted range inequalities, or infinite-finite range inequalities.

The sharp form of these was found later by Mhaskar and Saff, using
potential theory [136], [138], [139], [140], [163]. Let W = exp (—Q),
where @ is even, and 2@’ (z) is positive and increasing in (0, c0), with
limits 0 and oo at 0 and co respectively. For n > 1, let a,, = a, (Q)
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denote the positive root of the equation

(3.5) po 2 [ elQ (ad)

T Jo Vv1— 12
We call a,, the nth Mhaskar-Rakhmanov-Saff number. For example, if
a >0, and W, (z) = exp (— |z|),

9\ 1/
[y
" {2 F(a)} :

Mhaskar and Saff established the Mhaskar-Saff identity: for polynomi-
als P, of degree at most n,

(3'6) H PnW HLOO(R):H PnW ||L<><>[_anya/n] .
Moreover, if P, is not the zero polynomial,

| BaW | Lo ®@\[~ansan) <|| PaW || Loo[=an,an]

and a,, is asymptotically the "smallest" such number.

There are L, analogues, valid for all p > 0. For example, if ¢ > 0,
there exists C' > 0 such that for n > 1 and polynomials P, of degree
<n,

(3.7) | PaW | £, &\ —an (14)an (146D < € " | PaW || Ly (—aman] -

We shall discuss these more in Section 4.6.

The next task is to determine what happens on [—Ca,, Ca,|. Now
if we had to approximate in the unweighted setting on this interval, a
scale change in the Jackson-Bernstein estimate (3.1) gives

a
inf - P —Can Ca 1< CCL= | f _Ca, Ca,] -
o | f | Lo = Can,Can] < CCh - | " oo~ Can,Can]
Remarkably, the same is true when we insert the weight W, in both
norms:

(3.8)

. an /

B = PYWa et o< G2 | £Wo llat-can o
Very roughly, this works for the following reason: it seems that if C; is
small enough, we can approximate 1/W,, on [—Ca,, Ca,] by a polyno-
mial R, ; of degree < n/2, and then use the remaining part n/2 degree
polynomial in P to approximate fW, itself on [—Ca,,Ca,]. In real
terms, this approach works only for a small class of weights. Neverthe-
less, it at least indicated the form that general results should take. To
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obtain an estimate over the whole real line, Freud then proved a "tail
inequality", such as

an
(3.9) | fWa llL,21>Cra0 < Ca— | fWa llL, @)

with Cy independent of f and n. Combining (3.8), (3.9), and that suit-
able weighted polynomials are tiny outside [—Cia,, Cia,| yielded the
following;:

Theorem 3.1

Let 1 <p<oo,a>1and f:R — R be absolutely continuous, with
| f'Wa llz,®)y< co. Then

(3.10)

. Qn
E, [f;Wal, = degl(%ggn I(f = P)Wa llz,@= G5~ |l FWa llz,m®),
with Cy independent of f and n.

While this might illustrate some of the ideas, we emphasize the
technical details underlying proper proofs of this Jackson (or Jackson-
Favard) inequality are formidable. Some of these ideas will be illus-
trated in the next section. Freud and Nevai developed an original
theory of orthogonal polynomials for the weights 1?2 partly for use in
this approximation theory.

We note that Freud proved (3.10) for W, for v > 2 [41], [42]. The
technical estimates required to extend this to the case 1 < a < 2 were
provided by the Eli Levin and the author [80]. What about a < 17
Well, recall that the polynomials are only dense if @ > 1, so there is
no point in considering o < 1. But o = 1 is still worth consideration,
and we shall discuss that below in Section 5.

One consequence of (3.10) is an estimate of the rate of weighted
polynomial approximation of f in terms of that of f’. Indeed if P, is
any polynomial of degree < n — 1, then

Qn, '
En [f: Wa]p = En [f - Pn; Woc]p < CSE “ (f - Pn) Woc HLP(R)7

and since P/ may be any polynomial of degree < n — 1, we obtain the
Favard or Jackson-Favard inequality

(3.11) En[f; W], < 05%&4 5 W),

This can be iterated:

Corollary 3.2
Let 1<p<oo,r>1,a>1and f: R — R have r — 1 continuous
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derivatives. Assume moreover, that f\) is absolutely continuous, with
| fOW, ||,® < 0o. Then for some C' independent of f and n,

anp\" r
(3.12) Bu[fiWal, < Cs (52) 11 FOWoa a0 -

Freud also obtained estimates involving moduli of continuity. Here
one cannot avoid the tail term, and has to build it directly into the
modulus. Partly for this reason, there are many forms of the modulus,
and more than one way to decide which interval is the principal inter-
val, and over what interval we take the tail. However it is done, it is
awkward. We shall follow essentially the modulus used by Ditzian and
Totik [36], Ditzian and the author [33], and Mhaskar [136]. All these
owe a great deal to earlier work of Freud.

The first order modulus for the weight W, has the form

wl,p(f, Wom t) = sup || Wa (Ahf)
0<h<t

T
Lp[_h T—a h l—a]

inf — .
+ (lzgR || <f C) Wa ||Lp (R\[ftﬁgtﬁ])
Why the inf over the constant ¢ in the tail term? It ensures that if
f is constant, then the modulus vanishes identically, as one expects

1 1
from a first order modulus. Why the strange interval [—hT-a hT-a]?7
It ensures that when we substitute
nl/a

_ n—1+1/a7

h:

n
then

[—hia, his] = [—Cyn'/®, Cin'/e] = [~Chayn, Caan)

for appropriate constants C, Cy (independent of n). More generally if
r > 1, the rth order modulus is

wr7p<f7 WOU t) = Oilflzzt || WOé ( hf) ||Lp[—h1—17a’h117a]
1 inf — P)W, 1 )
(3.13) e | (f=P) ||LP(R\[_t1_107t1_a]>

Again the inf in the tail term ensures that if f is a polynomial of
degree < r — 1, then the modulus of continuity vanishes identically, as
is expected from an rth order modulus. The Jackson theorem takes
the form

(314) En [fa Wa]p < er,p(fa WOM

Qn

This is valid for 1 < p < oo, and the constant C' is independent of f
and n (but depends on p and W,,).
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One can consider more general weights than W,. Almost invariably
the weight considered has the form W = exp (—Q), and the rate of
growth of ) has a major impact on the form of the modulus. Let us
suppose for example, that () is of polynomial growth at oo, the so-
called Freud case. The most general class of such weights for which a
Jackson theorem is known is the following. It includes W,,a > 1, but
excludes Wj.

Definition 3.3 (Freud Weights)

Let W =exp (—Q), where @ : R — R is even, Q' exists and is positive
in (0,00). Moreover, assume that x@Q' (x) is strictly increasing, with
right limit 0 at 0, and for some \,A,B > 1,C >0,

(3.15) A<

Then we write W € F.
For such W, we take a, to be the positive root of the equation
(3.5) (the existence and uniqueness of a, is guaranteed by the strict

monotonicity of @’ (x)). To replace the function #T-=, we can use the
decreasing function of ¢,

(3.16) o (t) :=inf {an o < t} ,t>0.
n
The modulus of continuity becomes

wrp(f, W, t) = Sup | WAALS) | o= o(h).om)]

(3.17) +  inf | (f = P)W [|L,®\[~o(t).0) -

deg(P)<r—1

The reader new to this subject will be encouraged to hear that this
strange looking creature has all the main properties of more familiar
moduli of continuity [33], [35], [36], [48], [78], [136]:

Theorem 3.4 (Properties of w, )

Let WeF,r>1,0<p<oo. Let f:R— R, and if p < oo, assume
that fW € L, (R). If p = oo, assume in addition that f is continuous
and that fW has limit 0 at £oo.

(a) wyp (f, W,t) is an increasing function of t > 0.

(b)
tli%i wr,p(f, VVv t) = 0.
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(c) Assume that p > 1, or assume that W admits a Markov-Bernstein
mequality

(3.18) IPWl @ < C o 1PW L, q.
valid for n > 1, and polynomials P of degree < n, where C' # C (n, P).
Then there ezists Cy # Cy (t, f) such that
wrp (f,W,2t) < Croon, (f,Wit), ¢ > 0.
(d) Assume that p > 1. Then for t >0,
wnp (F W) < CE | fOW s

provided =) is absolutely continuous and the norm on the right-hand
side is finite.
(e) Let v > 1. There exists C # C (f,t), such that

(3.19) wrp (f,W,t) < Cw,_1, (f,W,t), t > 0.

(f) Assume the Markov-Bernstein inequality (3.18). Then if ¢ =
min {1, p}, there is the Marchaud inequality

Ca (f, W, u) 1/q
r r+1 ’ ) q
ep W) < o { [ gy 4

where C; # C; (f,t),j =1,2.

)
(9) Assume that B > 1 and 0 < p < q < 0o. Then there is the Ulyanov
type inequality

froia q du Ya
wryQ(f7W57t) SC’{/ [uq Pwr,p(f,Wﬁ,U)] Z} ) t>0>
0

where C' # C (f,1).
(h) Assume that p > 1 and for some 0 < a <,

(3.20) W (F, W) = O (%), t — 0+

Let k = [a], the integer part of o. Then f%*) exists a.e. in the real
line, and

(3.21) wr—p(fP W) =0 (t*F) ;t -0 +.

If p=o0, f%) is continuous on the real line.

Proof

(a) This is immediate as o (t) is a decreasing function of ¢.

(b) This follows as for classical moduli of continuity. One first estab-
lishes it for suitably restricted continuous functions, and then approx-
imates an arbitrary function by a continuous one.

(c) This is part of Theorem 1.4 in [33, p. 104].
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(d) This is part of Corollary 1.8 in [33, p. 105].

(e) This follows easily from the definition (3.13) and the recursive def-

inition of the symmetric differences.

(f) This is Corollary 1.7 in [33, p. 105].

(g) This is part of Theorem 9.1 in [35, p. 133].

(h) See [36, pp. 62-63] for the analogous proofs on a finite interval. W
Note all the strictures for p < 1. Fundamentally these arise because

we cannot bound norms of functions in terms of their derivatives when

p < 1. At least the Jackson theorem is the obvious analogue of the

result for finite intervals [33, Theorem 1.2, p. 102]:

Theorem 3.5
Let WeF,r>1 and 0 <p <oo. Let fW e L,(R). If p=o00, we
also require f to be continuous and fW to have limit 0 at +o0o0. Then
form>r—1,

Qn,
(322> En [f7 W]p S Clwr,p(f7 I/Va 02?)7

where C7 and Cs are independent of f and n.

In the case where p > 1, or W admits the Markov-Bernstein in-
equality (3.18), one can omit the constant Cy inside the modulus. This
follows directly from Theorem 3.4(c). We shall say much more about
Markov-Bernstein inequalities in Section 7.

Corollary 3.6

Let 1 <p<oo,r>1,WeFand f: R — R have r — 1 continuous
derivatives. Assume moreover, that f) is absolutely continuous, with
| fOW ||, @< co. Then for some C independent of f and n,

an\" r
(3.23) E,[f;W], < Cs (g) I FOW 2@ -

The converse inequality, which can be interpreted as a Bernstein type
converse theorem, has the form [33, p. 105]:

Theorem 3.7

Let 0 < p<oo,r>1, W e F. Assume that W admits the Markov-
Bernstein inequality (3.18). Let ¢ = min{1,p}. For t < ay, define the
positive integer n = n (t) by

(3.24) ni=n(t) = inf{k : % < t}.
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Then for some C # C (t, f),

[logy 7] rq
an\ "1 2
(325)  w, (LW, <C <F> ) (—) Ey [f; W],
i=—1

A9j

where we define Ey-1 := Ey and [logyn] denotes the largest integer
< log, n.
From this one readily deduces:

Corollary 3.8
Assume the hypotheses of the previous theorem, and let 0 < o < r.
Then

wrp(f, W, 1) =0 (%), t — 0+

= E,[f;W],=0 <<%>a> , M — 00.

A related smoothness theorem is given by Damelin [14].

One of the important tools in establishing this is K —functionals and
the concept of realization. This is a topic on its own. In the setting
of weighted polynomial approximation, it has been explored by Freud
and Mhaskar, and later Ditzian and Totik, Damelin and the author.
See [11], [27], [33], [44], [45], [136], [137]. In our context, an appropriate
K —functional is

KT:p (f7 W? tr) = Hglf {H(f - g) W”LP(R) + 1" Hg(T)WHLp(R)} ) t> 07

where the inf is taken over all g whose (r — 1)st derivative is locally
absolutely continuous. It works only for p > 1, again because of the
problems of estimating functions in L,,p < 1, in terms of their deriva-

tives. The K —functional is equivalent to the modulus of continuity in
the following sense [33, Thm. 1.4, Cor. 1.9, pp. 104-105]:

Theorem 3.9
Let W € F and p > 1. Then for some Ci,Cy > 0 independent of f,t,

Crory(f W t) < Ky (F, W A7) < Cowy(f, Wi t).

The appearance of fairly general functions ¢ in the inf defining K, ,,
helps to explain its usefulness. In fact, many of the properties of the
modulus described above, go via the K-functional. When p < 1, the
K-functional is identically zero, so instead we use the realization func-
tional, introduced by Hristov and Ivanov [50] and analyzed by those
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authors and Ditzian [32]:
Koy (1,8 = inf {I(f = PYW Ly + ¢ [ POW]| o b 2> 0,

Here the inf is taken over all polynomials P of degree < n () and n (t)
is defined by (3.24). For p > 1, K, , and K, , are equivalent [32]. For
all p, one can prove [33, Thm. 1.4, p. 104]:

Theorem 3.10
Assume W € F and W admits the Markov-Bernstein inequality (3.18).
Then for some C4,Cy > 0 independent of f,t,

Olwﬁp(fa VV) t) S Fr,p (f> VVa tr) S C2Wr,p(f7 W7 t)

Observe that if we choose ¢ = 2, the above result actually gives more
than the Jackson estimate Theorem 3.8, at least when %% decreases
strictly with k. We obtain

. an\" || p(r an

it {I(f = PY Wil + (52) 1POW ], 0} < ComenlF. W22,

deg(P)<n

so there is an automatic bound on the rth derivatives of best approxi-
mating polynomials.

The Freud weights above have the form W = exp (—Q), where Q is
of polynomial growth at oo, with @ (x) growing at least as fast as |z|".
some « > 1. For the special weight exp (— |z|), the polynomials are
still dense, but we have not established anything about the degree of
approximation. We shall devote a separate section to this. The case
where (@) is of faster than polynomial growth is often called the Erdés
case, and also has received some attention. The main difference is that
the modulus of continuity becomes more complicated. Here is a suit-
able class of Erdds weights:

Definition 3.11 (Erdds Weights)

Let W = exp (—Q), where @ : R — R is even, Q' exists and is positive
in (0,00). Assume that Q' (x) is strictly increasing, with right limit
0 at 0, and the function

zQ’ (z)
(3.26) T (x):= 00
s quasincreasing in the sense that for some C > 0,
(3.27) 0<z<y=T(x)<CT(y),
while
lim T (x) = cc.

T— 00
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Assume moreover, that for some Ci,Cy and C3 > 0,
/

yQ/ W < ¢, (Q (v)

2@’ (z) Q (x)

Then we write W € .
Examples of weights in this class include

W () = exp (= expy (|z[") + expy, (0)),
where o > 0 and for k£ > 1,

Cy
) ,?JZ«'UZO?)

exp;, = exp (exp (...exp ()))

denotes the kth iterated exponential. We set exp, (z) = z. For this
weight,

k—1
T (x) ~ azx® H exp; (),
j=1

for large x [85, p. 9], while the Mhaskar-Rakhmanov-Saff number has
the asymptotic [85, p. 29|

1 k+1 /e
a, = {logkl (logn ~3 Zlogj n+ O (1)) }

= (logyn)"/* (1 +0(1)),

n — o0; log;, denotes the kth iterated logarithm.
For general W € £, the modulus of continuity involves the function

D)= J1— L 7oy
(I)t( ) 1 O'(t)+T( (t)) ’

where o () is as in (3.16). One may think of this as an analogue of
the function +/1 — 22 which appears in the Ditzian-Totik modulus of
continuity, and it appears for the same reason: in approximating by
polynomials with Erdés weights, the rate of approximation improves
towards the endpoints of the Mhaskar-Rakhmanov-Saff interval. The
modulus is

wr,p(f: W? t) = sup || W (‘/L‘) (AZQt(ac)f (I)) ||Lp[*0'(2t)vo'(2t)}
0<h<t
totE, =PIV ot otan) -
(3.28)

Once one has this modulus, the Jackson estimate goes through [27,
Thm. 1.2, p. 337]:
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Theorem 3.12

Let We & r>1,and 0 <p<oo. Let fW € L,(R). If p= 00, we
also require f to be continuous and fW to have limit 0 at +00. Then
forn > 1,

(3.29) En[f; W), < Croony (£ W, 072,

where Cy and Cy are independent of f and n.

There are also converse estimates [11], [16], [27]. The details are more
difficult than for Freud weights, because of the more complicated mod-
ulus. Analogous results for exponential weights on (—1,1) are given
in [15], [92], [93]. For exponential weights multiplied by a generalized
Jacobi weight or other factor having singularities, see [49], [120], [121],
[122], [174]. For Laguerre and other exponential weights on (0, c0),
see [28], [62], [115]. Geometric rates of approximation in the weighted
setting have been explored in [70], [127], [128], [135], [136].

4. METHODS FOR PROVING WEIGHTED JACKSON THEOREMS

In this section, we shall outline various methods to prove weighted
Jackson Theorems, but will not provide complete expositions. In the
unweighted case, on [—1, 1], many of the elegant methods involve con-
volution operators. However, unfortunately these depend heavily on
translation invariance, so fail for the weighted case. We begin with two
of the oldest, used by Freud and Nevai:

4.1. Freud and Nevai’s One-sided [; Method. The L; method
is primarily a tool to obtain estimates of the degree of approximation
for special functions such as characteristic functions. Once one has
it, one can use duality and other tricks to go to L.,, and then inter-
polation for 1 < p < oo, and this will be done in the next section.
The method is based on the theory of orthogonal polynomials, and
Gauss quadratures. Under the tutelage of Géza Freud and Paul Nevai,
the two subjects of weighted approximation and orthogonal polynomi-
als for weights on the real line, developed in tandem throughout the
1970’s and 1980’s. Mhaskar’s monograph [136] provides an excellent
treatment of the material in this and the next section.

Corresponding to the weight W, we define orthonormal polynomials

o (T) = Dy (Wg,x) =7,2" + ...,
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where v, > 0, satisfying

/ PnPm W2 - 5mn.

Note the weight is W2, not W. This convention simplifes some formu-
lations later on. Let us denote the zeros of p, by

Tpn < Tp—1n < .. < Top < Tip-
The nth Christoffel function for W?2 is

00 2
(4.1) An (W 7I) n deg(lljr)linfl P2 ()

It also satisfies X
Ao (W2 2) =1/ 2 (x)
j=0

Try this as exercise: expand an arbitrary polynomial of degree < n —1
in {p]} , and then use Cauchy-Schwarz, and orthonormality.

Many readers unfamiliar with the detailed theory of orthogonal poly-
nomials, will nevertheless have seen the Christoffel functions in the
Gauss quadrature formula:

/ PW2 ZA x]n P(x]n)7

valid for all polynomials P of degree < 2n — 1. For fixed &, one can
also develop similar quadrature formulae, based on the the zeros of

Pn (17) Pn—-1 (5) — Pn-1 (ZE) Pn (5) .

These zeros are real and simple and include £. There are important
inequalities, the Posse-Markov-Stieltjes inequalities, that are used to
analyze these quadratures. In the simple Gauss case, they assert that
if f is a function with its first 2n — 1 derivatives positive in (—oo, Tk, ),
then
Tkn
Z )\ l'jn f(xjn) S sz < Z/\ xjn) f(xjn) .

j=k+1 -

See [38, p. 33], [136, p. 13]. This may be used to prove [136, p. 17]:

Lemma 4.1
Let n > 1, and £ € (Tps1m, Tkn|. Then there exist upper and lower
polynomials Re and r¢ such that

Te < X(coog) < Re in R
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and
/ (Re —re) W2 < My (W2 20) + (W2, 2 110).

o0

Thus once we have upper estimates on the Christoffel functions, we
have bounds on the error of one-sided polynomial approximation. One
could write a survey on methods to estimate Christoffel functions, there
are so many. Paul Nevai paid homage to them and their applications
in his still relevant survey article [150], as well as in his earlier memoir
[148]. We shall present a very simple method of Freud in a very special
case:

Lemma 4.2
Assume that W = exp (—Q) € F, and in addition that Q is convex.
Then there ezists Cy,Cy > 0 such that for n > 1 and |§| < Cia,,

(4.2) A (W2,€) < Co W2 (€).
Proof
Let
mo
en(e) =35
=0 J’

denote the mth partial sum of the exponential function. Fix &, n and
let

R(x) =W () ey (2 — ) Q' (€)) -
Here [n/2] denotes the integer part of n/2. Now

}e[n/g} (u)’ < Cyexp (u),
for [u| < §. Moreover, given € > 0, we have if |2| < 2a,, and [{] < ca,,
n
(4.3) (2 =€) QO] < 3axQ' (can) < ¢

if only € is small enough. To see this, we use the definition of a, and
the monotonicity of ¢t — tQ' (¢) :

2 [ a,tQ (ayt)
™ Jo V1—1t2

2/1 dt  a, ,(an>
™ 1/2\/1—t22 2/

dt

n =

Thus
an Q' (a?n) < Cin.
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Using the lower bound in (3.15) of Definition 3.3, we obtain for m > 1,
a, Q' <>\‘m%"> < A", Q' (%") < CLA"™,

There we had A\, A > 1, so choosing ¢ = A\™"" /2 with large enough m,
gives (4.3). Next,

R (2)]

IN

ColW = (§) exp ((z = §) Q' (€))
= Crexp(Q(§) + (z =€) Q'(S))
< Crexp(Q (7)),

by convexity of (). Thus
|R (z)| W (x) < Cy for all |z| < 2a,.
Moreover,
(RW) (&) = 1.
Now, we use the extremal property (4.1) of Christoffel functions. We

set P = Rp, there, where p is a polynomial of degree < [n/2] — 1. We
see that

A (W2,6) JW2(E) = inf [ /

o0

<Pw>2} /(WY (©)

deg(P)<n—1 | J_
< it [ e erw @
< ¢ {/Q%<pRWUﬂ/NpRWO2@>,

deg(p)<[n/2]-1 | J _oq,

by the restricted range inequality (3.7). Now we use the upper bound
on RW and (RW) () = 1 to continue this as

< CC%  inf ( / " pQ) /p”(€)

2an

1
_ 2 - 2 2 €
= (CC52a, deg(S)lg[gz/Z]fl (/_1 S ) /S <—2an> :

The latter is the Christoffel function of order [n/2] for the Legendre
weight on [—1, 1], evaluated at £/ (2a,). Using classical estimates for
these [38, p. 103], we continue this as

A (W2.6) /W2 () < O

[ |
Now we present a very special case of the L; approximation:

Theorem 4.3
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Assume the hypotheses of Lemma 4.2 on W. Assume that ' is con-
tinuous, and f'W?* € Ly (R), while f is of polynomial growth at oo.
Then there exists upper and lower polynomials S, and s, such that

(4.4) S, < f<S,inR
and

/ (S, — 5,) W? < C'%” (/Oo |fIW? + Hf/WQHLOO(|x>Can))

Main Idea of Proof

We assume that f’ > 0, and that f* = 0 outside (2, z1,) to simplify
the proof. Recall that z,, and x,, are the largest and smallest zeros
of p, (W2 x). We write the fundamental theorem of calculus

@ =10+ [ 1
0
in the form

f@) = F(0)+ / T X (@) (6 de

- / Yoo (2) 1 (€) d.

To check this, consider separately x > 0 and x < 0. We use the upper
and lower polynomials R, and r¢ of Lemma 4.1 and define

S.(x) = f0)+ / T e @) (©) de
and

- [ R@r @

[e.e]

As f'> 0 and 7¢ < X(_oog) < Re, we obtain (4.4). Moreover,

(Sn - Sn) (-77)
- / (Re — re) () 11 (€) de

[ smsawrs [T [Tt rg@wr a1

—00 —00 —00
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Now by Lemmas 4.1 and 4.2, and some other minor considerations,

| (Re=r () W2 @y do < 0222 (o).

—00

at least for |¢| < Ca,,. Thus,

/OO (Sp — 5n) W2

< Ca_n Cn f/W2
n —Can
+Hf/W2HLOO(|x\zcan) /|§>ca [Wz (€) /_OO(RS—TE) () W2 (z) da | dE.

The first term on the right-hand side has the correct form. The second
tail term does not. One can still use estimates for Christoffel functions,
and some other tricks. See [40], [46] or [136, p. 83 ff.] for more details.
[ |

This is what Freud proved in 1974 [40, p. 297], using these ideas:

Theorem 4.4
Let QQ be an even and convex function on the real line. Assume that Q
is increasing and @' exists in (0,00), and that for some Cy,Cy > 0,

Q' (2z)
Q' (x)
Let v > 0 and ™) be of bounded variation over every finite interval,

and of polynomial growth at oo, satisfying for some A, B > 0 and
mteger m,

1+01< <1+02.

|f (v)] < A+ Bz™™.

Then there exist upper and lower polynomials S,, and s,, of degree < n
such that (4.4) holds and

/OO (S — 50) W2 gc(z—")m (/oo Wz\df(”)|+A+B).

o0 —

The constant C' is independent of f,n, A, B.
While this is a one-sided L; result, it also implies

E,[f;W?h <C (%)TH </oo W2 |df ] +A+B) .

This can be extended to other L, spaces, using duality. See [120] for
an extension to weights with inner singularities.
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4.2. Freud’s Method involving de la Vallee Poussin Means.
This is based on orthogonal expansions, and for the finite interval, was
used before Freud. Freud was the first to make it work on infinite
intervals [41], [42]. For a measurable function for which [*°_(f W) is
finite, we can form the orthonormal expansion

o
[~ E CiDj,
j=0
where

¢ Z/ fpiW?, j > 0.

Define the partial sums of the orthonormal expansion,

n—1

Sulfl = chpj'

j=0
The classic minimum property asserts that

1(f = Sulf]) W||L2(R) =E,1[f;W],= inf |[(f—P) W||L2(R) )

deg(P)<n—1

and the classic Bessel’s inequality asserts that

n—1 1/2
180 AW 1) = <Z |Cj|2> < fWllL, ) -
=0

In particular, {S,} are a uniformly bounded sequence of operators in
a weighted L, space.

Sometimes it is more convenient to use the de la Vallee-Poussin op-
erators

2n
1
Valfl== > 8]
j=n+1
We see that still

Vo lFIW @y < Wy my

so the {V,,} are uniformly bounded in this weighted Lo setting. They
also reproduce polynomials:

V.[P]=P

if P is a polynomial of degree < n—1. However, they are not projection
operators, as V,, [P] is a polynomial of degree 2n — 1 in general. The
real advantage, is that in spaces other than Lo, {V},} is often uniformly
bounded when {S,,} is not.
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Another crucial ingredient are estimates for the Christoffel functions
defined by (4.1). Let us outline some of the main ideas of Freud’s
method to prove the Jackson-Favard inequality

(4.5) E, [fi W], < OB s [f5 W],

(a) We show that {V,,} is a uniformly bounded sequence of linear
operators, first in L., and then in L; (using duality) and then in
L,,1 < p < oo (using interpolation).

(b) We approximate a very special function, something like a charac-
teristic function, in L;, using the method of the previous section.

(c) We prove the estimate in L., using {V,,} and the special function.
(d) We extend to L,, 1 < p < oco.

In our outline, we shall do this only for p = co.
(I) The first step is to show that for some C' # C' (n, f) that

(4.6) Eon [[i W] <N =ValID Wl ) < CEf; W]

Lemma 4.5

The inequality (4.6) holds, provided we assume the estimates (4.13)
and (4.14) below.

Proof

The left inequality here is immediate, as V,, is a polynomial of degree
< 2n — 1. It is the right-hand inequality that requires work. We follow
Freud [42]. The idea goes back at least to Torsten Carleman. The
partial sum s,, [f] admits the representation

(4.7) Sm [f] (x) = cjpj / f(t (z,t) W2 (t)dt,

Jj=0

where

m—1
):=> p;(x)p; (1)
=0
The Christoffel-Darboux formula [38] asserts that

Ym—1Pm (T ( )pmfl (t) — Pm—1 ('T) Pm (t>
Yom r—t '
We now fix x and n, and define

g=f(z) X(m_%7x+a7n)

(4.8) K, (z,t) =

and
=== P (omgp )
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Here xg denotes the characteristic function of a set S. Thus g = f
in an interval of radius 2* about z, and is 0 elsewhere, while A is the
“rest” of f. We have

(4.9) sm [f1(2) = sm [g] (x) + sm [1] (x) .

Now

/ T ) Ko (o) W2 (1)

an

[sm [9]] () =

n

T
< Wiy [ 1o )W (6)

n

2ay, 12 s 2 2 v
Wl (22) ([ KR @OW @)

IN

by the Cauchy-Schwarz inequality. Here, using orthogonality,

T+ 00
/ K2 (2, t)W?(t)dt < / K2 (2,t) W2 (t) dt

an
n
m—1
= ) ()
7=0
2n—1

=0

provided m < 2n. Thus for m < 2n,

9%, 1/2
s o] 0  1W o (222051 (7))

and hence, averaging over s,,, n +1 < m < 2n,

%, 1/2
410 W@ < W (22 0))
Now comes the clever idea. Let

h(t
H(t) = L, teR,
r—1
and denote its Fourier coefficients with respect to {p,} by {¢; [H]}, so
that

7=0
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We use the Christoffel-Darboux formula (4.8) to write

[sm [2] ()]
= 7§m1 P (2) / : H (t) py () W2 () dt — pps (x) / : H () p () W2 (£) dt
= 7;7/1—1 |Dm (@) Cm—1 [H] — Pm—1 (z) e [H]| -

Then summing and using Cauchy-Schwarz,

(4.11) y y
] 2 (Zpi <x>) (Z & <H>> .

m=0

AGICIES: {max

Ym—1
S2n Yoy
Yet another clever idea: use Bessel’s inequality on the Fourier coeffi-
cients of H (recall, this holds for any orthogonal system in any inner

product space),

S (H) < Y & (H)
< /OO(HW>2
B fFOW®N*
a /{t;t—xz“n"}( t—x >dt
< W 25

Then (4.11) becomes
1/2
Vol ) < 222 [ma 222 (2t )

n m<2n ’ym An

Finally, combining this with (4.9) and (4.10) gives
[V [ (2)]

< Wy (o (2,2)) 7 { (20)" 4 2 [ 2ot 2w (1) m} -

n n |m<2n 7y, Qn

(4.12)

Up to this stage, we have not used any properties of the weight, it’s
completely general. But now we use lower bounds for the Christoffel
function

(4.13) A (W2, 2) > C%WQ (), 7 €R, n> 1,
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and an upper bound

(4.14) max Jm=!
m<2n Ym

< Ca,

to deduce that uniformly for n > 1, and = € R,

Vo ST () W () < C WL w) -
Thus, for some C, # C (n, f),

Ve AW L@y < ClW L w) -

Then for any polynomial P of degree < n, the reproducing property of
V., gives

1 =Va D WL @

[(f=P=Volf =Ph)WI,_®

< N =P)Wlp @+ IValf =PIV @
< A+C)If=PYW_ ) -

Taking the inf over all P of degree < n gives the right-hand inequality
in (4.6). We turn to the discussion of (4.13) and (4.14). For the latter,
we can just use restricted range inequalities: if m < 2n

Tm-1 o _ /_00 TPm—1 (7) pr () W (2) da

Tm o0

IN

2am

C{/) Pr (@) P (2)| W2 (&) da
—2am

< C2a,,

by Cauchy-Schwarz. The lower bound (4.13) is more difiicult, see for
example [83], [136], [150]. W

As an aside, let us see how duality also gives this bound in L;. We
use duality of L, norms:

o0

(4.15) ummwmmw?/xmmw%

—00

where the sup is over all measurable g with [[gW{[, ) < 1. (Sorry,

we used g above in a different sense). Now we use the self-adjointness
of V, :

(4.16) | vilsiawr= [~ pvilgwe

o0
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This follows easily, once we prove the self-adjointness of s, :

/Oo sm [f] gW? = /_Z fsm gl W2.

—00

We leave the latter as an exercise (just substitute in the definitions of
Sm [f] and s, [g]). Combining (4.15) and (4.16) gives

WVa AW, = sup / Vi[9 W2

g —00
sup | FW 1l [V [0 Wl
g

(4.17) < ClfWIlL, @

IN

using the case p = oo. With this bound, we can finish off the rest of
the proof as we did for the case p = co. For 1 < p < 0o, one can use
interpolation of operators. It is possible to improve the estimate (4.6)
to include factors that vanish near +a,, reflecting improved approxi-
mation there - see [101]. A partially successful attempt to extend (4.5)
to general exponential weights was given in [102].

An obvious question is for which weights, we have the lower bound
(4.13) for the Christoffel functions. They have not been established for
the class F of Definition 3.3. However, they were established in [83]
for the following class:

Definition 4.6
Let W = exp (—Q), where Q" exists and is positive in (0,00), while
Q' is positive there, with limit 0 at 0, and for some A, B > 1,

(4.18) A-1< xg,’(g)

Then we write W € F*.

<B-1, z€(0,00).

For weaker (but difficult to formulate) hypotheses, these estimates were
proved in [85]. An excellent exposition is given in [136, Chapter 3.
The Christoffel function bound (4.14) there is proved assuming Q" is
increasing. This is true for W = W, if a > 2, while (4.18) holds for
a>1.

The next step is an inequality that is a distant relative of Hardy’s
inequality:

Lemma 4.7
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Let n > 1 and g be a function such that

(4.19) / gPW? =0,

o0

for all polynomials P of degree < n. Then there exists C # C'(n,g)

/
0

For g as above, and any polynomial P of degree < n,

[ = | swecwoam

(4.20) sup W (z)

z€R

Qnp
< Cg lgW L. ) -

Idea of proof
Fix x > 0, and let

— |[ st~ P af

< Wlogey [ l6 = PIW

o0

Taking the inf over all such P gives

|
0
Once we have the estimate

(4:21) W (2) By [0, W], < O,

< HgWHLOO(R) En oy W],

for some C' # C'(n,x), the result follows. To prove this, one use one-
sided approximation as in Section 4.1. See, for example, [42, p. 34].
[ |

Now we can give the Jackson-Favard inequality in the case p = oo:

Theorem 4.8

Let W € F*. Let f be absolutely continuous in each finite interval,
with || f'W{|;__ g, finite. Then for some C' # C (n, f),

(07% ,
(4.22) B, [f; W], < Cﬁ [FRLATS

and

(4.23) E.[f; W], < C%En,l If W
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Proof
Let

g(@)=f"(z) =V, [f]().
This does satisfy (4.19). Indeed, if P is a polynomial of degree < n,
self-adjointness of V,, gives

/_:gPW = /_C:f’PWZ—/_:Vn[f’]PW2
= [ rewr [ pvapwe—o

as V,, [P] = P. Next, let

so that N N
<f—Un><>=/0 (f’—Vn[f’])Z/O g
Then
Wi(f-U, = ||W ’
W (F— U)o H [ -,
Qn

< C— ||gW
> n g HLOO(R)

_ c%" I = Va D W)

Here we applied Lemma 4.7 and then Lemma 4.5. This also gives, as
U, has degree < 2n,

Ean [fi W] € CZ2E, [f3 W], € OZ W)
Replacing n by n/2, and using the fact that a,/» < a,, we obtain
Enlfi W) S O IF Wl ey
Finally, we observe that for any polynomial P of degree < n,
E W] = Enlf —PiWl,
< Can_n H(f - P)/WHLOO(]R)'

Choosing P’ suitably gives (4.23). B
For the extension to all 1 < p < oo, see [136, Chapter 4].
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4.3. The Kro6-Szabados Method. The idea here [69] is to make use
of the alternation/ equioscillation for best polynomial approximants,
together with some clever tricks. On a finite interval, the idea was used
by Bojanov [5], Babenko and Shalaev. While it works quite generally,
it does not yield the correct Jackson rate. Maybe some clever tweaking
can repair that?

Let us fix a function f, and n > 1, and let P be its best polynomial
approximation of degree < n in the weighted uniform norm. Thus

1(f =PVl & = degi(f}jggn I(f =PI, @ = Enlfs W]
Then there exist equioscillation points {yj}?iol such that for 0 < j <
n+1,
[(f = PO)W](y;) = e (1) En [f; W], -

The number € € {—1, 1} is independent of j. In terms of these, there
is the determinant expression

L
By [f; W], = | — L
U( g 1 ... T >
Yo Y1 .- Yn+1
where for functions {gb]}
Po P11 oo P gl
U n+ = det (o, (y:))™
(yo Yiooe Yot et (i (11))i=0

and ¢ is a function such that
(GW) (y;) = (1), 0<j<n+1,

A proof of this formula may be found in [166, p. 28]. By some elemen-
tary determinantal manipulations, one can show that ,

c( S ) =0 0 U ) - S 0] B

Yo Y1 -+ Ynt1 P
and
g 1 ... " 4l n . B
v = (=1 W +W By.
< Yo Yi --r Unsl ) (=1) % [ (Y1) (yx)] Bk

Here By, is the determinant of a matrix with entries involving only {y;}.
Then one obtains

n

S (=D [f () = f ()] i

k=0

(4.24) E,[f; W], =




38 D.S. LUBINSKY

where
By,

> o W (yin) + Wt (yy)] By

Suppose we define the (unusual!) modulus

o (Fef) = " 1f () — f ()]
f58) oyek, |£—y\§t W (z) "+ W (y)"

where v € (0,1). Then from (4.24),

d, =

B, [f; W] < Z \die] (W (i) " 4+ W () ") woy (F5 191 — Yal) -

k=0

Now one uses properties of the modulus w, and then has to estimate
the {d;}. This involves tricks such as needle polynomials. Here is a
sample of what can be achieved:

Theorem 4.9
Let @ : R — R be an even continuous function, which is positive and
differentiable for large x, and with

/ !/
(4.25) 0 < timinf “2) < pi qup 2L

zoe0 Q) T amee Q)

Let Q=Y denote the inverse of Q, defined for sufficiently large positive
x. For small n, take QY (n) to be 1. Assume that 0 < v < 1, and
f R — R is continuous, with

lim f(z)W7(z)=0.

2| — o0

(a) Then for some C; # C; (f,n),

QY (n)logn
Ao n
(b) Let 0 < e < =2, Then for some C # C (f,n),

2—y

(4.26) By [f; W], < Croy(f; )+ e Wy -

1—
J_A'_g

(4.27) E, [f; W], <Ciwy(f; 1,77 ),

where for large enough n,
Q=1 (n) t
(4.28) I, ::/ Qt—g)dt
1

Note that (4.25) requires less than we required for W € F, but the
restrictions on f are more severe than in Theorem 3.5, and instead of
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= inside the modulus, we obtain essentially anlogn “Phe houndary case

Q (z) = |z| satisfies the above conditions, and in this case we obtain

B, [f; W], < Chws(f; (logn) 77 7).

Here by choosing v small enough, the exponent of logn can be made
arbitrarily close to —1.

This method is interesting, and general. The challenge is how to
tweak it, if possible, to get the correct Jackson rate.

4.4. The Piecewise Polynomial Method. This is undoubtedly the
most direct and general method, and Ditzian and the author used it
to prove Theorem 3.5. However, it does pose substantial technical
challenges. For finite intervals, it has been used for a long time, and in
spirit goes back to Lebesgue’s proof of Weierstrass’ Theorem. Lebesgue
first approximated by a piecewise linear function, and then polynomi-
als. It has served as a powerful tool on finite intervals, for example in
investigating shape preserving polynomial approximation, the degree
of spline approximation, and even approximation by rational functions
[30], [155].

The function f is first approximated by a piecewise polynomial (or
spline). Each of the piecewise polynomials is generated via Whitney’s
Theorem. Then special polynomials that approximate characteristic
functions, are used to turn the spline approximation into a polynomial
approximation. We illustrate the method as it is used to prove Theorem
3.5 for Freud weights.

Step 1: Partition [—a,, a,]

Recall that our modulus w, , involves a tail piece, that will take care
of the behavior of f (z) for very large x. So we fix n and concentrate
on approximation on the Mhaskar-Rakhmanov-Saff interval [—a,,, a,].
We partition this interval into small intervals of length %= :

Oy, =T < T1 < T2 < ..<To, =20y

Set
Ij = [Tj,Tj+1],0§j§2n—1.

Step 2: Use Whitney’s Theorem to develop a piecewise poly-
nomial approximation

We fix r - this will be the order of the modulus. We approximate f
on I; by a polynomial p; of degree < r, and then form the piecewise
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polynomial
2n—1

—p0+z — Pi=1) Xir; an]:
where, as usual, X, 4] denotes the characteristic function of the inter-

val [7;,a,]. When restricted to [, the sum becomes a telescopic sum:
we see that in the interior of Iy, namely in (74, Tx11),

po+z —Dj-1) = Dk

Then, if p < o0,

2n—1

I = SUDW g = 2 / (F = p) WP
2n—1
(4.20) < CY WIS -l

In this step, we use the fact that because the intervals /; have length
4V does not grow or decay by more than a constant. The idea is
that for x,y € I,

Wiz)/W(y) = exp(Qy) —Q(x))
= exp(Q' (&) (z—v))
e\ n
(4:30) < e (QOT) <0
since ()’ is bounded by C';- throughout [—an,a,]. (This is true for

Freud weights in the class F* but fails for Erd6s weights). Now comes
the application of Whitney. Let

I =1;U I

By Whitney’s Theorem on the interval I3 [155, p. 195, p. 191], we can
choose p; of degree < r such that

an/n
n
—plP <O AT (@) dv ds = CQ2,
||f p‘]”Lp(I;) —Can/o I;’ sf('r)‘ L as C 7

Here C' is independent of f,n,j. The strange creature on the right is
really the pth power of an rth order integral modulus of continuity on
the interval /7. In forming the rth difference in this integral, one uses
the convention that the difference is taken as 0 if any of the arguments
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of the function are outside the interval I7. Substituting this in (4.29)
and using (4.30) gives

an/n an
n
I = SUDWIL, ey < O / WA (2)|P dz ds
n J0 —an
(4.31) < C swp WAL o0
0<h<n

Step 3: Approximate the characteristic function X[r;an]
Now comes the difficult part. We approximate X[r;.an] by a polynomial
R; of degree < Ln giving the polynomial

Plfl=po+ Y (pj—pj-1) R;

which is of degree at most Ln + r. Here the constant L is independent
of n, and arises in the challenging task of generating ;. We see that
then

2n—1

(4.32) SU) =PI =3 5= 1) (Xt — B

=1

To estimate this, we compare p; and p;_; on the common interval
where they approximate f, namely /;. (That is why we used Whitney
on [ = I; U Ij;;). We obtain, even for p < 1,

Ip; — PﬁlHLP(Ij) <O+ 9).

Now we use Nikolskii inequalities, which compare the norms of polyno-
mials in L, and L,, and the Bernstein-Walsh inequality, which bounds
the growth of polynomials outside an interval, once we know their size
on the interval. Together they yield for all real x,

n

n 1/p n r
433) - pl@ <0 (2) 7 (14 - nl) @49,

Again, the constant C' does not depend on z, or n, or f. It does however
depend on 7, which crucially remains fixed. The —*- factor arises from
the length of I;. Suppose now that for a given /,

W (z)
(@) W (7;)

—£
(434) ‘X[T]_’an] — Rj S C (1 =+ aﬂ ’x — Tj|> , X € R,




42 D.S. LUBINSKY

where C' is independent of f,n,j, x. Then substituting this and (4.33)
into (4.32) gives

|5[f]—P[J;]|(lfr)W($)
< C (£>1/p i (1 o Tj\)MW(Tj) (1 +9,).

a
n =1

From here on, we need to proceed a little differently for p < 1 and
p > 1. Let us suppose p > 1. By Hoélder’s inequality, with ¢ = £

p—1’

|1 = PLAP () W* (z)

I n (r—0p/2
< O ;(1+a|x—7j|> WP (r;) Q2| x
2n—1 n (r—f)q/277/1
(4.35) X [; (1+a|x—rj|> ] .

We also use the fact that 14X [z — 7| is bounded by a constant times
1+ X |z — 7j_4] throughout the real line. Next, if ¢ > r, the function

- ) (r—£)q/2

u— (1+2|e—u is increasing in (—oo, x) and decreasing in
an )

(x,00), so we can bound the second sum by an integral:

2n—1 n (r—0)q/2
Z 14+ — |l’ - Tj|
a

=1 "

e n (r—0)q/2
(1+—]:z:—u|> du+1
a

n

A
(]
|

S Cu

with C # C (n,z), provided only (r —¢)¢/2 < —1. So all we need is
that ¢ is large enough. Now we integrate (4.35):

(4.36) IS Tf] = PUDWIL, @)
e 0o n (r—)p/2
< cpSwrme [ (1eieonl)
2n—1
<

Cy WP (r;) @,
j=1
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again, provided ¢ is so large that (r — /) p/2 < —1. Finally,

2n—1

> WP () @
j=1
an/n 2n—1
- [Z WP (7, / |ATf( |pdx] ds

< C swp / W (2) ALf (@) de = C sup |[WALFIE

0<h< o 0<h<on
Combining this, (4.31), and (4.36), gives
I = PLDWITL, &

< C’{ sup ||[WA} f|| —aman] +||JCVVHLP z|>an)}
O<h<Lon

That’s it! Reformulating this in terms of the modulus of continuity is
relatively straightforward. Of course we assumed:

Step 4: Construction of the {R;}

Recall we want RR; of degree < Ln, satisfying

(4.37)

X —R‘|(x)M<C 1+£|x—7'| B r€R, 7€ [—ay,a,)
[7,an] J W(T)_ a, ) ) ny Wn]

with constants independent of 7,n,z. The problem here is the W (7)
in the denominator. It’s tiny for 7 close to a,, and we want R; to
approximate 1 in [7,a,], and to approximate 0 elsewhere in R. One
starts with an even entire function

o

0

x) = 5 Gojr”
j=0

with all go; > 0 such that
) < (GW) (I‘) < CQ, r eR.

Such functions were constructed in [87]. We let G,, denote the nth
partial sum. One can show that

(G W) (z) < Cy, = €R,

and
Cl S (GnW) (l’) S CQ, |ZL’| S C’lan.
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Next, we need needle or peaking polynomials V), ¢, built from Cheby-
shev polynomials, satisfying

HVn,&HLm[_Ll] = Ve &) =1

By/1—[¢]
Ve ()] < Thf—g te[-1,1\{¢}
and
Ve = 1 g <ol

The constants B, C' are independent of n, &, z. We define [33, p.121]

I Grnga (5) Vg (s/asra)* ds
I Grnga (8) Vi (s/asia)” ds

where L and 7* are appropriately chosen, and £ = 7/ar,. To prove this
works, we split the integral into various pieces, consider several ranges
of z, and reduce other ranges to the main range, where T € 5, a,]|, for
some fixed S. All the details appear in [33].

We note that for Erd6s weights, or exponential weights on [—1,1],
the technical details are still more complicated - the subintervals /; of
the [—a,, a,] are no longer of equal length. See [27], [92], [93].

R;(z) =

5. WEIGHTS CLOSE TO EXP(— |z])

The weight exp (— |z|) sits "on" the boundary of the class of weights
admitting a positive solution to Bernstein’s problem. That boundary
is fuzzy, but if you recall that W, (z) = exp (— |z|”) admits a positive
solution iff a > 1, this makes sense. So it is not surprising that results
like Jackson’s theorem, tend to take a different form. Freud was inter-
ested in this boundary case right throughout his research on weighted
polynomial approximation. In 1978, Freud, Giroux and Rahman [43,
p. 360] proved that

ElfsiWili = if [ (f = P)W1 ||,

deg(P)<n

1

where

cwﬁazwm/fuﬂmwx+m—uwnunm+a/mUWﬂ

|h|<e J -0 oo
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Here C' is independent of f and n, and v/n could be replaced by n!—°
for any fixed § € (0,1). Compare the @ inside the modulus to the

n~ e we obtained for W,, o > 1. This suggests that

1
(5.1) lim n~ttVe = —
a—1+ logn

at least in the sense of Jackson rates! Ditzian, the author, Nevai and
Totik [34] later extended this result to a characterization in L;. The
technique used by Freud, Giroux and Rahman was essentially an L
technique, using the relation between one-sided weighted approxima-
tion, Gauss quadratures, and Christoffel functions - as we discussed in
Section 4.1.

Only recently has it been possible to establish the analogous results
in L,, p>1[98]. The author modified the spline method discussed in
Section 4.4 above. The challenge, is that however you tweak the con-
struction of {R;} there, it does not work. So a new idea was needed.
As the peaking polynomials used there do not work for W7, they were
replaced by the reproducing kernel for orthogonal polynomials for W2,
and in the proofs, the author needed bounds for these orthogonal poly-
nomials, implied by recent work of Kriecherbauer and McLaughlin [68].

If we examine the modulus used in (3.13) for W,,a > 1, we see
that the interval [—hﬁ, hﬁ] is no longer meaningful for o = 1. It
turns out to be replaced by [— exp (%) , €Xp (1—25)], for some fixed
e € (0,1). The modulus becomes

wrplfsWast) = sup | Wi (ALF) - exp(252) exn(152)]

t t

(5.2) + inf | (f—P)W; HLP(R\[f exp( 152 )+1,— exp(152) +1) -

deg(P)<r—1 t t

The author proved [98]:

Theorem 5.1
For 0 <p < o0, and n > Cs,

1

(5.3) B, [fs Wh], < Crwp(f, Wh, W)-

Here (', Cy are independent of f and n.

While this may be a technical achievement, it is scarcely surprising,

1

given that Freud, Giroux and Rahman already had the rate O <logn

in the L; case. What about a Jackson-Favard inequality? The “limit”
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(5.1) suggests that an analogue of (3.10) should have the form

c
B S Wil < o | Wl

Remarkably enough this is false, and there is no Jackson-Favard in-
equality for Wi, not even if we replace @ by a sequence decreasing
arbitrarily slowly to 0. More generally we answered in [99] the ques-
tion: which weights admit a Jackson type theorem, of the form (3.10),
with {a,/n} > replaced by some sequence {n,} -, with limit 07 We

proved [99]:

Theorem 5.2

Let W : R — (0,00) be continuous. The following are equivalent:

(a) There exists a sequence {n,} -, of positive numbers with limit 0
and with the following property. For each 1 < p < oo, and for all

absolutely continuous f with || f'W |1, w) finite, we have

(5.4) degi(gggn I (f = P)W @< nu | fW llL,@,.n = 1.
(b) Both

(5.5) lim W (x) / ' Wwt=0

and 0

(5.6) lim W (2)™ /oo W =0,

with analogous limits as © — —o0.
Two fairly direct corollaries of this are:

Corollary 5.3

Let W : R — (0,00) be continuous, with W = e~%, where Q (z) is
differentiable for large |x|, and

(5.7) lim @ (z) =00 and lim Q' (z) = —oc.

Tr——00

Then there exists a sequence {n, } —, of positive numbers with limit 0
such that for each 1 < p < 00, and for all absolutely continuous f with
| f'W |, finite, we have (5.4).

Corollary 5.4
Let W : R — (0,00) be continuous, with W = e~%, where Q (z) is
differentiable for large |x|, and Q' (x) is bounded for large |z|. Then
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for both p =1 and p = oo, there does not exist a sequence {n,} —, of
positive numbers with limit 0 satisfying (5.4) for all absolutely contin-
uous f with || f'W ||, m) finite.

In particular for Wi, there is no Jackson-Favard inequality, since both
(5.5) and (5.6) are false. Thus there is a real difference between density
of weighted polynomials, and weighted Jackson-Favard theorems. It is
possible to have the former without the latter.

A key ingredient in the above theorem is an estimate for tails [99]:

Theorem 5.5

Assume that W : R — (0,00) is continuous.

(a) Assume W satisfies (5.5) and (5.6), with analogous limits at —oo.
Then there exists a decreasing positive function n : [0,00) — (0,00)
with limit 0 at oo such that for 1 < p < oo and A > 0,

(5.8) | W L@ < 7N | W |, @)

for all absolutely continuous functions f: R — R for which f(0) =0
and the right-hand side is finite.

(b) Conversely assume that (5.8) holds for p =1 and for p = oo, for
large enough A. Then the limits (5.5) and (5.6) in Theorem 1.1 are
valid, with analogous limits at —oo.

The above results deal with L, for all 1 < p < oo. What happens
if we focus on a single L, space? We recently proved [100]:

Theorem 5.6

Let W : R — (0,00) be continuous and let 1 < p < oo and Il)+ % =1.
The following are equivalent:

(a) There exists a sequence {n,} -, of positive numbers with limit 0
and with the following property. For all absolutely continuous f with
| f'W |, finite, we have

. ' — < ' > 1.
(5.9) degl(flgggn | (f=P)YW e, <. [l W ||z, ®),n > 1
(b)

(5.10) g}ljgo HW_IHLQ[O Wz,

] z,00)

0,

with analogous limits as x — —o0.

As a consequence one can construct weights that admit a Jackson the-
orem in L, but not in L, for any 1 < p,r < oo with p # r:
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Theorem 5.7
Let 1 < p,r < oo with p # r. There exists W : R — (0, 00) such that
1
e < W (z)/exp (—352) <1422 z€R,

and W admits an L, Jackson theorem , but not an L, Jackson theo-
rem. That is, there exist {n, } —, with limit 0 at oo satisfying (5.9) in
the L, norm, but there does not exist such a sequence satisfying (5.9)
in the L, norm.

This is a highly unusual occurrence in weighted approximation - in fact
the first occurrence of this phenomenon known to this author. Density
of polynomials, and the degree of approximation is almost invariably
the same for any L, space (suitably weighted of course). Recall Koosis’
remark quoted after Theorem 1.6 [67, pp. 210-211].

6. RESTRICTED RANGE INEQUALITIES

We have already seen the role played by restricted range inequalities
(often called infinite-finite range inequalities) in weighted Jackson the-
orems. Paul Nevai rated Freud’s discovery of these as one of his most
important contributions to weighted approximation theory. One is re-
minded of their import when one recalls that Dzrbasjan did not have
these, and could only prove estimates in a fixed finite interval. This
should not detract from admiration for the generality of Dzrbasjan’s
results, and the sophistication of his ideas, which are still being used.

Let’s recap a little. Recall that Freud and Nevai proved that there
are constants C'; and Cy such that for all polynomials P, of degree at
most n,

(61) || PnWO‘ ||LP(R)§ Cl || PnWO‘ ||Lp[701n1/a,01n1/0‘] '

The constants C; and C5 can be taken independent of n, P, and even
the L, parameter p € [1,00]. Outside the interval [—Cin'/*, Cin'/*],
P, W, decays quickly to zero. For more general W = exp (—Q), one
replaces n'/®, with Freud’s number g,,, the positive root of the equation

n = qg,Q" (qn) :
If 2@’ (x) is positive, continuous, and strictly increasing in (0, co), with

limit 0 at 0, and oo at oo, then g, exists and is unique.

Theorem 6.1
Assume that x@Q' (x) is positive, continuous, and strictly increasing in
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(0,00), with limit 0 at 0, and oo at oo, then g, exists and is unique.
Then for n > 1 and polynomials P of degree < n,

(6.2) ||PW||LOO(]R) = ||PW||LOO[

_4q2n 74q2n} :

Proof

This type of proof was used many times by Freud and Nevai; see also
the monograph [136, p. 66]. Recall that if T, is the classical Chebyshev
polynomial, then for |x| > 1 and polynomials P of degree < n,

63)  [P@I<Ta(eD 1Pl ory < CleD" 1Pl -1 -

Scaling this to [—qon, g2n], and using the fact that @ is increasing in
(0,00) gives

2]z[\"
’P(l’)’ < (q ) ”P||Loo[—Q2mQ2n}

2n
2|z\" .. _
< (E) W @) 1Pl
S0 2" W ()
n X X
|PW’ (.ZU) S 2 A (4 ) ||PW||L00[_q2n7q2n} :

Now if > 4qs,,
n x - /
2"W (2) / n—uQ(u)
q2n

log ——7F7— =
u

4q2n d
< —n/ aw_ —nlog4,
q u

2n
since u > @9, = u@’ (u) > 2n. Substituting in above, gives for z >
4QZn7
[PW () <27 [[PWIlL_(~ 00 q0m] -

This certainly implies (6.2). B

The proof clearly shows the exponential decay of PW outside the
interval [—qon, ¢2,], which depends only on n. In L,, any p > 0, a
typical analogue is

1PWI|L, @ < 1+ ) [PW]

where C' > 0, and B is large enough.

These inequalities are sufficient for weighted Jackson and Bernstein
theorems, but not for some of the deeper results such as Bernstein
inequalities with endpoint effects, or convergence of orthogonal expan-
sions, or Lagrange interpolation, let alone asymptotics of orthogonal
polynomials. With such questions in mind, Mhaskar and Saff asked in

_Bq2nqu2n]
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the early 1980’s: where does the sup or L, norm of a weighted polyno-
mial really live? Clearly it is inside the intervals [—Bqap, By,,|, with
appropriate B, but what is the best B? In seminal papers [138], [139],
[140], they used potential theory to obtain the answer. In another sem-
inal development, E.A. Rakhmanov a little earlier [162] developed the
same potential theory in order to investigate asymptotics of orthogonal
polynomials.

One of the best ways to understand their work is to recall Bernstein’s
bound for growth of polynomials in the complex plane. For n > 1,
polynomials P of degree < n, and z ¢ [—1, 1],

2+ V1| Pl g

Thus once we have a bound on P on an interval, we can estimate its
growth outside. Of course, it is related to the inequality involving T;,,
that we used above, but that works only for real z.

Now let us look for a weighted analogue for even weights W =
exp (—Q), where, say, © — z@Q’' (x) is increasing, positive, and contin-
uous in (0, 00). Suppose that a > 0, and we have a function G = G,,,
with the following properties:

(I) G is analytic and non-vanishing in C\ [—a, a;
(IT) G (2) 2™ has a finite limit as |z| — oo;
(IIT) |G (2)] — W (z) as z — x € (—a,a).

Then given a polynomial P of degree < n, the function PG is analytic
in C\ [—a, a], including at co, where it has a finite limit. Moreover, for
z € (—a,a),

[P (2)] <

lim [ PG| (2) = [PW] (2) < [PW],_ .-
By the maximum modulus principle, we then obtain
PGl (2) < [PWIlL (—a)» 2 ¢ [—a,a].
In particular, for real z with |z| > a,
[PW] () <[[PWIl,_ 1 _qaW (2) /Gha(2)-
For a given n, Mhaskar and Saff found the smallest a = a,, for which
(6.4) W(x)/Gha(x) <1 forall |z| > a.
Clearly, we then have
P (@) < |PW]),.
and the Mhaskar-Saff identity
||PW||LOO(R) - HPWHLOQ[

1ol > an,

—Qn,0n

—anyan} :
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Recall that a,, is called the Mhaskar-Rakhmanov-Saff number, and is
the positive root of the equation

2 [ a,tQ (ant
(6.5) no 2 [ antQ (ant)

™ Jo V1 —t?

For the weight W, (z) = exp (— |z|"),a > 0,

9\ 1/
et
" {2 r(a)} |

How does this arise and how does one find the function G, ,? We
solve the integral equation

1
(6.6) /_ log |x —t| p,, , (t) dt = @ + g, T € [—1,1]

1
for the function p,, ,, and some constant ¢, 4, subject to the condition

/ fna = 1.

By (formal) differentiation, we see that this is really equivalent to solv-
ing a singular integral equation

[ a0y 9 tar)

) ﬁ 0 , T € <—CL, CL) .
The integral on the left is a Cauchy-principal value integral. There is a
well developed theory of such equations [47], [163]. One can show that
[111, p. 37], [136, p. 124 ff]
2 (' V1= 22asQ (as) — axQ’ (ax)d N Bi.a
s

(67) Hnq ((L’) = P 0 m n (82 _ xg) Wm’

where

2 [t atQ (at)
6.8 Bp,=1—— | —/—==dt.
(6.8) , o ) i

Then the function G,, , is given by

! z
Gna(2) = exp <—n/ log (— - t) o (1) dt + nc,w)
-1 a ’

so that for = € [—a, d],

1
|Gh.a ()] = exp (—n/ log E — t’ fq () dt - ncma) =W (x),
1

by (6.6). So at least we have verified (III) above. It turns out that
whenever B, , > 0, then W/G,,, > 1 in some right neighborhood of 1.
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Thus we look for the smallest a for which B,,, = 0. We see from (6.8)
that this requires

2 [t atQ' (at)
nw Jo 1 —1t2

This scratches the surface of an extensive theory. The monograph
of Saff and Totik [163] contains a detailed and deep development. A
more elementary treatment is provided in [136], though that will be
more than sufficient for those interested only in the topics of this sur-
vey. For general exponential weights, restricted range inequalities in

quite precise form are investigated in [85]. Here is a typical result [85,
Theorem 1.8, p. 15], [136, Thm. 6.2.4, p. 142]:

1-— dt =0=a=a,.

Theorem 6.2
Let Q : R — [0,00) be even and convex, with limit co at oo and

0=Q(0) <Q(x),z#0.
(a) For not identically zero polynomials P of degree < n,

||PW||LOQ(R) = ||PW||L00[

_anaan}

and

(ln,(ln] _anyan] :

IPW 1o y < 1PWl
(b) Let 0 < p < oo and P be a polynomial of degree < n — %. Then

IPW L@ < 27 IPWIlL a0

and
[PW 1, e )y < IPWp, -

Quite often, we need a smaller estimate for the tail, and this is possi-
ble provided we omit a little more than the Mhaskar-Saff interval. Here
is what can be achieved [85, Thm. 1.9, p. 15] for the class of weights
F*, specified in Definition 4.6:

an,an] anyan] :

Theorem 6.3
Let W e F*and 0 < p < oo. For n > 1,k € (0,1] and polynomials P
of degree < n,

HPWHLP(R\[— ) = Chexp (—”0253/2) “PWHLp[fan,an] :

an(14K),an (1+K)]

Here Cy and Cy are independent of n, P, k.
More generally, it was proved there

Theorem 6.4
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Let W = e %, where Q : R — [0,00) is even and convex, with Q
having limit oo at oo, and
Q)

0 =0

is quasi-increasing in the sense of (3.27) of Definition 3.11. Assume
furthermore that for some A > 1, T > A in (0,00), while

(6.9) )~ 7 (v[1- 5] ) we @00,

Then for n > 1,k € (0, T(in)} and polynomials P of degree < n,
(6.10)
HPW"LP(R\[fan(1+ﬁ),an(l+n)]) < Crexp (—anT (an) 53/2) HPWHLp[fan,an] :

Here Cy and Cy are independent of n, P, k.
Finally, we can go back a little inside the Mhaskar-Saff interval if we
allow a cruder estimate on the tail [85, Theorem 4.2(a), p. 96]:

Theorem 6.5
Assume in addition to the hypotheses of Theorem 6.4, that Q" exists
and is positive in (0,00), while for some C' > 0, and large enough x,

1 /
Q@) _ Q)
Q' (x) —  Q(x)
Let 0 < p < oo and A > 0. Then there exists ng and C' such that for
n > ng and polynomials P of degree < n,

(6.11) IPW L ) < CHPWI o -amyan(=An,)) 0
where
(6.12) N, = (nT (an))"2/>.

See [57], [61], [85], [134], [136], [145], [163] for further discussion of
restricted range inequalities.

7. MARKOV-BERNSTEIN INEQUALITIES

Markov-Bernstein inequalities have already been mentioned above.
They are the main ingredient of converse theorems of approximation,
but also enter in many other contexts. For the unweighted case on
[—1, 1], the classical Markov inequality asserts that

(7.1) ||P/||Loo[—1,1] <n? ||PHLOO[—1,1} )
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for n > 1 and all polynomials P of degree < n. The Bernstein inequal-
ity improves this as long as we stay away from the endpoints:

(7.2) [P (z)] < re(=11),

n
N 1Pl 71y s
for n > 1 and all polynomials P of degree < n.

The weights W, (x) = exp (— |z|*),a > 0, already provide a lot of
insight into the weighted case on the real line. The analogue of the
Markov inequality is

nt=le o >1
(7.3) 1P Wall, @) < CllEWally, @ § log(n+1), a=1
1, a<l

This is valid for all n» > 1 and polynomials P, of degree < n. The
constant C' depends on p € (0, 00| and «, but not on n or P. It’s no
accident that the factors arising are similar to those in the Jackson
rates, and for a < 1, the factor is bounded independent of n. For
a > 2, these inequalities were proved by Freud; for 1 < a < 2, by Eli
Levin and the author; and for o < 1, by Paul Nevai and Vili Totik.

In order to generalize this for arbitrary (), we should try to cast this
estimate in a unified form. For o > 1, we see that

n
n' M = O — = C5Q (an)
Qn
where Q (z) = |z|*, and recall, a, = Cin'/®. As we shall see, Q' (a,)
is the correct factor whenever W = exp (—@Q) and @ is even and grows
faster than |z|* for some o > 1. For Freud weights, where @ is of
polynomial growth, but still grows faster than |z|*, for some o > 1,
we can use ;= However, for all polynomial rates of growth, including
|z|* ;o < 1, we can use
Cn ds

o QU (s)’
where if Q is strictly increasing and continuous on [0, c0), Q! denotes
its inverse. The most general L., result for ) of polynomial growth,
with this factor, is due to Kro6 and Szabados [69, p. 48]:

Theorem 7.1
Let W = exp (—Q), where @Q is even, continuous, increasing in (0,00),
and twice differentable for large enough x, with

(7.4) lim inf xg/(g)

> 0;
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. z@Q" (x)
(7.5) lliris;}p o) < 00
Then for n > 1 and all polynomials P of degree < n,
Cn
Wl < [ o [PW -
o (R) = ) Q[—l] (S) Loo(R)

Here C # C (n, P).

The author and Eli Levin used the slightly more restrictive condi-
tion that W € F*, so (4.18) holds. This implies, like (7.4) and (7.5),
that ) grows faster than some positive power of x, but slower than
some other positive power of x. Strangely enough, there does not seem
to be a published form of this result in L, . Indeed, extra difficulties
arise in L, - we shall discuss techniques for proving Markov-Bernstein
inequalities in the next section. However, there are results that apply
to L, separately for the case where () grows faster, or slower, than |z|.
First, we record the former case [84, p.231]:

Theorem 7.2
Let W € F*. Let 1 < p < oo. Then for n > 1 and all polynomials P
of degree < n,

n
HP,W“LI,(R) < Ca ||PW||Lp(R)'

Here C # C'(n, P).

This was later extended to the case 0 < p < 1 [85, Corollary 1.16, p.
21]. For weights growing slower than |z|, Nevai and Totik [151, Thm.
2, p. 122] used a beautiful method to prove:

Theorem 7.3
Let W = exp(—Q), where @) is even, increasing, and concave in
(0, 00), with
Q(z) dr < oo
o 1+ a2

Then for n > 1 and all polynomials P of degree < n,
IPW L@ < CIPWIL & -
Here C' # C (n, P). If in addition,
2 —Q (2
20 Q@)

T—00 log x B

9

then, given p > 0, we have for n > 1 and all polynomials P of degree
<n,
IPW L@ < CIPWI L, @ -
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Here C # C (n, P).

The above are all Markov inequalities, analogues of (7.3). There
are also Bernstein inequalities, which reflect the opposite feature of
the finite interval case. The growth in n decreases towards the end
of the Mhaskar-Rakhmanov-Saff interval. To state these, we need the
function

¢, () :max{l - m,n_2/3}, z e R.

n

Eli Levin and the author proved [84, Thm. 1.1, p. 231]:

Theorem 7.4
Let W e F* and let 1 < p < oco. Then for n > 1 and all polynomials
P of degree <n,

|Pwy o2

n
<C—||PW :
oy SO IPW s

Here C' # C (n, P).
For p = oo, this was proved in [82], and for 1 < p < oo, in [84]. If
p = oo, we see that this has the consequence

/ n2/3
!(PW) (an)‘ < Ca_ HPWHLOO(R)v

when P has degree < n. There is in [84, Thm. 1.2, p. 233] an analogue
of this for weights satisfying (4.18) in Definition 4.6 with A > 0 only
(such as exp(— |z|”),a < 1). One fixes € (0,1), and proves that

|ewy o2

n

n

aznan) = Cap W ey

Note that in the Bernstein inequalities, it is essential that we estimate
(PW)', and not P'W. There is no improvement for the latter, at least
in general, near +a,,.

Analogues of Markov and Bernstein inequalities have also been ob-
tained for Erd6s weights, where @) is of faster than polynomial growth,
as well as for exponential weights on (—1,1). They are also available
for non-even exponential weights on a possibly asymmetric finite or
infinite interval [85]. For simplicity, we quote only the even case. First,
we define a suitable class of weights, which includes both the Freud
and Erdds weights in the real line, and exponential weights on (—1,1):

Definition 7.5

Let I = (—d,d) where 0 < d < co. Let Q : I — [0,00) be an even
function with the following properties:

(a) Q' is continuous and positive in I and Q (0) = 0;
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(b) Q" exists and is positive in (0,d);

(c)
Jim @ () = oo;
(d) The function
_ Q')
TO=50

is quasi-increasing in (0,d), in the sense that
0<z<y<d=T(r)<CT(y).
Moreover, for some A > 1,
Tt)>A>1,te€(0,d).
(e) There exists Cy; > 0 such that
@@, @
Q' (z) Q ()
Then we write W € Fopen (C?). If also, there exists ¢ € (0,d) such
" @) @)
> Cy

Q' (z) Q(z)’
then we write W € Fopen (C%+).

.z € (0,d)

x € (c,d),

Examples of weights satisfying this are W,,a > 1, as well as W =
exp (—Q), where

(7.6) Q () = expy (|z]") — exp (0) , © € (—00,00)
with £ > 1, > 1, and

exp, = exp (exp (...exp()))

denoting the (th iterated exponential. We set exp, () = x. Others
include

(7.7) Q (x) = expy ((1 — x2)_a) —exp, (1), z € (—1,1),

where now ¢ > 0 and a > 0.

Theorem 7.6
Let 0 <p<ooand W =e @ € Fopen (C?). For n > 1, let

1 — lal

a2n

Qn

u (@) = \/‘1_%

(7.8) .
+ (nT (a,))~*?
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Then for n > 1 and polynomials P, of degree < n,

IPWY only, @) < CNPWIlL, @ -

Moreover,
n 1/2
IPW 1, ) < c— T (an)"? || PW [

This result is a special case of Theorem 1.15 and Corollary 1.16 in [85,
p. 21]. There the restrictions on @) are weaker, but the definition of the

classes is more implicit, so we restrict ourselves to the smallest even

case considered there. The main feature is the extra factor T (a,)"?,

which really is there - weighted extremal polynomials attain it, see [85].
As examples, @ of (7.6) has Markov factor [85, p. 30]

1/2
n
a_T (an)? ~ 1/a (H log; n ) :

log n)

Here

log; = log (log (... log ()))
denotes the jth iterated logarithm. For @ of (7.7) and ¢ = 0, the
Markov factor is [85, p. 32]

n 1/2 2a+2
T (an> 20 1 2041
Qn,

while if ¢ > 1, it is [85, p. 34]

1/2
CLET(an)l/2 n (log, n% @ <Hlog] ) :

8. METHODS TO PROVE MARKOV-BERNSTEIN INEQUALITIES

In this section, we outline some of the methods that have been used
to prove Markov-Bernstein inequalities for exponential weights. An
extensive treatment of Markov-Bernstein inequalities for both weighted
and unweighted cases is given in [9], [143]. We begin with

8.1. Freud’s Method via de la Vallee Poussin Means. Recall
that in Lemma 4.5 we proved

IVl AWy < CHIWIL @)

where C' # C' (n, f). Thereafter, at (4.17), we showed how duality can
be used to prove

Va AWy < CNIWL, gy
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where C' # C'(n, f). In much the same way, one can prove that when
W e F,

y n
(8.1) ValAIW @ < €= IfWlL -

The main new technical ingredient required is the estimate

(82) U@ 2o () wie) cer

This is a cousin of the Christoffel function estimate (4.13) and can be
proved using much the same ideas. Freud did this in [42]. A proof is
also given in [136, p. 64]. Now if P is a polynomial of degree < n, then

V. [P] = P.
So (8.1) immediately gives the L., Markov-Bernstein inequality

n
||P,W||LOO(R) B Oa_n HPW”LOO(R) '

To extend this to L;, we use duality on V:

[e.o]

(8.3) (TR p——— / anre

1. Next, we use the fact that if P is a polynomial of degree < 2n, then

where the sup is taken over all measurable functions g with [[gW [, _ ) <

/_°° (9 — Vin [g]) PW? =0,

[e.9]

Indeed , we can prove this by considering the special case P = p;,0 <
J < 2n, and recalling that the first 2n Fourier series coefficients (with
respect to {p;}) of Vi, [g]) are the same as those of g. The above
considerations and an integration by parts give

[ it = [ vinvalaw?

o0 o0
[e 9]

(8.4) _ / VLAV [ WP 42 / Vi [f] Vi lg] QW2

o0 —00
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Here
] [ valnvilglw?
< WldWlhoo| [ W]
n
< Ca— lgWl ) WL, )
n
(8.5) < O~ Wz, @) -

In the second last line, we used our L; bound (4.17) for V,,, and the
L, bound (8.1) for V!, and in the last line we used our bound on the
sup norm of gWW. To bound the second term in (8.4), one needs

Lemma 8.1
Let h be absolutely continuous with h (0) = 0. Then
(8.6) QAW Ly < CINAWI L &) -

Proof
Observe that if z > 0,

Q" (@) h(z) W (z)] =

Q (@)W () / W) dt'

0

(8.7) < WL @

Q ()W (x)/ W (8) dt‘ |
0
We now assume that @)’ is increasing, and

"
t
lim Q" )2 = 0.
t—o00 Q’ (t)
This latter condition is true for regularly behaved Freud and Erdos
weights such as F*, €. Choose A > 0 such that

"
) (t)g < 17 t> A
Q' (1) 2
If x > A, an integration by parts gives
[wrwa - [owrewwma
A A

—gorwro s [ S

4 Q)
< Q@)W @)+ /A W (1) dt.
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Then N
/A WL(t) dt <2Q () W ()
and .
szjQ'(x)W(x)/ Wh(t) dt < 2.
A

As Q'W is bounded in (0, c0), we obtain
:U20:>Q'(:B)W(:v)/ Wt(t) dt < C.
0

A similar bound holds for z < 0, and then we obtain (8.6) from (8.7).
|
Next, we apply (8.6) to the second term in the right-hand side of
(8.4), with h = Vi, [9] — Van [g] (0). We obtain
Van [9] QW] ()
Vi [9] (2) = Vi [9] (O Q" (@)W (%) + Vi [9] (0) |Q" ()| W ()
ClVin [9 Wl my + € [Van 9] (0)]
n n
- < (O~
O W ey < O

n

IA A

IN

SO

[ v
/ AT W’

o0

< o

= an

n
(8.8) < Ca WL, ) -

Combining (8.4), (8.5), and (8.8) gives
ViAW gy < C o W -

Thus, recalling (8.1), we have that for both p =1 and p = oo,
VLI Ny qay < C o W -

By interpolation, we obtain
ViAW ez < € W

for all 1 < p < oo, where C' # C'(n, P). Applying this with f = P, a
polynomial of degree < n, gives

n
1Pl ) < C o I1PW s 5.
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This method is elegant, and yields more than just Markov-Bernstein in-
equalities. As we have seen, we also obtain a proof of a Jackson-Favard
type inequality, bounds on Cesaro means of orthogonal expansions, and
other useful information. Our main technical ingredients were bounds
on Christoffel functions and their derivative analogue (8.2), and some
technical estimates involving @'

8.2. Replacing the Weight by a Polynomial. This method is very
simple, but applies only to a limited class of weights. Suppose that for
some fixed K > 0, we have polynomials S,, of degree < Kn, with

(8.9) C1 < Sp/W < Cyin [—2ay,2a,)
and
(8.10) 1SL] /W < cgaﬁ in [—an,an) .

These polynomials enable us to reduce weighted Bernstein inequalities
to classical unweighted Bernstein inequalities. If P is a polynomial of
degree < n, then our restricted range inequalities give

WL, < CIPWIL,

[*anzaﬂ}
S CC;l ”P/SnHLp[fan,an}
S —1 |:H(PSTL)IHLP[_Q7“(],,L] + ||PS':1||LP[—0/7L7an]i|
<

1 2n n
OCl ! |:a_ ”PSnHLp[f2an,2an} + a_ HPWHLP[an,an]:| ;

by our hypotheses on S),, and the classical Bernstein inequality, scaled
from [—1,1] to [—2a,, 2a,]. Using (8.9) again, we obtain

IPWl,, @ < CHIPWI L w

This works in any L,, 0 < p < oco. If p = 0o, we can weaken the
requirements on S,,, which can be made different for each z. We only
need the upper bound on S;, at a given z, and the lower bound on
S, at that x (but we still need the upper bound on S, throughout
[—2ay,, 2a,)).

Freud and Nevai used this for weights like Ws,, (r) = exp (—z*™),
where m > 1 is a positive integer. The partial sums of these entire
weights can be used for {S,}. For W,,a > 1, Eli Levin and the author
used canonical products of elementary factors, such as

HE x/nl/o‘ l),
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to generate these polynomials [80], [81]. This method can provide quick
easy proofs in special cases, which would be useful for teaching a course
on weighted approximation.

8.3. Nevai-Totik’s Method. This involves fast decreasing polynomi-
als, a topic initiated by Kamen Ivanov, Paul Nevai and Vili Totik, and
works well for slowly decreasing weights such as W,,a < 1. Let us
suppose that for n > 1, and some K > 0, we have polynomials S# that
satisfy

(8.11) S#(0) = 1; 5% (0) =0
and
(8.12) |57 ()] < Ke @W 2 € [—ay,a,).

Typically S# has a unique maximum in [—1,1] at 0, and decreases
rapidly in (0, 1). Nevai and Totik [151] used a construction of Marchenko
to generate such polynomials. One starts with an entire function of the

form
2| T z 2
sin® | 54/1+ (E)
B(z)=]] > :
k>1 1+ (i)
The product may be finite or infinite, and the {t;} are positive numbers
with
1
T = — < o0.
2 <
Assuming that () is even, increasing on (0, c0), and
(8.13) Q@) dr < 00,
0 1 + 33’2

one can choose {t;} such that 7' < 1/7 and
B(#)] < Kexp(-Q (1)), z € R

In this case B is an entire function of exponential type < 1. Assum-
ing (8.13), Nevai and Totik used the partial sums of B to construct
polynomials {P,} of degree < n, with a local maximum at 0, and

(8.14) P, (0)=1and [P, (z) < Kexp(—Q (nx)), v € [-1,1].

Then
Si (@) = Pla) ([;—]>



64 D.S. LUBINSKY

satisfies (8.11) and (8.12), and is of degree < [a,]. It is easy to derive
the Markov inequality at 0:

(PW)(0)] = |P'(0)]
~ [(psp) )
< 2O oSt

by the usual unweighted Bernstein inequality. We continue this as
(8.15) ((P'W) (0)] < C|lPW]|,

using the property (8.12), and the fact that the convergence (8.13)
implies n = O (a,), which we shall not prove. To extend this to general
x > 0, we use the evenness and concavity of (), which implies that for
z,y € R,

OO[_a’VL7a7L] ’

W(z) W (y) < W(z+y).
Now apply (8.15) to the polynomial R (y) = P (z +y) W (z), for fixed
T

(P'W) (x)] = [R'(0) W (0)]

< ClRW|; ®

= Csup|P(z+y)W () W (y)]
yeR

< Csup|P(z+y) W (z+y)
yeR

= ClPWIL @ -

This method can be modified to give the correct Markov inequality for
W;. Nevai and Totik were the first to do so.

8.4. Dzrbasjan/ Kroé-Szabados’ Method. Dzrbasjan was appar-
ently the first researcher to investigate the degree of approximation for
general exponential weights, in his 1955 paper [37]. Although his ap-
proximation estimates worked only on a finite interval, he nevertheless
came up with a great many ideas. Kro6 and Szabados subsequently
used Dzrbasjan’s method, and restricted range inequalities to establish
Theorem 7.1.

We start with Cauchy’s integral formula for derivatives (or, if you

prefer, Cauchy’s estimates):
1 P(t
—/ —( )zdt‘
210 Jjt—ai=2 (t — @)

Lsup (P ()] : |t~ o] =<}

[P (x)] =

IN
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The number 1/¢ is invariably chosen as the size of the Markov-Bernstein
factor. To estimate P (t) in terms of the values of PW on the real line,
we write t = u + v, and use an inequality that often arises in the
theory of functions analytic in the upper-half plane. We already used
one form of this in the proof of Lemma 2.2.

(8.16) log |P (u + iv)|

1
!v|/ ogIP log[P(s)]
(s —u) —1—02

> log M
rv|/ log M+ Q(5),

(s —u) —1—112

_ [0l Q(s)
= IOgM—F?/_ mds,

IA

IN

where

M = HPW”LOO(R)

Of course, we need to assume the integral converges, which is very
restrictive. We shall assume more precisely that

=

Q (s) ~ sQ (5) ~ s*Q" (s).

Then the above considerations show that

and that for s > 1,

log |[P'W|(z) < logé + log M +
il [ ek-ew,

T J oo (s —u)® + 02

(8.17)

The technical challenge is to estimate the integral in the last right-hand
side. We break it into several pieces. If we assume z > 1,0 < u < 2x
and @ (z) > 0, we see that

ds < 45

kbl [~ QW -Q@, e [~ QW

T J3u/2 (S_U)2+U2 T J3u2 S

peoltl [ 2000, e [0 90,

T J oo (s —u)’ +v2

Il =

ds,

and
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(Recall that [v| < |t — 2] <¢€). In [0, %], we see that the integrand is
non-positive, as s < u/2 < x, so

u/2
(s —u) +112

Finally, we handle the difficult central integral

3u/2
bl [ e-ae),,
(s —u) +v2

v 3u/2
s"/ Qs ” ds +1Q (u) — Q (x)]

s—u
= g+ Iy
Here
3u/2
ol o [ Q) - Q)
(s —u) +1)2
_ bl [ o020 o=y,
w/2 (T—u) + v2

For some & between r and u,

Q(r)=2Q(uw)+Q(2u—r)=Q"(€) (r —u)’
and one can show that [69, p. 53]

Q") <C

SO

Also,

IN
Q

IN
Q2

x

Combining the above estimates, we have shown that for = > 1,

> Q)
y? +1

1
log |P'W|(z) <log=+log M + Ce dy.
€ 1
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We simply choose € = 1. Similar estimates hold over (—oo, —1] and the
range [—1, 1] is easy to handle. This leads to the Markov inequality

IPWl, @y < CIPWI L, &)

valid for all n > 1 and polynomials of degree < n.
When dealing with weights W = exp (—Q), where @) grows faster
than |z|”, some a > 1, one typically chooses

an
£=—,
n

uses restricted range inequalities, and needs more work to estimate the
various integrals.

8.5. Levin-Lubinsky’s Method. Like the previous method, we use
Cauchy’s integral formula for derivatives, and then go back to the real
line. However, instead of using (8.16), we use the potential theoretic
functions associated with exponential weights. These give analogues
of the Bernstein-Walsh inequality for growth of polynomials in the
complex plane. For p < oo, going back from the plane to the real
line is quite complicated, and requires Carleson measures. We shall
outline the method for 1 < p < cc.
Fix z > 0, € > 0, and define an entire function F}, by

Fy(2) = exp (=Q (2) — Q' (2) (z — 2)).
Observe that
EY (z) = WU (z) for j =0, 1.

We have

(8.18)

(PW) ()] = |(PE) (z)|
|1 (PFy) (1)
|2 /|tx|:e (t— ) dt’

IN

1 1/17 1 l/q
(— PE,| (8 |dtr) (— [ e |dt|>
2 |t ol=e 27 jp—a|=c

L PF,|” d@l/p
_g(%/]]ﬂ(x—l—ae) ) :

In the second last line, we used Holder’s inequality, and ¢ = -5 there.
We shall choose

5:5(n7x>:90n($>7
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where ¢, () is given by (7.8). This guarantees [85, Lemma 10.6, p.
301] that

(8.19) |F, (2)] < CW (|z]) for |z —z| < ¢, (x).

The proof of this involves a Taylor series expansion of @) (Re z) about
@ (). Now comes the potential theory bit. There is [85, Lemma 10.7,
page 303] a function G,, analytic in C\ [—ay,, a,], with boundary values
Gn (z) on [—ay,,a,] from the upper half-plane satisfying

|G, ()| =W (x), © € [—an,an].
Moreover, 2"G,, (z) has a finite limit at oo, and uniformly for x €
[—a2n; azn)
(8.20) W (lzl) < ClGn (2)], |z — 2| < @, (2).
One representation for GG, is

G, (2) = exp <— / " og (2 — £ dp (£) — cn) ,

—an

where p,, is the equilibrium measure of mass n for the weight W, and
¢y, 1s an equilibrium constant. Recall that we used something similar
in deriving restricted range inequalities, in Section 6. Then we obtain
from (8.18) to (8.20),

A @ |EW) @ <0 [ PG (@4, (2) ) b,

Integrating gives

[ alewyr

—a2n

asn T )
< C/ {/ |PG,|" (x4 ¢, (x)€”) db| dx
(8.21) = C/ PGP d vy +v,],
where v;! is a measure on the upper half-plane, and v, is a measure on

the lower-half plane. For Borel measurable sets S, with characteristic
function xg, we have

vH(S) = / [ /0 " s (2 + g, (@) ) dﬁ} dz;

—a2n

v (S) = / [ / s (54 o (@) €) d@] da.

—a2n —T
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Next, we use a famous inequality of Carleson. We say a measure v
on the upper-half plane is a Carleson measure if there exists A > 0
such that for all squares K in the upper-half plane, with base on the
real axis, and side h > 0,

v(K) < Ah.

The smallest such number A is called N (v), the Carleson norm of v.
Let HP denote the Hardy space in the upper-half plane, consisting of
all functions analytic there, whose boundary values on the real axis lie
in L, (R). For f € H?,

Jirav<eno) [

(For p < 1, there is an analogous statement).
Applying this to (8.21) gives

| alewyr

—a2n

< CVIHN D) [ PGl

— 00

Here although v is a measure on the lower-half plane, it is obvious
what is meant by its Carleson norm. Next, one shows that

sup (N [vf]+N[v,]) < oo

/ umﬂﬂi/ PP

and one can show using Hilbert transform estimates that

/ wawgc/ PP,
|93\Zan —Qan

/azn o ‘(PW)/}p S O/an |PW|p

azn —an

Finally,

giving

The integral over R\ [—ag,, as,] may be handled using restricted-range
inequalities.

This method is the deepest of those we presented - but it is the only
one that gives the Bernstein inequalities in Theorem 7.4 and 7.6. For
p = 00, the proof is easier, as one can avoid Carleson measures [82],

[133).
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8.6. Sieved Markov-Bernstein Inequalities. The methods of this
section have been extensively developed by Paul Nevai and others [105],
[108], and illustrate the power of Jensen’s inequality. On finite intervals,
they go back at least to Zygmund [189]. The idea is to start with the
Christoffel type estimates

(5.22) (PWie < o [ pwp
(3.23) pwre < o(2) [ ey,

valid for Freud weights W, n > 1, polynomials P of degree < n, and
¢ € R. We used these already in Section 8.1.

We now extend these to L, type Christoffel function estimates. Let
0 < p < 2. From (8.22), we derive

2 n 2— =
IPWIE Ly < Com IPWIE Ty [ PP

and hence
n oo
(8.24) IPWI ) < O / PP

Next, (8.23) followed by (8.24) give

3 0o
2 n _
IPWIE e < € () IPWIEZs [ 1P

3 00 2% )
@) @ L) Lo
Qn An J o —00
Rearranging gives

n p+1l  roo
82 Pwim=c(Z) [T,

n o0

IN

Thus far we have (8.24) and (8.25) for 0 < p < 2. Our weight is
W = exp(—@Q). We apply these inequalities instead to the weight
exp (—rQ) for fixed r > 0. Its Mhaskar-Rakhmanov-Saff number is a
multiple of that for W = exp (—@Q). Since for any fixed s > 0,

Qsn ~ @, uniformly in n,

we obtain

T n > T
(5.26) IPWIE ey < O [ PP
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and

T n p+1 > (s
s Wl <c(Z) [T iewr

n o0

forall0 <p<2 7r>0,n>1, and P of degree < n.
Now comes the sieving idea. Let L, M be positive integers and fix €.
We apply these inequalities to the polynomial in ¢,

(8.28) P(t)=S(t) (K (&))",

where S has degree < n, and
n—1
Ko (&) =) p; (§)p; (1)
j=0

is the nth reproducing kernel for the weight W?2. As
(LM +1)n n

A(LM+1)n G,

uniformly in n, we obtain from (8.26),
n [~ P
(s©Kh, €W @F <c [~ |sw o Kun e ae.
Here for Freud weights W € F* [83],

(8.29) Ko (6,) = 1/2 (W2,) ~ —W2(9), f¢] < %a”’

while

(8.30) Ko (6,:6) = 1/0 (W26) S O=W2(g), € € R,

so if M is so large that

§aMn Z QCLn,

we obtain for all polynomials S of degree < n, and all |{| < 2a,,

n

spwer <o () [T w0 K o

Qp 0o

p
dt.

Now assume that L is chosen so large that Lp > 2. By Cauchy-Schwarz,
for all n and ¢,£ € R,

(831) ‘KMn (57 t)|Lp_2 S (KMn (57 5)1/2 KMn (ta t)1/2> v

IA
Q
VR
| s

N————

5

S
S
m
S
Py
=
5
e
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So
(8.32)

S©OP W2 (€) < 0= [ |SIP () Kagn (€, ) W07+ (1) d.

We now choose r = L + 1, giving
833 SWP© <% [T ISWP @I ©W (0 Ky (€0 db

valid for all 0 < p <2, n > 1, S of degree < n, and || < 2a,. Since
(by orthonormality)

s [ TR EOW 0P dt = Ko (6,€) ~ L2 (e).

n

we can also write this as :

Lemma 8.2
Let 0 <p<2,n>1,8 of degree <n, and |£| < 2a,,. Then

» JELISWIP () K (€,8)* W2 (t) dt
(8.35) [SWIP () <C = Ko CAPWI T

From this follows:

Lemma 8.3 (Fundamental lemma of sieving)
Let 1) : [0,00) — [0,00) be a convez increasing function of x, with
¥ (0)=0. Let p>0,n>1, S of degree < n, and |£| < 2a,. Then

) < Jo 0 (CISWI) () Kaan (§,1)* W2 (1) dt.

(8:36) ¥ (ISWI") (¢ [ Koy (6.4) W2 (1) dt

If in addition, for some A > 0,
U (2t) < A (1), t € [0,00),
then
2o (ISWI) (1) Knan (6, 1)" W2 (1) dt

(8.37) W (SWP)(¢) <C [% K (6,1 W2 (t) dt

Proof

For p < 2, this follows from (8.35) by a single application of Jensen’s
inequality. For general p, one instead applies Jensen’s inequality with
the convex function ¢t — 1) (t*), with large enough a. B
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Next, we extend this to derivatives. We again use the polynomial P
of (8.28). We let
0
K! (z,t) = —K, (z,t).
n(2,) = 5 K (2,1)
By (8.25),

S (€) Kk (6,€) + L (K (€,)" 7 Ky (6,€) S ()| W (€)

n

< O<—)p+l / h ’(SWT) (t) Kt (5,t)L(pdt.

an o

Here we recall (8.29) and (8.30), while Cauchy-Schwarz gives for all
r,teR,

Mn—1 1/2 Mn—1 1/2
\MMMMs<ZMMﬂ (meﬁ

Then

by (8.32). We now choose r = L + 1, giving
(8.38)

swr©<c (L) [ IS ©we K cofa,

n e o]

which we can reformulate as

Lemma 8.4
Let 0 <p<2,n>1,85 of degree <n, and |¢| < 2a,,. Then

1)” JELNSWIP (8) K (€)W (2) dt
Joo K (§0)° W2 (1) dt

@%)|Mﬂ%@so(

n

From this follows:

Lemma 8.5
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Let 1 : [0,00) — [0,00) be a convex increasing function of x, with
¥ (0)=0. Let p>0,n>1, S of degree < n, and |{| < 2a,,. Then

(8.40)
oA (e

o ZSW|') () Kara (60" W2 (1)

b ([SWP) () < [ R (€072 (1) di :
If in addition, for some A > 0,

(8.41) W (2t) < AY (1), t € [0, 00),

then

S (ZISW) (8) K (€)W (2)

[ K (6,8)° W2 (t) dt

(842) ¥ (ISW[)(§) <C

Proof
The proof uses Jensen’s inequality as in Lemma 8.3.

The inequalities (8.40) and (8.42) are useful for more than Markov-
Bernstein inequalities. But for the moment, we deduce by integration
and restricted range inequalities [108]:

Theorem 8.6
Let W € F*. Let ¢ : [0,00) — [0,00) be a convex increasing function
of z, with ¥ (0) =0. Let p>0,n > 1, S of degree < n. Then

s [Telswr©as [o(cliswr) oo
If in addition, for some A >0, (8.41) holds, then

(8.44) / T (SWP) ©ds < C / Z v (3 |SWV’) (t) dt.

o0 a/TL

o0

9. NIKOLSKII INEQUALITIES

We already proved an inequality of this type in the last section:
n

1/p
1Pl < € () 1P 0,

for n > 1, and polynomials P of degree < n - recall (8.26) and (8.35).
Thus we compared the weighted sup norm and weighted L, norm of
a polynomial. More generally, inequalities that compare the norms of
polynomials of degree < n in different spaces are called Nikolskii in-
equalities. They are not difficult to prove, here is a sample:

n

Theorem 9.1
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Let W € F*. Let 0 < p,r < o0o. Then for n > 1 and polynomials P
of degree < n,
I1PW [, &) < CNu (0, 1) [[PW][ 1, (=) »

1 1
= _ 2

an ", T>Dp
No(pr)=9q /i1 :
(&) 7 r<

Proof
If first oo > r > p, we can use restricted-range inequalities, and then
Holder’s inequality:

e

3

IN

o( |PWPs

_P
T
7

IN

QWWWRW
that is
||PW||L,,(R) <Caj * ||PW||L,.(R)

If p = oo, the proof is easier. Next, if r < p < oo, we use

IPWIE,e = [ 1PWP

(e 9]

< IPWI T [ 1P

Letting
p
pe ap (P
" deg(P )<n HPWHL (R) ,
we obtain
11
(9.1) I1PW |1, @y < Anp” [IPW7, ()

In the case of Freud weights W € F* that grow at least as fast as |z|”,
some « > 1, we know from (8.24) that

Any < C.

Qn
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For the canonical weights W, we have

nt=lVe o >1
App~< log(n+1), a=1
1, a<l1

The sharpness of these was proved by Nevai and Totik [143], [152].
Observe that A, , grows independently of p. In general, it seems that

App ~sup At (W2 z) W (z).
zeR
For general convex exponential weights, it is known [85, p. 295] that:

Theorem 9.2
Let W € Fepen (C?) be as in Definition 7.5. Let 0 < p,r < oo. Then
for n > 1 and polynomials P of degree < n,

1PW [, @) < CNu (0, 1) [PW][ 1, ) »

where
1.1
ap ", r>p
1
r

N (p,7) = <nT(an>”2> -

an

RS

; T<Pp

10. ORTHOGONAL EXPANSIONS

There is an old mathematical saying that L;, L, and L., were in-
vented by the Almighty, and man invented all else. The author heard
this many years ago, but was interested to see it used as the opening
quote in a chapter of Simon’s treatise [168]. That orthogonal expan-
sions naturally live in Ls is obvious. Among the many manifestations
of this, is the best approximation property

I = SulfDWlpy@ = EnlfsWly=inf |I(f = PYW|,) -

deg(P)<n

This ensures that when the polyonmials are dense (in an obvious sense)
nhjf)lo 1(f = Sulf]) W||L2(R) =0

for all functions f for which fWW € Ly (R).

But it is part of the mathematician’s spirit to take important tools
out of their natural domain, so it is not surprising that much effort has
been devoted to convergence of {S, [f]} in L,, or in a uniform sense,
or at a specific point, and so on. A lot of fundamental advances have
ensued: for example, the boundedness of the Hilbert transform in L,
1 < p < 00, was established in order to prove that classic Fourier series
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converge in such L,. The theory of A, weights started with Mucken-
houpt’s efforts to prove convergence in L, of Hermite expansions.

In this section, we shall discuss pointwise and mean convergence. We
begin with the latter.

10.1. Mean Convergence. Recall the reproducing kernel and the
Christoffel-Darboux formula:

K, (a.t) = 2@ (#)p; (1)

Vo1 Pn (%) Pa1 (t) = Pr1 (2) Pa (8)
Yn r—1

Define the Hilbert transform

H@ = [ 24

oL — 1
t
= lim 9 4y
e=0+ J( o000\ (@—cate) T 1

whenever the limit exists. If g € L; (R), the transform exists for a.e.
x. For a function f with fI/V € Ly (R), we see that

sE = [ T K (at) F (W (1) di

B EI@M@waﬁwﬂ@%m%M@HbMWﬂ@}

n

Thus if u is a given function, and 1 < p < oo,

HS” [/] Wu2||Lp(R)

Yn—
< Tl {HanUHLw(R) ||H [pn_lfWZ} U’HLP(R) + ||pn—1WU||LOO(]R) ”H [p"fWQ} UHLP(R)} '

n

(10.1)

Next, we use the aforementioned theorem of Riesz, that the Hilbert
transform is a bounded operator on L,, provided 1 < p < oo: For some

C#C(g),

1H [9]]l 1, @) < Cllgllr, ) -
In his investigations of Hermite expansions, Muckenhoupt [144] consid-
ered weighted versions: for suitable functions u,

1 H [g] u”Lp(]R) <C ||9U||LP(R) :
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Such u are severely restricted, in particular satisfying Muckenhoupt’s
condition; examples are

1 1
10.2 u(t)=(1+1th)", —-<a<l-——-.
(10.2) (t) = (1+[t) ’ "
The theorem fails if p = 1 or p = 0o, though in L, other inequalities

are available. So we continue (10.1) as
HSn [/] Wu2||Lp(]R)

< 2= {lpa Wl o2 W2l oy Tona Wl sy e V20

n

(10.3)
For exponential weights in the real line, recall from (4.14) that
Tn—1 < Ca,,.
Tn

If we have the bounds
(10.4) [pnWll,_ ) < Ca,'?
then for some C' # C (n, f),
HSTL [f] WU,QHLP(R) <C HfWHLp(R) :

Once we have such a bound, the reproducing property of S, (that
Sy, [P] = P when P has degree < n) and density of polynomials gives

S (|6 = Sn (D)W, gy =0

All that is required of f is that fWW € L, (R).

The problem with this procedure is that the bound (10.4) is hardly
ever true. For Freud weights like W,,, or the weights in the class F*,
we typically have

~1/4
(10.5) pn ()| W () < Ca,'/? ( + n2/3) , x€R

L 2l
an

and the upper bound reflects the real growth of p, near +a,:
1PVl 1 ) ~ a,'/*n'/.

However, at least in [—pay,, pa,|, with p € (0, 1) fixed, we do have

(10.6) lpW| < Ca, V2.

This problematic growth of the orthogonal polynomials near the (effec-
tive) endpoints of the interval of orthogonality, already occurs for the
Legendre weight on [—1, 1], and more generally, Jacobi weights. The
same Pollard that solved Bernstein’s approximation problem, came up
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with a fix for this. In the context of Freud weights (a similar feature
occurs for Jacobi weights), the fix is based on the observation that
Pn — Pn—2 has a much better bound than p,:

(10.7)
|z|

1/4
|pn ($> - pn—2| w (£) < 0051/2 <‘1 - + n—2/3) , T € R.
Qp,

In particular,
o () — s W (z) < Ca;Y?, z €R.

(Think of p,, (cos#) = cosnf to see from whence this comes.)
Pollard [157], [158], [159] found a clever way to rewrite the Christoffel-
Darboux formula to exploit this: let us set

VYn—1
Tn
Then (see [90] or [141] for an accessible proof)

Ky (2,y) = Kpa (2,y) + Koo (2,y) + Kn3(2,y),

ay =

’ y " n p p y
n 17 n—1 ?

Kn,3 (LIZ’, y) = sz (y> ZC) .

Note that there is no x —y in the denominator in K, ;, while in K, 5 and
K, 3, we have the term p,, — p,_2 to help. This clever decomposition
is not enough on its own; we emphasize that in investigating mean
convergence, one still has to break up integrals into several different
pieces, and work over several different ranges.

For the Hermite weight, the simplest bound is due to Askey and
Wainger [2]:

Theorem 10.1
Let W (z) = exp(—a?). Let 3 < p < 4. There exists C # C (n, f)
such that

19 AW,y < C WL ) -
This inequality is not true for p < % or p>4.

Muckenhoupt found the correct extension to 1 < p < 0o :
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Theorem 10.2
Let W (x) = exp (—2?) and 1 < p < co. Let

1 1
(10.8) b<l——B>——b<B.
p D
Assume in addition that
(10.9) B +max<b = —i—4 1<0if <4
) — x —= — — —:
) p 3p J— p 37
and
(10.10) b—min{B,l—%}+%—3ipSOifp>4.
Then
(10.11) 190 [FTWusll 1, ) < Cllf Wusllp, ) -

for some C # C(n,f). If b = B and p = %" or 4, then we insert
a factor of log (x| + 2) in the right-hand side of (10.11). In the case
of equality in (10.9) or (10.10), we need strict inequality and replace
the max or min by their second terms. All these inequalities are also
necessary.

For general Freud weights, Shing Wu Jha and the author [52] ex-
tended Muckenhoupt’s result, also closing up slight gaps between the
latter’s necessary and sufficient conditions in "boundary" cases: we let

log(n+ 1), ifo=r7
L — ( g )
oir (1) { 1, otherwise.

Theorem 10.3
Let W =exp(—Q) € F*. Let 1 < p < .
(a) Then for

150 LT W[l @) < CllfWusllL,@g) -

to hold with some C # C (n, f), it is necessary that
(I) (10.8) holds.
(1I) If p < 3, then

a:a*{bv-é}-Bné@—w:O( 1 )

Ly —1(n)

(III) If p = % or p = 4, then strict inequality holds in the third in-
equality in (10.8).
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(1V) If p >4,

B,lf%(n)

(b) Assume in addition that the orthonormal polynomials for W2 also
satisfy (10.7). Then the conditions above are also sufficient.

When W = W, and a, = Cn'/®, the conditions above reduce to
essentially Muckenhoupt’s:

1 a (4 <0, b# -1
_ _ _ — - p
maX{b, p} B+6(p 3){<0’ b:—%'

1
b—min{3,1—1}—3+9(1—§>{ S0, BALl=y
P 6 P <0, B=1- p

The bound (10.7) was established for exp(—2?™), m = 1,2,3,... in
[52]. For general a > 1, it follows from results in that paper and work
of Kriecherbauer and McLaughlin [68]. It is an interesting unsolved
problem to establish the bound (10.7) for W € F*, or to come up with
some method to prove it, that works without much deeper tools. See
[76] for some work in this direction. There is also an L; analogue of
these [52, p. 337].

Further work on mean convergence of orthogonal expansions appears
in [56], [77], [123], [130], [131]. Discrete analogues of orthogonal expan-
sions have been considered by Mashele [112], [113].

10.2. Uniform and Pointwise Convergence. One of the simplest
and yet most elegant and general theorems on pointwise convergence
is an extension of the Dirichlet-Jordan criterion, due to Freud [39]. It
was subsequently extended by Mhaskar [129], [131]. Tts proof is quite
simple, and follows readily from estimates of previous sections, so we
provide it:

Theorem 10.4 (Dirichlet-Jordan Criterion)
Let W € F* and let f : R — R be absolutely continuous, with
f'W e L (R). Then

Tim [|(f = Sn [fT) W, ) = 0.

Proof
Note first that fIV is bounded and has limit 0 at +co. To see this let
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A>0,and x > A. Then

xT

W] () = ‘f(A)Jr/ 7w (@)

A

< |f(A)|W(w)+/j\f’|W,

as W is decreasing. Hence

limsup FIV] (2) < [ 17

Tr—00

Our integrability condition on f'W ensures that this last right-hand
side can be made as small as we please. So, indeed, fWW has limit 0 at
+o00.

Next, let m = [n/2]. Then

I =S D WL )
(10.12) < (/= Vi [FD Wl Loy + 1 (Vi [T = Su I Wl )

Here by Nikolskii inequalities, such as in Theorem 9.1,

S )Wl
< \f v ])W\!L2
</t {||<vm 1] = FYW gy + 0 = S0 L) Wil }
< 20T 10 1= N Wiy
(10.13)

recall the Ly best approximation property of the partial sums S,,, and
that V,,, has degree < 2m < n. Next,

(Vi [£] = H) W7, )
(Vi LT = DYWL, 1V 1 = D) Wy
CEnf; W]1 (Vi [f] = f) WHLOO(]R)

C MWy Vi 1) = YW gy

VARVAN

IA
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We used the Jackson-Favard inequality (4.5) in the last line. Since
m ~mn, so 9= ~ % By substituting this into (10.13), we obtain

|V 111 = S (D Wy
< C[IFWlyuo Vi 1) = DWle]
s0 (10.12) becomes
1F = Su LW
< = Vi D Wiy + C W Ly 1V 1] = DYWL ey

< G (Bulfi Wl + Balf W),

1/2

by Theorem 4.8 again. Since fW is continuous, and has limit 0 at
infinity, we have E,, [f; W] — 0asn — oco. B

This theorem is attractive because of the simplicity of the hypothe-
ses. We don’t need to assume anything about the "tail" of f. There
are also results which give convergence at a point, under local assump-
tions. A result of Mhaskar [136, p. 224] is the archetype:

Theorem 10.5
Let W € F* and in addition assume that Q" is increasing on (0,00).

Let f be of bounded variation, and x be a point of continuity of f.
Then

/;t/\i_;WWfH\/%/ZWldf|+/t|>CanW|df|].

Here C (x) depends on x, but not on n or f.

Mashele [114] has established analogues of this for general exponen-
tial weights. Unfortunately in passing to the more general weights,
some of the power of this result is lost. Ky [77] has investigated a.e.
convergence of orthonormal expansions for Freud weights. Trilinear
kernels and related expansions have been explored by Osilenker [154].

There is an extensive literature on expansions in Hermite polyno-
mials, including transplantation theorems [182], [183] that specifically
exploit the structure of the Hermite weight. There are also many re-

sults for Laguerre and related expansions, on the interval [0, c0) - see
[119].

|Sn [f] () = f (@)

C(x)
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11. LAGRANGE INTERPOLATION

Lagrange interpolation at zeros of orthogonal polynomials is prob-
ably the most studied of all approximation processes associated with
exponential weights. Recall that we denoted the zeros of p,, the nth
orthonormal polynomial for the weight W2, by

—00 < Tpp < Tp—1pn < ... < Top < Tip < O0.

Given a function f, we define the nth Lagrange interpolation polyno-
mial to f at {:vjn};lzl to be the unique polynomial of degree < n — 1
that satisfies

Lo [f] (jn) = f(@jn) , 1 < j <.
One formula for L, [f] is

Lolf1 =Y f(x) in

where {(;,}_, are fundamental polynomials of Lagrange interpolation,
satisfying

gjn (Z)Z'kn> = 5jk‘
The {{;,} admit the representation

U (2) = H LT Tk

Lin — T
k=1 Kty I kn

but because we are using zeros of orthogonal polynomials, there are

others:
by (1) = DT
K (Tjn, Tjn)
(To see this look at the Christoffel-Darboux formula).
Another advantage of interpolating at zeros of orthogonal polynomi-
als is the ease of analysis, largely because we have the Gauss quadrature

formula. For polynomials P of degree <2n—1,

/ PW? = Z)\JnP Tin) ,

where
)\jn = )\n (W2,£Ejn) = 1/Kn (l‘jn,x]’n)

are called the Christoffel numbers. Since L, [f]* has degree < 2n — 2,
and agrees with f at {z;,}, we see that

(1L.1) / LW =Y A ).

[e 9]



WEIGHTED APPROXIMATION 85

Thus boundedness and convergence of {L, [f]} is closely associated
with convergence of Gauss quadrature. There are at least two recent
monographs devoted to Lagrange interpolation [116], [175].

11.1. Mean Convergence. Just as {5, [f]} converge in Lo, so do the
{L, [f]}, a famous theorem of Erd6s-Turdn. Indeed, we may think of
L, [f] as a discretization of S, [f] :

Lo[f](®) = D Ajnf (wjn) Kn (2, 250)

Jj=1

/ TWR(0) £ () K () di = S, [f] ().

Q

At this stage, may I share two Erdos stories with the reader. I was
doing a postdoc at the Technion in Haifa in 1982. Erdds often visited
the Technion, and I was one of several who went to lunch with him.
Later that day, I carried his suit to the drycleaners, and the reward was
some time with him. He asked me what I was doing, and I mentioned
numerical quadrature. He replied that I should go and read the book
of Freud on orthogonal polynomials, which I did, and it changed my
career.

Here is another story, which illustrates how little we communicate
across fields. In early 2006, I had the privilege of visiting Texas A&M
in College Station, to give some Frontiers Lectures. I mentioned the
famous theorem of Erdés-Turdn on distribution of zeros of polynomials.
At the end of the talk, one of the very first comments was "I thought
Erdos was a graph theorist". Hmmph. He spent a large amount of his
life on Lagrange interpolation, orthogonal polynomials and approxima-
tion theory!

Since Lagrange interpolation samples a function only at a discrete
sets of points, and sets of measure zero make no difference to Lebesgue
integrals, it is clear that we shall need to use something other than
Lebesgue integrability. As Gauss quadrature sums are Riemann sums
or Riemann-Stieltjes sums [177, p. 50|, the Riemann integral is the
appropriate tool. The following result was actually proved by Shohat
[167]; Erd6s-Turdn considered only finite intervals. The growth of f at
oo poses extra problems for the infinite interval.

Theorem 11.1 (Shohat’s version of the Erdés-Turdan Theorem)
Let [ be bounded and Riemann integrable on each finite interval. As-
sume moreover, that there is an even entire function G with all non-
negative Maclaurin series coefficients such that GW? is integrable over
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the real line, and

(11.2) |xl‘iinoo f(x) /G (x) = 0.
Then

(11.3) lim T L)W =0,
Proof N

Let P be a fixed polynomial. For large enough n, L, [P] = P, so

/ (- L)W
- /Oo(f—P—Ln[f—P])QWQ

—0o0

<o g-prwrer [ @l - e

(11.4) — 2/_00 (f—P)2W2+Z)\jn(f—P)2(a:jn).

In the second last line, we used the inequality
(x+y)? <2 (a:2 + y2)

and in the last line we used (11.1). Now if G is a not a polynomial
(which we may assume, just add a very slowly growing entire function
if it is),
‘ 1|im (f — P)*(z) /G (z) = 0.
Let € > 0. Choose A > 0 such that
o] > A= (f = P)* (2) /G (2) <.
Then

ST N (f = PY (25)

Jilzin|>A

e Y NG ()

Jilminl=A

e AinG (z5n)
j=1

5/ GW?,

IN

IN

IN
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by a special case of the Posse-Markov-Stieltjes inequalities 38, p. 92].
These inequalities estimate quadrature sums of absolutely monotone
functions in terms of integrals. Next, since (f — P)? X[—4,4 is Riemann
integrable, while Gauss quadrature sums are Riemann sums,

A
lm S (=P = [ (- PP

Jilejnl<A -4

Substituting all these in (11.4) gives

hmwg/ (f = Lo /) W?

[e%S)
n—00 —00

< 4/ (f—P)2W2—|—€/ GW?2,
Here P is independent of ¢, and by Ls analogues of the Bernstein
problem, may be chosen so that [~ (f — P)>W? is as small as we
please. B

Note that if f is of polynomial growth at oo, we can always choose
G to satisfy (11.2). For large classes of exponential weights, the au-
thor [87], [88] constructed entire functions G satisfying the hypotheses
above, and with

G () W2 (x) ~ (L + J2])",
any a > 1. So typically, the growth restriction on f is hardly more
than that required for (fW)* to be integrable.

Of course this is a really beautiful result, and its proof is elegant!
The extensions to L, require a whole lot more work. But like their
cousins in orthogonal expansions, a lot of great mathematics has come
out of these efforts. It was Paul Nevai [149] who obtained the first
major result in L,, for the Hermite weight.

Theorem 11.2
Let f be continuous on the real line. Let W (z) = exp (—32%) be the
Hermite weight, and assume that

Jim £ (@) (1+ o) W (@) =0.

Let {L,, [f]} denote the Lagrange interpolation polynomials to f at the
zeros of Hermite polynomials. Then for p > 1,

nh—»nc}o I(f = Ln [f]) WHLP(R) =0.

Note that the pth power of the weight W appears in the integral.
Nevai showed that the presence of such a factor is necessary - see his
still relevant survey for more perspectives on this [147]. The author
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and D. Matjila [106] subsequently extended Nevai’s result to general
Freud weights:

Theorem 11.3
Let f be continuous on the real line. Let 5> 1,p > 1, and W (x) =

exp (—% |a:|6) Let A € R, a >0, and & := min{1,a}. Moreover, let

(11.5) T::T(p)::%—d—l—gmax{(),l—%}.

Let {L,, [f]} denote the Lagrange interpolation polynomials to f at the
zeros of {p, (W?,z)} . For

(11.6) lim ||( = Za () @)W (@) (14 [2) 2| =0

n—00 Lp(R)

to hold for every continuous function satisfying

(1L.7) lim £ (@) (1+])" W () = 0

it is necessary and sufficient that

A>T if 1 <p<4;
A>T ifp>4and a=1;
A>7 ifp>4and o # 1.

Moreover, for (11.6) to hold for every 1 < p < oo and every con-
tinuous f satisfying (11.7), it is necessary and sufficient that A >
—& + max {1, % )

This in turn, is a special case of a result for general Freud weights:

Theorem 11.4

Let W = exp(—Q) € F*. Let p > 1, A € R, a > 0, and & :=
min {1, a}. Let {L, [f]} denote the Lagrange interpolation polynomials
to f at the zeros of {p, (W?,z)} . For (11.6) to hold for every contin-
uous function satisfying (11.7), it is necessary and sufficient that

A>—&+}D if 1 <p<4;
I_(a+A) 1
(11.8) an @ )ng(k%):O(@) it p>4and a=1,
L_(a+A) 1
an @ )ng(k%):O(l) ifp>4and a # 1.

The main ideas of proof of these results already appear in Nevai’s
1980 paper, although, obviously, technical details are more complicated
for general weights. In analysing L, [f], one fixes a polynomial P and
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splits the function f — P into two pieces, for example, :

Ly[f =Pl =Ly, [(f - P)X[_lam%an]] + Ly, [(f - P) XR\[—ian,ian]] ;

4

and handles them separately, using different techniques. One of the
reasons for the split is the bound

[ ()| W (2) < Ca,'?, 2] < (1~ €) ay,

any fixed € > 0, which does not extend all the way to £a,, recall the dis-
cussion at (10.5) and (10.6). Indeed it is the fact that p, (z) W (z) be-
—1/4
haves roughly like (1 — L%‘) / near +a,, that accounts for the change
in phenomena at p = 4, as well as for the complicated conditions.
The weighted L, norms of the two "pieces" of f are themselves split
into a number of pieces, with different techniques used to estimate over
different ranges. Tools include estimates of quadrature sums in terms
of integrals (see Section 12), bounds on Hilbert transforms, and esti-
mates of special quadrature sums. Here we shall establish just one of
the main estimates, using ideas that go back to Richard Askey [1].

Lemma 11.5

Let

(11.9) Vo = (f = P)X[ 14, 14,]

and

(11.10) A=(f =P) (@)W (x) 1+ |2))*]] 1 ) -

Then for n > 1,

(1)) [ Laf] @) W (@) (1))

1 1 —
Lp[fgan,ian]

where C' s independent of f,n, P.
Proof
We let

and first show that
| En ] @)W (2) (14 Ja) 72|

< CA sup
171l Lo (R)<1

1, 1
Lp[f§an,§an]

S0 (WG] (@) W (@) (1 + )]

1 1
p[*§any§an

(11.12)
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Then we show that
(11.13) sup  ||Sn [RG] (2) W () (1 + |z])~2
Al o (R)<1

<C,
1

1 >~
Lp[—ian,ian]

giving the result.
Proof of (11.12)
We use duality, but in a very precise form. Let

o () = sign { L[] ()} [ Lo [9,] @F WP (2) (14 )72 X1y 0] (@),
Then

L[] () W () (1 + )2

1 1
Lp[—gan,gan]

(11.14) ‘

-/ " L ] g0 (2) WP (2) da

—00

-/ " L [9,] S0 [ga] () W? (2) d.

—00

by orthogonality of g — S, [¢g] to polynomials of degree < n — 1. Using
the Gauss quadrature formula, and the interpolatory properties of v,,,
we continue this as

= 5" Nty (@) Sa [9] (240)

< A Z Akn |Sn [9] (xkn)| wt (ka) (1 + |xlm|)7a .

‘xkn‘gian

We estimate the quadrature sum by an integral. These types of in-
equalities will be discussed in Section 12. For the moment, we note
that A, behaves roughly like %W2 (zxn) and continue this as

< on [ 180l @)W (@) (1 fol) 7 da
= CA /_00 Sy lgn] (2) by (2) G (2) W? (2) do
= CA /°° Gn (2) Sy, [h G () W2 (2) dz,

where h,, (x) = sign (S, [gn] (7)), and we have used the self-adjointness

of S,,. Since g, vanishes outside [—%an, %an], and letting ¢ = p%l, we
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continue this as

_ oA / Gn () So (1G] (2) W (2) da

g (@) W () (1 + |2])*

IN
Q
>

1 1
Lq[—§an,§an]

x ‘ S [haG] (2) W () (1 4 |2]) ™2

Ly [—%an,%an]
p—1

_ CA( Ly [00,] () W () (1 + |a]) 2

1 1
Lp [_Ean7§an]

S (G (@) W () (1 + |2])~2 ;

1 1
Lp [_ 30n, §an:|

d

by the form of g,,. Cancelling the (p — 1)th power of HL" [0,] (@) W () (1 + |z])™2
in the extreme left of (11.14), we obtain (11.12).
Proof of (11.13)

We use the Christoffel-Darboux formula much as we did in the section
on mean convergence of orthogonal expansions:

Y

Sn [hG] (x) = 7,’;_1 {pn (@) H [pa—1hGW?] () = pu—r (x) H [pshGW?] (2) } .

n

Recalling the bound (10.6) on p,, and the bound

Tn—1 < Cay,
Tn

we obtain

1S, [BGI W[ (z) < Calf* Y |H [p;hGW?] ()] .

j=n—1
We next let
Xn = X[-3an.fan]
and split
S [RGI W] ()

< Ca)? Y |H [phG W) ()| + Calf> > |H [pihG (1= x5) W2 (z)].

j:n—l ]:n—l

(11.15)
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We next use weighted bounds for Hilbert transforms, of the type es-
tablished by Muckenhoupt [144]. Let

A:min{A,l—é},
p

for some small 9 > 0. Then by Muckenhoupt’s bounds for weighted
Hilbert transforms,

Y |[H G @) 1 e

j=n—1

Cay® 3 |G ) (@) (1 + [al) ™

j=n—1

C||thew) (@) (1 + [2l)

1, 1
Lp[—gan,gan]

IN

Lp(R)

IN

3 3
p[_zaruzan]

<C,

IN

Cl|+ fap—?

3, 3
Lp[—zan,zan]

(11.16)

as (a + A) p > 1. (Recall our hypotheses in Theorem 11.4 - they
imply A + a > ]%) Next, for |z| < %an, and j =n—1,n,

[H [p,hG (1~ x;) W] (2)
/ (hGW) (1)
{t:lt1>3an }

x—t

(J/ Ip;W| (t)t 1~ dt
{t:|t|2%an}

0o 1/2 o 1/2
< (JU (ij)Z} [/ t_2_2°‘dt]

1

Cay?

IN

w

IN
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So
of? 3 [[H G =W @ eS|
j=n—1 pl720n 30
< Coefasia |, L
p|T20n:30n
( 1, Ap > 1,
< Ca,*{ (logn)», Ap=1, =o(1),
1A
(| arn , Ap<L
(11.17)
since

1
—a+-—-—A<0O.
p

Combining (11.15), (11.16), and (11.17), yields (11.13) and hence the
result. H

Of course, this is just part of the estimation, but is the most difficult
part. For the full details, see [106].

Mean convergence of Lagrange interpolation associated with Erdos
weights, has been investigated by S. Damelin and the author [25], [26].
The author has investigated Lagrange interpolation associated with ex-
ponential weights on [—1, 1] [94], while D. Kubayi and the author inves-
tigated mean convergence associated with general exponential weights
[75]. The convergence in L,,p < 1, has been investigated by Matjila
[125].

One obvious question is whether other interpolation sets lead to
cleaner, or simpler, results. It was J. Szabados [172], [188] who came
up with this idea, the "method of additional points", in the context of
Lebesgue functions, which we shall discuss shortly. Szabados’ idea was
to add two extra points of interpolation, near +a,,, to damp the growth

|z
an

—1/4
of p, () (recall, roughly (1 — > ) near +a,. Suitable points are

those where p, W attains its sup norm on the real line:

W (&) = ooVl ) -

One can show that
’1 - fn/an’ < Cn~2/3
and that

(@10 = €l /an ~ 022,



94 D.S. LUBINSKY

We let L} [f] denote the polynomial of degree < n+-1 that interpolates
to f at the n + 2 points

{_Sna Tnnys Tn—1ny -+ L2ny Tln, fn} .

Inspired by Szabados’ work on Lebesgue functions, G. Mastroianni and
the author [103] proved:

Theorem 11.6
Let W e F*. Let p>1, A€ R, a >0, and & := min{1,a}. For

p
=0
Lp(R)

n—oo

(1118)  dim |[(f = Ly [f]) () W () (1+ Jo)

to hold for every continuous function satisfying

(11.19) |m1|i£>noof () (14 |z])*W () =0

it is necessary and sufficient that
1

A>——da.
p

What a difference the extra two points make! Let us explain a little
of the mechanics behind this. L? [f] admits the representation

L) = F€) 6 @)+ (=6 i (@)
£ @) 6, @),

where for 1 < j <mn,

* gi - x2
gj,n (33) = gjn (QJ) fi _ I?n?
and
Pn \T
Uin (2) = (@)

P () (@ — )

The factor fi — 22 damps the growth of p, (z) near +a,. Of course,
there is an extra factor of £2 — xfn in the denominator, but this is large
for most xj,, so actually helps.

We already noted that convergence of {L,, [f]} associated with Freud
weights in L,,p < 1, has been investigated by Matjila [125]. If one
sacrifices precision in this case, one can achieve very general results,
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using distribution functions, rearrangements of functions, and a classic
lemma of Loomis [3]. The latter asserts that for any {c]}

8 n
meas{x: )\} ngzzllcﬂ.

(It is often stated in the case where all ¢; > 0 and without absolute
values). If one writes

Jj=1

n

>
SC—‘I'J‘

Jj=1

Ly [f](2) = pu () Z P (xji)(:ffjvn)— Tjn

j=1

) =: pn (7) gn (2)

we see that for any positive function ¢ and real numbers b, c,
(11.20) | Zn L] ngbHLp(R) = ||an¢b+CHL2p(R) ||9n¢7CHL2p(R)

Next, Loomis’ Lemma shows that

mg, (A) : =meas{x: |g, (x )|>)\}
8||fW¢ 10
= E:mtv¢|%m
A e
- X Q..

For the moment, let 2* denote the decreasing rearrangement of a func-
tion h. In particular, the decreasing rearrangement of g, is

g (t) = sup{X:myg, (\) >t}

8| fWo°
. Sup{A: If cziHLoo(R)QnM}

S
_ : 5

Inequalities for decreasing rearrangements give [3]

ot~ 2y = [ lows
< [ty @y
= [ @)™
(11.21) < (8 Wl Qn)% /Ooo 2 (07 (1) dt.
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Now if p < %, this integrand poses no problem at 0. If for example,
¢ (t) =1+,
then

- (ivg) ez

and the integral will converge provided 2p + 2pc > 1. Combining this,
(11.20) and (11.21), we obtain
1Zn NI, oy < CUIW S,y Qo P Sl

with C' independent of n, f. Recalling the definition of €2, above, we
have the main part of [97, Theorem 3, p. 155]:

Theorem 11.7

Let W be even and positive in [0,00) and ¢ (t) = 1+|t|. The following
are equivalent:

(I) There exist b,c € R and C,p > 0 such that for every continuous f

12 AW,y < CIW S,z -

(II) There exist 3,7 € R and r > 0 such that

B
e Wl mew )<

From this one may easily obtain necessary and sufficient conditions
for mean convergence of {L, [f]} in L,, some p < %, with appropriate
weights. The striking feature of these results is the simplicity of the
proofs, and their generality. However, one sacrifices a great deal of
precision, for even the specific L, is not fixed in advance. For further
work on mean convergence of Lagrange interpolation associated with
exponential weights, see [19], [21], [24], [53], [117], [118], [123], [153],
[164], [165].

11.2. Lebesgue Functions and Pointwise Convergence. Since L, [P| =
P for any polynomial P of degree < n — 1, the convergence of {L,}
in almost any norm is equivalent to the norms of these operators be-
ing bounded independent of n. The Lebesgue function is the weighted
norm of L, [f] at a given point. When working on infinite intervals, it
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makes more sense to investigate weighted version of these. The idea is

| Lo [f] (@) W () < Z | (@) [jn (2)| W (2)

< Wlpe@ W (2) Z [ ()W (27)

= W@ An (2) -
It is easy to see by suitable choice of f that
Ao (&) = sup {| Ly [f] (@) W @) Wy < 1}

so the Lebesgue function A, (z) is indeed a norm. The Lebesgue con-
stant of L,, is

Ap = HAnHLw(R) :
Observe that for any function f, there is the pointwise error estimate
_ < 3 _
W@If =LAl @) < (FAa@) | dnt (10 = PW

= (1 + A, (:L‘)) E, [fa W]oo
and hence the global estimate
WS = Lo Dy < (T4 Aw) En [fs W]

Amongst the contributors to estimation of A, () on infinite inter-
vals are Damelin, Freud, Horvath, Kubayi, Matjila, Nevai, Sklyarov,
Szabados, Szabd, Szili and Vértesi. The earliest results were due to
Freud and Sklyarov.

The following result for general Freud weights is due to Szabados
[172]. Indeed, it was in this context that Szabados introduced his
"method of additional points". Matjila [124], [126] independently ob-
tained the upper bound implicit in (a).

Theorem 11.8

Let W = exp (—Q) € F*.

(a) Let A,, denote the Lebesgue constant for the Lagrange interpolation
polynomials Ly, [-] at the zeros of p, (W?2,-). Then

Ay ~n'8 n>1.

(b) Let A,, denote the Lebesgue constant for the Lagrange interpolation
polynomials L [-] at the zeros of p, (W?,-), together with the points
+£,, where |p,W| attains its mazimum. Then

Al ~log(n+1),n>1
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-1/

4
The nl/ arises from the factor (1 — 2! that gives the growth

of p, near +a,, together with the fact that
11— Tin n=2/3.
G,
It is remarkable that Szabados’ addition of the two points £¢, gives
the optimal factor of logn. Yes, that is the same lower bound of logn
for the sup norm of projection operators onto the space of polynomials
of degree < n, in the context of finite intervals [175]. In the context
of exponential weights, this optimality was proved by Szabados [172].
There are extensions of this result to Erdés weights, and exponential
weights on (—1,1) [12], [13], [71], [73], [74]. Typically there one obtains
the same result for A%, while

A ~ (nT (an))"®, n > 1.

Some inkling of the proofs comes from the representation for the
fundamental polynomials

Uin () = Njn B (2, T50)

when we interpolate at the zeros of p,. Then

Ap(z) = Wi(z) Z [ ()] W (270)
= W(z) Z NjnW ™ (@) [ K (2, 250)|

~ W(x) /OO W (t) | K, (z,t)|dt,

recall that \j, ~ %”WZ (xjn) at least for z;, well inside the interval
[—an, an].

For general sets of interpolation nodes, lower bounds for Lebesgue
functions have been obtained by Vértesi and his coworkers [185], [186].
These show that most of the time the Lebesgue function is bounded
below by logn [186, p. 359]:

Theorem 11.9

Let W € F*. For n > 1, let A, (z) denote the Lebesque function cor-
responding to n distinct points (not necessarily the zeros of p,). Let
e > 0. Then there is a set H,, of linear Lebesgue measure < 2ea,,, such
that

A, () > Celogn, x € [—an, ay) \Ha,.
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The constant is independent of n,x,e, and the array of interpolation
points.

Szabados analyzed the influence of the distribution of the interpola-
tion points, and in particular the largest interpolation point, on the size
of the fundamental polynomials and Lebesgue constant [173]. Kubayi
[72] and Damelin [17] explored Szabados’ result in the context of more
general weights. Summability of weighted Lagrange interpolation has
been investigated by Szili and Vértesi [179], [180], [181].

When one increases the degree of the polynomial interpolating at n
points from n — 1 to [n(1+ ¢)], some fixed € > 0, then one can avoid
the factor of logn above. For finite intervals, this was an old result of
Erdés. For Freud weights, it is due to Vértesi [187], and for exponential
weights on [—1, 1], due to Szili and Vértesi [178].

Theorem 11.10
Let W € F*. Let us be given an array of interpolation points {x;n}, -, 1<j<n
with associated fundamental polynomials of interpolation {{;,}

n>1,1<j<n"
Assume that these admit the bound

sup [ ()| W (2,) W () < A,

zeR
form>1and 1< j<n. Let € >0 and let f be a continuous function
such that fW*'¢ has limit 0 at +o00. Then there exist polynomials
{P,} such that
(I) P, has degree N, <n (1+¢+ Cen=2/3);
(ID) P, (230) = f (532), 1 < j < m
(111) [W (f = Py < CEw, [f: W],

Despite the many investigations of Lagrange interpolation, there are

relatively few results where local assumptions are imposed that guar-
antee pointwise convergence of {L, [f]}. It seems that the following

interesting result of Nevai has never been extended beyond the case of
the Hermite weight [146]:

Theorem 11.11
Let W (z) = exp(—a?). Let f be Riemann integrable in each finite
interval, and assume that for some ¢ < %,

Wl 1) < o0
Assume that on [a,b], [ satisfies the one-sided Dini condition

flx4+t)—f(z)>—vt)|logt| " ,a<z<z+t<b,
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where v (t) decreases to 0 as t decreases to 0. Then
tim L, [f] (2) = f (2)

at each point of continuity of f in (a,b). The convergence is uniform
in every closed subinterval of (a,b) where f is continuous.

Note that any increasing function f satisfies this Dini condition, so
(11.13) holds also when f is of bounded variation in [a, b]. (For then f is
the difference of monotone increasing functions). Finally, we note that
convergence of Lagrange interpolation to entire functions of suitably
restricted growth leads to a geometric rate of convergence. See [136].

12. MARCINKIEWICZ-ZYGMUND INEQUALITIES

The classical Marcinkiewicz-Zygmund inequality has the form

: p
]7'('
<
R<2n+1>‘ ) <G

where n > 1, R is a trigonometric polynomial of degree < n, and
C and Cy are independent of n and R. [189, Vol 2., p. 28]. These
types of inequalities are useful, for example, in discretisation problems,
quadrature theory, and Lagrange interpolation.

In the context of exponential weights, these have chiefly been used
for mean convergence of Lagrange interpolation. In fact, the proof of
the Erdos-Turédn theorem above was based on a converse quadrature
sum, namely,

2n

aiz (o [mora)” <2n1+12

— =0

/ TR =3 NS ().
N 2

This of course is an immediate consequence of the Gauss quadrature
formula. In our outline of the proof of Lemma 11.5 above we used a
forward quadrature sum. Let us repeat this, in simplified form: assume
that we have an inequality

A21) SO AW () [PW] (5) < © / P
=1 —o0
Ifq= 1%’ duality gives
L AWy =sup [ Lo (g0
g —00

where the sup is taken over all g with [[gW{|, ) < 1. Using orthog-
onality of g — S, [g] to polynomials of degree < n — 1, and then the
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Gauss quadrature formula gives

— sup / L[] Sl W

g o)

= sup Z Ajn (@jn) Sn (9] (2 n)

< AW llom D AinW 2 (@40) 1S 9] () W (2))]
j=1

o0

< CliWliaw [ 1Su1a1 W
In the last line, we used the quadrature sum estimate (12.1). Setting
o, = sign (S, [g]), and then using self-adjointness of S,,, we continue
the above as

o0

= W / o V1S, [g] W2

— 00
o0

= CliWliaw [ SaloW ] g0

—00

< ClWL . m [Sn [oW ] WHLP(R)'
If S,, is bounded in a suitable sense, we obtain

ILn (AW iy < CNIW L )

with C' independent of n. We emphasize that this is a simplified version
of what one needs. Typically there are extra factors inside the quadra-
ture sum. In subsequent sections, we shall present several methods to
establish such quadrature sums.

12.1. Nevai’s Method for Forward Quadrature Sums. We let
U € [Tjn, Tj—1,), p > 1, and start with the following consequence of the
fundamental theorem of calculus:

PWPP (2;0) < [PWP (u) + p / U W () [(PWY (s)] ds.

We may assume that v is the point in [z, x;_1,] where |PW|" attains
its minimum. We now need estimates for Christoffel functions, and
spacing of zeros of orthogonal polynomials. In fact the former imply
the latter via Markov-Stieltjes inequalities. We use

AW 2 (2n) = An (W2, 240) W2 (@n) ~ @5 ()
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where ¢,, is defined by (7.8), and

Tjn — Tj_15 > C’)\jnW’z (x)n) -
Then
Al (@) [PWP (a30) < € [ 1P ()

Tj—1,n

4 (o) [P ) [(PWY (5)ds.
Tjn

Summing over j, and using the fact that ¢, does not change much in

[%jn, j_1], One obtains

Z AJnW (@) |[PW P (2

o0

< C’/oo |PW P (u) du + C/ |PVV|p71 (s) ‘(PW)' (s)| ©, (s)ds.

—00 —00

(12.2)

We apply Holder’s inequality, and then the Bernstein inequality Theo-
rem 7.6 to the second term:

/ PWI (5) [(PWY (5)] o (5) ds
< IPWI A IPWY ol
< CHPWH];,)(lR) I1PW (1, ) -

Together with (12.2), this gives

(12.3) EZ&AV (230) |PWPP (230) < C P2 o

Here is a sample of what can be proved using this method [107, Thm.
2, p. 287]:

Theorem 12.1
Let W e F*. Let 1 <p<oo and —o00o <b<2 and a € R. Then

E:&JV () (1+ a])" [PW (2,

< C/Oo |PW P () (1 + |t])* W2 (t) dt.

o0



WEIGHTED APPROXIMATION 103

This method has also been used by H. Konig in a vector valued and
Banach space setting, with W as the Hermite weight [65], [66]. It was
used first for Hermite weights by Nevai [149]. Of course, it can be used
for points other than zeros of orthogonal polynomials - all we need is
suitable estimates of the spacing between successive zeros.

12.2. The Large Sieve Method. As far as the author is aware, this
also was developed by P. Nevai, based on the large sieve of number the-
ory, and used by him and his coworkers for exponential weights [105].
We already presented the idea in the context of Markov-Bernstein in-
equalities in Section 8.6. We start with Lemma 8.3. For polynomials
S of degree < n,

JELNSWIP () Kaga (€, 6)* W2 (2) dt

[SWI(§) < C—= = Eon @ 0T W2 di ,

which is equivalent to
ISP (€) < Cugn (€) / ISP (1) Kapn (€,1)° W2 (1) dt.

Here p > 0, S is a polynomial of degree < n, and |¢| < 2a,,, while M is
a fixed large enough positive integer, independent of n, P,¢. We now
simply take linear combinations of this, and use the bound

M (W?,6) S CT2W2(9), [€] < 20,

For example, if we use the zeros of p,,, we obtain

n

SISWP () <€ [ ISWP 0) S 1) .

j=1
where
an 2
S (t) = W (OW? (270) D K (@0, ).
j=1

Here, by the Christoffel-Darboux formula, and our bounds for p,,, and
recalling our bound (8.31) for Ky, (€, €), we see that for |€], |t] < 2a,,

n 1

W (&)W (1) [Kyrm (€.1)] < mi“{a’ﬂ}'

Moreover for Freud weights, uniformly in j,n

an
Tjn = Tjrin 2 O
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Hence

n -2
. n
() < CZ (mjn — Ij+1,n) min {a—n7 |$jn - t|}

J=1

o0 -2
< C/ min{ﬁ,\u—ﬂ} duﬁC’lﬁ.
—c0 an an

Thus we arrive at the estimate

S SWP (250) < 0/ ISP () dt

‘= n _

valid for n > 1 and polynomials P of degree < n. We note that this
does not imply the estimate

[e 9]

ZAMW (@3) ISWP () <€ [ |SWP (0t

—00

since

an n’

A ~1/2
AjnW 2 () ~ % (‘1 _ 2l + n2/3> >> &

when z, is close to +a,. Thus this method is in some respects not as
powerful as Nevai’s Method. However, it can easily yield estimates like

n a, 00
S (SWr @) <0 [ w(swr ) ar

j=1 o0

where 1) is an increasing convex function that is positive in (0, c0) and
has v (0) = 0, and works for any set of suitably spaced points.

12.3. The Duality Method. The idea here is to use duality of L,
spaces to derive a forward quadrature sum estimate from a converse
one. It was probably first used by Konig [65], [66]. Let us illustrate
this in the context of quadrature sums at zeros of orthogonal polyno-
mials. Let n be fixed and p, be a pure jump measure having mass
ANinW ™2 (2j,) at z;,. Let, as usual, ¢ = z%' If P is a polynomial of
degree < n,

Lp 1/p
(me |PW|”<W) _ ( / |PW|pdun)

= sup / PW?g dp,,

g
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where the sup is taken over all g with

/|9W|qdun <L

Since g needs to be defined only at {x;,}"

j—1» We can assume that g is
a polynomial of degree < n — 1. So

/ PW2gdp, = 3 Ajn (Pg) (250)
j=1

= / PgW?
< ||PW||LP(R) ||9W||LQ(R)

Now we assume a suitable converse quadrature sum inequality: for
n > 1 and all S of degree < n,

n 1/q
(12.4) ISWlL,m <C (Z XjaW 2 (20) ISqu(ijn)> :

j=1

Applying this to g, gives

1/q
”gW”Lq(R) < (Z)‘mw (@jn) [gW* (%n))

q
- o/ |gW|qdun) <c

1/p
<Z NjnW 2 () |[SW]? @JN)) <C ||PW||Lp(R) :

Thus we obtain

In Konig’s work, he first proved a converse inequality like (12.4) for
1 < ¢ < 4, and then deduce a forward estimate for % < p < . Note
that one can also use Carleson measures to derive forward quadrature
estimates, just as we derived Markov-Bernstein inequalities in Section
8.5. For this approach on finite intervals, see the survey [95].

12.4. The Duality Method for Converse Quadrature Sum esti-
mates. This was perhaps the earliest method used for converse quad-
rature sum estimates. For trigonometric polynomials, it appears in
Zygmund’s treatise [189, Ch. X, pp. 28-29]. Let 1 < p < oo and
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q= z%' Let P be a polynomial of degree < n — 1. By duality,

[PW 0 =sup [ gPW2

g
where the sup is taken over all g with [[gW{[, ) < 1. Let S, [g] denote

the nth partial sum of the orthonormal expansion of g with respect to
{p;}>2,- By orthogonality, we continue this as
7=0

IPW il = sup [ S0 lg) PW?
9

Using the Gauss quadrature formula, and then Holder’s inequality, we
continue this as

- supZAmS | (20) P (270)

n 1/q
< sup {Z NV 72 (12;,) 1S, [g) W <a:jn>}

1/p
{Z NjnW 2 () |[PW <asm>}

= sup T1 X TQ.
g
If we have a suitable forward quadrature sum estimate, and mean
boundedness of S,, in a weighted L, norm, we can bound 77 as fol-
lows:

T < ClSu gl W L@ < CllgWl @ < C
Then for n > 1 and all polynomlals P of degree < n,

n 1/p
1PV L, < C {Z NjnW 2 () |[PW (l’jn)} :
j=1
This method does yield estimates for full Gauss quadrature sums. How-
ever, it requires mean boundedness of orthogonl expansions, such as
that in Theorem 10.2, which is difficult to prove. It also requires a for-
ward quadrature sum estimate, which is not all that difficult to prove.
It works best for p > 4. For p < 4, the next method gives better re-
sults. Here is a sample of what one can achieve [91, Thm. 1.2, p. 531].
We note that because we are considering a special case of results there,
the hypotheses there are simplified below:

Theorem 12.2
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Let W € F*, and assume that the orthonormal polynomials {p,} for
W?2 satisfy the bound (10.7). Let p >4 and r, R € R satisfy

12.5 R> ——
(12.5) .

and

1
r—min{R,l—l 1(1_g) O <1>, R 7é 1-— !

12.6 an Pins\p) = _

(12:8) O((logn) R>, Rzl—%

Then for n > 1 and polynomials P of degree < n — 1,
(12.7)

n 1/p
[(PW) (@) (X + |2, &) < C {Z AW 2 (240) |[PW I () (1 + !Ijnl)R”} :

=1

For p =4, this persists provided (12.5) holds and

r—min{R,l—l} < 0.
p

Weights which satisfy the bound (10.7) include exp(— |z|), a > 1.
In [91], we showed that slightly weaker forms of these conditions on
r, R are necessary.

12.5. Konig’s Method. Konig’s method [65], [66] is based on a clever
estimate for Hilbert transforms of characteristic functions of intervals.
It is technically the most difficult of all the methods we present (for for-
ward or converse estimates), but is very powerful, and relatively direct.
It does not depend on mean boundedness of orthogonal expansions. For
n>land1<j<n,let

Ij = [-’Ejn, fL‘j—Ln);
Linl = Tje10 — Tjm;
X]n = XIjn~

Let P be a polynomial of degree < n — 1, and

Yin = a71/2p<mjn)_
! "o ()
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Then
n y "
P@) = LalPl(2) = a}*p, () ) -
=1 "
’ R T

= J1($>+J2((13)
Here (as above),
L f(t)
Hifl@ =t | =

is the Hilbert transform of f. The term .J; is easier, so let us deal with
it first. We use the bound

—1/4
paW| (@) < Cap2 1= T e g,
ap,
valid when W € F* and the Hilbert transform bound [144]
~1/4 ~1/4
Al w1- 2 <cloi- ,
Qp Qp,
Lp(Jz[<2an) Lp(|z|<2an)
valid for 1 < p < 4. Here C' # C (n,g). Then
HJ2W|’LP[72an,2an] a711/2 anH [Z |IJ |Xjn]
g=1 7" Lp[—2an,2an]
’I| —1/4 n y]n
" j=1 17" Lyl—
pl—2an,2an]
n P —p/4 1/p
Yin 2]
= C ( ) / 1—— dx
n P l/p
< 09y ( e ) Ljnl 037 (20) ¢
=1 |Ijn|
Here

¥, (r) = max {n_2/3, 1-— m} :

an
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It can be shown that uniformly in j, n,
Yin
U |PW () 01 (20
| jn|
a2 1P W (2j0) ~ jal ™ 05" (20)

[Ljn| ~ Xju W2 (@) -

Hence
n 1/p
12WlL, 20, 20, < C {Z NjnW 2 (250) |[PW TP (%‘n)} :

j=1
The estimation of J; is difficult. One shows that for |z — xz;,| > 2|L;,],

1 1
c—en Tl X3n] (@)

< Oyt () Lo {|x S— }Z:ijn(x)

|z — 7] —Tjn| 14|20

al? |p,W| (z)

and for |z — xj,| < 2|L,|,

1 1
— H ) 1/2
T —Tm  |L {Xjn} (@)| a/” [paW| (2)
~1/4
< C—¢" (z) =:Cfn (),
| Zjn]

so that .
1T ()] <O |yjul fin ().
j=1

As each fj, does not change much in Ij,, one obtains
|| JlWHLp[xnn,xln]

n n py 1/p

k=2 Jj=1
One now splits this sum into three pieces. The main part is estimated
by showing that certain n by n matrices are uniformly bounded in
norm. These in turn depend on clever consequences of Holder’s in-
equality. After a lot of technical work, one obtains

n 1/p
AW, ) < C {Z NjnW =2 (wj0) [PW ] (xjn)} :

Jj=1

Here is a sample of what can be proved [91, Thm. 1.2, p. 531]:
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Theorem 12.3
Let W e F*and 1 <p<4. Let

1 1
(12.8) r<l——r<RR>-——.
p p

Then for n > 1 and polynomials P of degree < n,
I(PW) (x) (1 + [x])"[| ., )

n 1/p
(12.9) < (J{Z AW 2 (250) [PW P (2) (1+|g;jn|)Rp} .

Here C' # C'(n, P). There it was also shown that the first two con-
ditions on r, R are necessary. For p > 4, the author and Mastroianni
used Konig’s method to prove [104, Thm. 1.2, p. 149].

Theorem 12.4
Let W € F* and p > 4. Let ( 12.8) hold, and in addition, assume that
for some § > 0,

(12.10) n%(l_%)a;min{R’k;} =0 (n_é) )

Then (12.9) holds for n > 1 and polynomials P of degree < n.

For further work on quadrature sum estimates in the context of ex-
ponential weights, see [18], [23], [96]. In particular, in the latter paper,
an attempt was made to provide a very general framework for Konig’s
method.

13. HERMITE AND HERMITE-FEJER INTERPOLATION

The Hermite interpolation polynomial to a function f at the zeros
{zjn};_; of p, (¥) is a polynomial H, [f] of degree < 2n — 1 such that
for 1 < j<mn,

Hy [fl () = (),
H, [f](@n) = f (2n).-
Of course, we have to assume f’ is defined at the zeros {z;,}. To

avoid this restriction, the Hermite-Féjer interpolant H [f] is often used
instead. It is a polynomial of degree < 2n — 1 such that for 1 < 57 < n,

Hy [f](zjn) = [f(zn),

H;, [zﬂ (xjn) = 0.
Hermite-Féjer polynomials first came to prominence when Féjer used
them (with interpolation at zeros of Chebyshev polynomials) to provide
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another proof of Weierstrass’ approximation theorem. A close relative
of the Hermite-Féjer interpolation polynomial is the Grunwald operator

Yo [f1(2x) = Z f (@jn) G, (),

where {/;,} are the fundamental polynomials of Lagrange interpolation
taken at the zeros of p, (z) = p, (W?, ). Y, has the advantage of being
a positive operator, which makes convergence more general, though
possibly at a slower rate than interpolatory operators.

Convergence of Hermite and Hermite-Féjer polynomials associated
with exponential weights has been investigated in [20], [22], [54], [55],
(58], [59], [60], [62], [63], [64], [89], [109], [110], [142], [176]. In some
cases processes involving higher order derivatives have been studied,
and the derivatives of the interpolating polynomials have also been in-
vestigated. Here we note just one result of Szabé [176]:

Theorem 13.1
Let W = exp (—Q) € F*, with A as in (4.18). Let

Wa () = W2 (@) (14 Q' (2))) 77 log (2 + |Q' (x)]).
Then for every continuous f : R — R with

|z|—o0

we have
0.

Jin WA = H oy =

Note the square of the weight in the condition on f and in the approxi-
1

mating norm. Szabé showed that the factor (1 + |Q’ (x)])*@T 74 log (2 + |Q' (z)])
is essential and best possible.
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15. SUMMARY OF NOTATION

In this section, we repeat the main notation introduced earlier in
this paper, and repeat some definitions. Throughout, C', C7, Cs, ...
denote positive constants independent of n, x,¢ and polynomials P of
degree < n. The same symbol does not necessarily denote the same
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constant in different occurrences. We write C' = C' (a) or C' # C («)
to respectively show that C' depends on «, or does not depend on «.
We use the notation ~ in the following sense: given sequences of real
numbers {¢,} and {d,}, we write
Cn ~ dn
if for some positive constants C7, Cy independent of n, we have
Cl S Cn/dn S 02-

If x is a real number, then [z] denotes the greatest integer < .

Throughout W = exp (—(@)) is an even exponential weight. Associ-
ated with W are the Mhaskar-Rakhmanov-Saff numbers a,, = a,, (Q),
the positive root of the equation

2 [t a,tQ (ayt)
™ Jo V1—12
If Q' () is strictly increasing, with limits 0 and oo at 0 and oo re-

spectively, then a,, is uniquely defined. Corresponding to the weight
W, we define orthonormal polynomials

Pn () = pp (WQ,m) =7v,2" + ..., v, >0,

dt.

satisfying
/ PnDPm W2 = 5mn

—00

Note that the weight is W2, not W. We denote the zeros of p, by
Tnp < Tp—1pn < ... < Top < Tip.
The nth Christoffel function for W? is
15.1 M (W2 z)= inf =2~
( g ) (W 7«T) deg(}’r)lgnfl P2 (I)

It also satisfies .
A (W2z) =1/ p?(x).
=0
The reproducing kernel of order m is
m—1
K (2,t) := > p; (z)p; (t)
=0
_ Ym-1Pm (%) prm—1 (t) = Pm—1 () pm (1)

Tm r—1
Our four main classes of weights follow:
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Definition Freud Weights F

Let W = exp (—Q), where Q : R — R is even, Q' exists and is positive
in (0,00). Moreover, assume that x@Q' (x) is strictly increasing, with
right limit 0 at 0, and for some A\, A, B > 1,C > 0,

Q" (A\z)
Q' (z)

A< <B,z>C.

Then we write W € F.

Definition Freud Weights F*
Let W = exp (—Q), where Q" exists and is positive in (0,00), while
Q' is positive there, with limit 0 at 0, and for some A, B > 1,
ZL‘Q” (x)
Q' (z)
Then we write W € F*.

The canonical examples of W in F* are

Wa () = exp (= [z[*) ,a > 0,

A-1<

<B-1, z€(0,00).

while F* C F.

Definition Erdés Weights &

Let W =exp (—Q), where @ : R — R is even, Q' exists and is positive
n (0,00). Assume that xQ)' () is strictly increasing, with right limit
0 at 0, and the function

_eQ' (@)

(15.2) T() =50

18 quasincreasing in the sense that
0<z<y=T(x)<CT(y),
while

(15.3) lim 7T (z) = oo.

T—00

Assume moreover, that for some Cp,Cy and C3 > 0,
yQ' (y) Qy\~
<O =—=£ > x> (Cs.
@) = QE)) P
Then we write W € E.

Definition General Exponential Weights F.,.,, (C?)
Let I = (—d,d) where 0 < d < oo. Let @ : I — [0,00) satisfy the
following properties:
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(a) Q' is continuous and positive in I and Q) (0) = 0;
(b) Q" exists and is positive in (0,d) ;

(c)
Jim Q () = oo;
(d) The function
_tQ'(?)
=2

is quasi-increasing in (0,d), in the sense that
0<z<y<d=T(x)<CT(y).
Moreover, assume for some A > 1,
T({t)>A>1,t€(0,d).
(e) There exists Cy > 0 such that

Q" ()] Q' (z)
) = Q@
Then we write W € Fopen (C?). If also, there exists ¢ € (0,d) such
that
Q" ()] Q' (z)
Q' (7) < C’QQ(QJ),:L‘ € (¢, d),

then we write W € Fepen (C*+).

For k£ > 1, the kth iterated exponential is

exp;, = exp (exp (...exp ()))

Define the symmetric differences

Apf(z) = f<x+g> —f(x—%);
Npf(x) = Ap (A7 f(2), k=1,

so that
2

Al f(z) = ; (’;) (=1 f (%k% —zh) .

Given r > 1 and a Freud weight W = exp (—@Q) with Mhaskar-Rakhmanov-
Saff numbers {a,}, we define the rth order modulus of continuity as
follows: First define the decreasing function of t,

o (t) ::inf{an:ﬁgt},t>0.
n
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The rth order modulus of continuity for W is

wrp(f;Wt) = sup || W(ALS) | Ly—om).om)
0<h<t
inf — P _ )
T ) I (f = P)W L, @\=o)0cm)
The rth order K —functional associated with W is

Kr,p (f? W? tT) = Hglf {H(f - g) WHLP(]R) + 1" Hg(T)WHLp(R)} ;1> 0.

For Erdés weights W € &, the modulus of continuity involves the

function
) = _ || o ()12

where o (t) is as above. The rth order modulus is then

wrp(f,W,t) = sup || W (z) (Ath(x)f (x)) [PRa—n—
0<h<t
inf — 1 | —o o .
deg(%grfl “ <f ) ||LP(R\[ (4t),0(4t)])

The error in weighted approximation of f by polynomials of degree
< n in the L, norm is

Enf;W], = inf [ (f=P)WL,m -

deg(P)<n

If f is such that fW? € L; (R), we define its orthonormal expansion

f ~ chpja
§=0
where .
¢ —/ fpiW?, j>0.

The nth partial sum of the orthonormal expansion is
n—1
Sn [f] = chpj-
5=0

while the nth de la Vallee-Poussin operator is

2n
AUEEDSEAN
Jj=n+1
Given a function f, we define the nth Lagrange interpolation poly-
nomial to f at {atjn}?zl to be the unique polynomial of degree < n —1
that satisfies
L [f] (@jn) = f (), 1 <j <.
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One formula for L, [f] is

n

Lolf1=) f ()t

j=1
where {Ejn};zzl are fundamental polynomials of Lagrange interpoaltion,
satisfying

gjn (ZL’;m) = 5jk:‘
The {¢;,} admit the representation

T — Tgn

U (@)= 1] P

k=1kj I kn
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