ON CONVERSE MARCINKIEWICZ-ZYGMUND INEQUALITIES
IN L,,p>1

D.S. LUBINSKY

ABSTRACT. We obtain converse Marcinkiewicz-Zygmund inequalities such as

" 1/p
I Prllo,i—10< C{ D ny 1P@E)IP
J=1
for polynomials P of degree < n — 1, under general conditions on the points
{t; }}Lzl and on the function v. The weights {u; %_1 are appropriately chosen.
We illustrate the results by applying them to extended Lagrange interpolation
for exponential weights on [—1,1].

1. INTRODUCTION AND RESULTS

Let
(1.1) 1<t <ta<... <t < 1.
Converse Marcinkiewicz-Zygmund Inequalities have the form
n 1/p
(1.2) | Py |z, 1< C | Dy |P(#)"
j=1

They are valid for all P € P,_1 (P,, denotes the polynomials of degree < m),
and for appropriate choices of the {y;}7_;, the function v : [~1,1] — R and the
constant C. One of their main applications is to Lagrange interpolation: let L, [f]
denote the Lagrange interpolation polynomial to a function f at {tj}?:l so that
Ly,[f] has degree <n — 1 and

Ln[f1(t) = f(t;),1 < j <mn.
From (1.2) we deduce

1/p

| Lolflv 2,10 C Il fllooi=1,1 Zuj

Jj=1

In particular, if we vary n, and the constant C' as well as the sum of the weights
2?21 p; are bounded above independently of n, we obtain that the operators Ly,
are a sequence of uniformly bounded operators between appropriate spaces. The
projection property

L,[P]=P,P€ P,
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2 D.S. LUBINSKY

and density of polynomials then allow us to deduce mean convergence.

The oldest method to derive such inequalities involves mean convergence of or-
thogonal expansions [24], [25], [26]. Its scope is restricted by the requirement that
the points {t;} be zeros of an orthogonal polynomial. See [10], [11] for the most
recent and general results on this method and see [6] for a survey of earlier results.
A second method due to Konig [3], [4] effectively regards part of the Lagrange in-
terpolation polynomials as a discrete Hilbert transform and uses boundedness of
the Hilbert transform. It is this method that we modify in this paper. We note
that when one requires that (1.2) only holds for polynomials P of degree < en
with some ¢ > 0, and not of degree < n — 1, then far more general results are
possible, the most impressive being due to Mastroianni and Totik [12]. However in
this situation, the application to Lagrange interpolation is lost.

In stating our results, we need the representation

(1.3) La[f1(8) =D f(t)t(t)
j=1
where {/;} are the fundamental polynomials of Lagrange interpolation at the {¢;}.
We also set
(1.4) tj:=1,7>n;t; :=—-1,7 <0.
For a function v : [-1,1] — R, we set v := 0 outside [—1,1]. The simplest case of

our results is:

Theorem 1.1

Let n > 1 and let {t;}}_; satisfy (1.1). Let v : [-1,1] — [0,00) be measurable.
Let m,(t) be a polynomial of degree n whose zeros are {t;}"_;, normalized by the
condition

(1.5) |Tpv| < 1in [—1,1].
Let L > 1 and
(1.6) (5.7' = tj+L—tj_L,1 S] <n.

Assume there exists a > 0 such that for 1 < j,k <n with |j — k| > L,
(L.7) by — tel > alj — K['"* [1+log | — K[*/* ;.
Let ¢ > 0,1 <p<oo. Then for P € P,_1,

1 n tj+€6j 5
(1.8) / |PviP < CY |P(t)|” / vl + ——2—— 5.

. LIPGI J T G

The constant C depends on L,a,e,p but is independent of v,{t;}7_;,n, P.
Remarks
(a) We note that while (1.5) is a normalization condition, our main hypothesis

is (1.7). In it one could replace |j — k|1/3 [1+1loglj— k|]2/3 by v (|7 — k|) where
¥ : [1,00) — (0,00) is any function satisfying

Z (i) < oco.
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(b) Some insight into the spacing condition (1.7) is provided by the Chebyshev
points

1.7
tj = —J7+=-)—),1<73<n.
si=eosl(n—j+ DT 1< < m
It is easily seen that for |j — k| > 1,
(1.9) [t —tkl = Clk—jlltj41 =t

where C'is independent of j, k,n so (1.7) holds with L = 1 in a much stronger form.
More generally, given points

tj=cosf;,0<j<n+1,
where g = m,0,11 =0 and

(1.10) gﬁaj—ejﬂﬁﬁ,oﬁjﬁn
n n
then (1.9) holds with some C depending only on Cy, Cs. Indeed orthonormal poly-
nomials corresponding to Jacobi weights and their myriad of generalisations satisfy
this with C1, C5 independent of j,n [13].
However, there are orthonormal polynomials for weights on (—1,1) whose zeros
do not satisfy (1.10). For the class of weights

(1.11) W (z) := exp(—exp(exp(... exp(1 — z2)77)))
k times

where k > 0 and 8 > 0, it follows from the results of [5] that if {¢;}_; are the
zeros of the nth orthonormal polynomial for the weight W?2, then

.12/3
It —til = C k= G172 |tj1 — ]

and 2/3 is the largest exponent independent of j, k,n. We shall establish this in
Lemma 6.1 below.

(c) Obviously any set of distinct points {¢;}}_; satisfies the hypotheses of the theo-
rem with some a > 0. However the theorem is useful only when applied to varying
n, and in such a situation one would require a to be independent of n. Likewise
the fact that the constant C in (1.8) is independent of v is essential in applications
where one needs to vary v.

(d) The estimate (1.7) is required only for ¢;,t; with |j — k| > L. Thus, if L = 2,
we could allow even and odd order points ¢y; and t2;41 to be close, but of course
this would be reflected in the size of 7}, (t2;) or 7, (t2j+1)-

In some applications, it is unfortunate that the weight v in the normalising
condition (1.5) is the same as that in the right-hand side of (1.8). We can insert
other weights w : R — [0, 00) provided their pth power satisfies the A, condition.
Let 1 < p < co. Recall that w? satisfies the A, condition if for all intervals I C R
with length |1],

o e s

The smallest such § is called the A, bound of wP. The main feature we use of A4,
weights is that they admit a weighted bound on the Hilbert transform. Recall that
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if g € L,(R) its Hilbert transform

(1.13) Hlgl(z) == lim 90

e—0+ [t—z|>e T — t

is defined for a.e. x. For an A, weight wP, there exists v > 0 such that for all
g € LP(R)a

(1.14) I Hlglw Iz, @<l 9@ Iz, @) -

The proofs of (1.14) indicate that the size of v depends only on the size of the A4,
bound S of wP. However we could not find a reference where this is formally stated,
so shall avoid using it. Another feature of A, weights, is that they are doubling
weights: there exists A > 0 such that for all a € R,§ > 0,

a+20 a-+0
(1.15) / wP <A wP.
a—20 a—4o

The smallest such A is called the doubling constant; we may take A = 2P3. This
is an easy consequence of (1.12), see [20, p.196].
Theorem 1.1 is the case w =1 of

Theorem 1.2
Assume the hypotheses of Theorem 1.1, except that instead of (1.5), we assume
(1.16) |mnv] <w in [—1,1]

where w : R — [0,00) and for some 1 < p < oo, wP is an A, weight. Assume
moreover, that there exists k > 0 such that for 1 < j <mn,

tj-‘r&j D
(1.17) / ) s < nftf‘ég <.
{te[-2.2):[t—t;1>6;} [t — 1] 95

(In particular, there exists such a k if the doubling constant A in (1.15) satisfies
A < 8.) Then there exists C > 0 and an integer K such that for P € Pp_1,

(1.18) / |Pv|P < CY |P(t)]" / [ i A R
-1 ; ’ bk [0 |7, ()]

The integer K depends only on L, «, and the constant C' depends on L, a, v, A, k,€,p
but is independent of v,w,{t;}?_;,n, P.

We note that one may replace [t;_x,tj4+x4+1] by [t; —€0;,t; + €d;] in the first
integral in the right-hand side of (1.18) if p > 3 or if we assume that the ratio

(tjrr —tj—r) / (tjt14r — tjp1-1)

is bounded above and below by suitable positive constants - in applications, this is
usually the case, with constants independent of n.

In some situations instead of a sup norm condition on 7,v one may only have
an L, condition with r < co. This is the focus of the following result:

Theorem 1.3
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Assume the hypotheses of Theorem 1.1, except that instead of (1.5), we assume that
for some 1 < r < o0,

(1.19) | mnp /o, 1< ]

where w : R — [0,00) and for some 1 < p < r, W™/ "=P) js an Arp)(r—p) weight.
Assume moreover that (1.17) holds with p replaced by pr/(r — p). Then for P €

,Pn—la
i+ed; =
‘/tj—"_‘E ! wrp/(r—p) |: |P(t7)| :| o
tj—ed; 6 m(t5)]

(1.20)
1 n tjt K41 n
[ <ed e [ el e d S
—1 K
The integer K depends only on L, «, and the constant C' depends on L, a, v, A, k,e,p
but is independent of v,w,{t;}"?_;,n, P.

j=1 ti— j=1

It is obviously of interest to have conditions on ,, that allow us to replace the
two terms in the right-hand side of (1.8) or (1.18) by a single one. This is the focus
of the next two corollaries:

Corollary 1.4
Assume the hypotheses of Theorem 1.2 and in addition that for some ,p > 0 and
1<j<n,

tj+r tj+ed;
(1.21) / | v|? Zp/ wP.
ti—L t]'765j

Then for P € Pp_1,

1 n it K41
(1.22) [ e ipwr [ g
-1 ti—K

Jj=1

The integer K depends only on L, «, and the constant C depends on L, a, v, A, k, e, p,p
but is independent of v,w,{t;}"?_;,n, P.

Corollary 1.5

Assume the hypotheses of Theorem 1.2 and in addition that one of the following
holds:

(I) V' exists a.e. and for some p >0 and 1 < j <n,

titK+1 P tj+ed;
(1.23) / ()| < p(;;p/ WP
tj—K tj—ed;
(IT) For some p,py,py >0 and 1 < j<mn,
titK+1 tj+65j
(1.24) O Al
tj—K tj—ed;
and

(1.25) pr < V()/(t) < post € [tyo1, ] N -1, 1]
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Then for P € P,_1,

tj+€5j wp

1 n
(1.26) /1 |PyP < C; |P(t;)I M

The constant C depends on L, o, v, A, K, p, py, Pa, €, P but is independent of v,w, {tj};‘:l, n, P.

Following is a general example of how Theorem 1.2 can be applied.

Example 1.6
Let us assume the hypotheses of Theorem 1.2 and let p : [—1,1] — [0,00) be

measurable. Then for functions f : [—1,1] — R, we have
(1.27) I Lolf1v L, -10< CO L1
where
P 1 el 1/p
n j;f7+x+ 10;u| tt;j‘;; wP
(1.28) Q= LS LA L L)
; p(t;)P [0 77, () ()11

and C, K are independent of v, j1, n, f, {t;}, but depend on the constants L, v, v, A, k, €, p.
In particular, if we vary n, and possibly also v, u but the constants L, a,~v, A, k
may be chosen independent of n, while Q is bounded above independently of n,

and (1.17) holds uniformly in n, then we obtain uniform boundedness of {L,} in
appropriately weighted spaces.

The point of this is that in many of the classical situations where mean conver-
gence of Lagrange interpolation has been studied, notably at the zeros of orthogonal
polynomials for the many generalisations of Jacobi weights [10], [11], [13], [16], [18]
or the exponential weights on [—1, 1] [7] or the Freud or Erdos weights on R [1], [8]
all the information that is needed to estimate € is readily available: namely lower
bounds on 7, (¢;), upper and lower bounds on d;, and upper bounds on 7, and ¢;.
For those weights, one may scale the interpolation points to [—1, 1] and may choose
L =1 and (1.7) will be satisfied so all one needs to check is whether € is bounded
independently of n and whether (1.17) is satisfied with appropriate . This should
in principle allow one to unify a wide range of results.

In most of the applications to interpolation at zeros of orthogonal polynomials,
it suffices to consider wP of a very special form. This is the subject of the following
theorem:

Theorem 1.7
Let b e [%, 1], celo, %] and

1 1
(1.29) ——<o<1l—-.

p p
Let

a0 = (|1 o)
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Assume that n > 1 and that {tj}?zl satisfy (1.7). Assume moreover, that for some
7>0,and 1 <j<n,
t

(1.31) 1—

+CZT(SJ‘.

Let v : [-1,1] — [0,00) be measurable and let the polynomial m,(t), whose zeros
are {t;}"_,, satisfy (1.16). Then for P € Py_1,

1 n t]'+K+1 6w(t)p
(1.32) / |Pv|P < CY |P(t;)" / u|P + L L

-1 32::1 ! tji—K ! [(SJ |7T;z(tj)|]p
The integer K depends only on L,c, and the constant C' depends on L,co,0,7T,p
but is independent of v,w,{t;}7_;,b,c,n, P.

We believe that several of the results on mean convergence of Lagrange interpola-
tion associated with generalized Jacobi weights [13], [16], [18], with Freud weights]8],
with exponential weights on [—1,1] [7] or Erdos weights [1] may be deduced from
Theorem 1.7.

As an illustration of Theorem 1.7, we deduce a new result on extended Lagrange
interpolation associated with exponential weights on [—1,1]. In defining a suitable
class of weights and in the sequel, we use ~ in the following sense: given a real
interval I and functions f,g: I — R, we write

f~ginI
if there exist positive constants Cp, Cs independent of ¢ such that
Cr<f(t)/gt) <Catel

Similar notation is used for sequences and sequences of functions. Moreover, C, Cy, Co, ...

denote positive constants independent of n, ¢,z and P € P,,. The same symbol need
not denote the same constant in different occurrences. To indicate that C' does or
does not depend on a parameter T we write respectively C = C (1) or C # C (7).

Definition 1.8
Let W = =@, where Q : (—1,1) — [0,00) is even, twice continuously differentiable
and @' >0,Q" >0 in (—1,1). Assume moreover that the function

(1.33) T(t) :=1+1tQ"(t)/Q'(t),t € (=1,1)\{0}
is increasing in (0,1) with
(1.34) Jim T(t) > 1

and for t close enough to 1,

T(t) ~Q'(t)/Q(t)
while for some A > 2 and t close enough to 1,
A
. > .
(1.35) Tt) =15

Then we write W € W.

The archetypal examples of W € W are given by (1.11). See [5], [7] for further
orientation on these weights.
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Associated with the weight W?2 (note the square), we can define orthonormal
polynomials

Pn () = 72" +...,n >0,
satisfying

1
/ pnme2 = Omn-
-1
We order the zeros of p,, as

1<z <Tpo1n <..<zx1p <L

Mean convergence of Lagrange interpolation at the zeros of p, for W € W was
studied in [7]. One of the unfortunate features is that in working in L, norms

with p > 4, severe weighting factors are required. This comes from the fact that
—1/4
pn ()W (z) behaves essentially like ‘1 - Lﬂ) , where a,, is the nth Mhaskar-

Rahmanov-Saff number (we shall define this in Section 6 below). The latter also
has an impact on Lebesgue functions of Lagrange interpolation.

It was J. Szabados who came up with the idea of reducing the Lebesgue function
of Lagrange interpolation by adding two extra interpolation points. Let &,, be the
positive point where p, W attains its maximum in [—1, 1] :

(1.36) IPnW(££,) = IPnWllL oo -1,
Szabados [21] considered for Freud weights the interpolation points
(1.37) {tin}—y = {zjm2}ioy U{—€nz:€0rs}

and showed how the Lebesgue constant reduced dramatically from O (nl/ 6) to
O (logn). This was subsequently extended to exponential weights on [—1,1] [1].

The addition of the two points also leads to more elegant results in mean conver-
gence of Lagrange interpolation. For Freud weights, this was explored in [9]. Here
we use Theorem 1.7 to treat exponential weights on [—1,1] :

Theorem 1.9
Let WeW, let 1l <p<ooand d > —I%. Let f :[-1,1] — R be such that fW

is bounded and Riemann integrable in [—1,1]. Then if L,[f] denotes the Lagrange

interpolation polynomial to f at {tjn}?:p we have
. d
(1.3 Tim [(F = L [F) (OW () (1= 12)" 11, 1.0 = 0.

In particular, this is true for d = 0.

One may compare this to the results in [7], where without the additional two
points, more complicated results arise for p > 4.

This paper is organised as follows: we prove Theorem 1.2 in Section 2, and then
immediately deduce Theorem 1.1. We prove Theorem 1.3 in Section 3 by indicating
the modifications required to the proofs of the previous section. In Section 4, we
prove Corollaries 1.4 and 1.5 and in Section 5, we prove Theorem 1.7. In Section
6, we prove Theorem 1.9.
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2. THE PROOF OF THEOREM 1.2

Throughout this section, we assume the hypotheses and notation of Theorem
1.2. In particular (1.1) holds and t; = 1,75 > n,t; = —1,5 < 0. We let

I; = [tj —5j,tj+5j],1 <j<n,

where

0j =tjrr —tj—rL,
and
Note that

._7j @] \7j*1 - Ij
We let x; denote the characteristic function of /; and |I;| = 2d; denote the length
of I;. As a consequence of our hypothesis (1.7), if K > L satisfies

(2.2) aK'3(1+10g K)*? >4
then
(23) |j—k\2Kz>|tj—tk|24max{5j,5k}:>fjﬁfk:®.

Of course, the size of K depends only on L and «. We fix a polynomial P of degree
<mn —1 and set

(2.4) yj == P(t;)/m,(t;),1 < j <n.

We may then write

t—t;

P (t) = Lo[P](t) = 7a(t) ) 2

= | m()H i%ﬁﬁ + Wrb(t)z:yj{t_ltj—H[ﬁ} (t)}

(2.5) =:.J; (t) + Jg(t).
Thus,
(2.6) | Pv ooyl Jiv -1 + I Jov 2, -1 -

We begin with the estimation of the first term on the last right-hand side:

Lemma 2.1

— (ly;1\"
(2.7) I w17 2P QKD :( 5{ WP,
j=1 J I
Proof
Now by our hypothesis (1.16)

X

Jiv| <wl|H ;
| 1V‘_UJ ;yj‘lj|
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The boundedness of the Hilbert transform (1.14) then gives
(el < prg ren
WilL, -1y=7 YiTg] ee®
=1 "

k+K - P
<y [l 3 i
Here we have used (2.3) which shows that if |j — k| > K then I;; N I; is empty. We
also set y; := 0 if j lies outside the range {1,2,...n}. Using the inequality
(a1 + az + ...as)” < sP(a} +ab +...ab) if all a; > 0

we continue this as
n k+K—1

RSSO SN S|
k

k=1j=k—K+1

e HlZ(Bﬂ) f e

Here we have used the fact that x; vanishes outside I;. Then (2.7) follows.[J

J
wyj

We next turn to the estimation of J;. First we estimate a term in the sum defining
Ja. It is here that the symmetry of the interval I; about ¢; is essential, and it is
here that we obtain a substantial improvement over the method of Konig.

Lemma 2.2

Let
1 X
2.8 g;(t) == ‘H['ﬂ t).
(2.8 (0= = = H || o
Let 5> 0. Then for |t —t;| > (14 8)d;, we have
1+8 6
2.9 ()] < — .
(29) s < 5P s

Moreover, for s € I,
B §|hw\§2+@
L+5 7 it — 145

(2.10)

Proof
Now as t ¢ I, we have ordinary Riemann and not principal value integrals in the

Hilbert transform:
i(t) d
9;( HL/[t—t —S}S
tj—s
d
|1|/ t—t)t—s"

tj—s t;—s
HI/){tt tﬁ__u—@f}ds
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as t; is the midpoint of I;. We continue this as

_ 1 (s —t;)?
“’j(““|1j|<t—tj>2/fj s 0

Next for s € I},

1
[t —s| > [t —t;] —d; > [t =] 1‘@

and we deduce the left inequality in (2.10), the right inequality in (2.10) follows
similarly. Applying the lower bound in (2.10) to the last identity for g; gives (2.9).0

We can now proceed with the estimation of Jy of (2.5). We note that up to this
step we have not used the full power of (1.7), all we needed was (2.3). The same is
true of the following lemma: (note that K > 1).

Lemma 2.3

Jov || < 960 o1 Y P(ty)|? B lev|P 4P (e’ ?
A > 1Pt " +97 > \7y) J @
k=1 k

k=1 th—K

|yr| 7
w? —_—
/1,- ) 2 It — tel”

i kelk—j| > K

(2.11) +23P§n: (

j=1
Proof
Recall from (2.1) that the endpoints of {J;}7_, form a partition of [-1, 1] and that
Jj UJ;—1 C I;. We have, with the notation (2.8),

n n
” Jov ||I[)Jp[7171]: Z/ '/Tnyzykgk
j=0"7T; k=1

p

p

p
n n
< 2”2/ TV > Ykgk +2PZ/ TV Y Ykgk
j=0"J; j=1"1i

:lk—j| <K ilk—j| > K

(2.12) =: 51 + Ss.

Note that the inclusion of into prevents strict inequality in the index of
Jo I Yy
summation in each sum). Here

(2.13) S <2RK+1PY > / [Ty gil” .

5=0 k:|k—j| <K

By the form (2.8) of gi, and our choice (2.4) of yj

/ Ty gn|”
j.

P | war+ (f)" ) |wnuH[xk]|p]

J

<or
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and by first (1.16) and then (1.14),

[, el < [ et

Sv”/lkalp=7”/ wP.
R I
Thus,

Sl§24pri > 1P |p/ [vex|”+ 24pr’YZ > (|yk|>p/ w?
Iy

I
3=0 k:|k—j| <K 3=0 k:lk—j|<K [ ]

W\ p [T ip2 epi lve\” [,
(2.14) < 2K |P(t)| vty |? + 2P Ky Z |1k| wP.
k=1 Iy

k=1 th—x
Next, we consider Ss. If |j — k| > K and t € I;, we have by (2.3

1
|t—tk|Z|tj—tk|—5j2|tj—tk|( )

S0
3
(215) tE[j§|t7tk|Zi‘tjftk|235k.
Then Lemma 2.2 gives
p
[l ¥ wa
I kelk—j|> K
p
3 2
< ey | el ——3
I k: |k JI>K |t - k|
53 ’
() 2wt
I k|k jI>K tj — til”
Thus,
P
0 — o7
(2.16) Sy <2y </ wp) >l —E—
j=1 \"1L PP U A I’

Together with (2.14), this gives the result.C]

We turn to the estimation of the third term in the right-hand side of (2.11). Tt
is only here that we need the full power of (1.7). It is also only here that we need
(1.17). We shall attend to the case where wP has a doubling constant < 8 in the
proof of Theorem 1.2 itself.

Lemma 2.4

(2.17)

p
- lyk| 6% 2 T’ (I%I)p/
g wP E —_ < |max{—————,4cK} = wP.
: 1(/1]- > =ty — ] a?log(K —1) =\l /) Jn,

= k:|lk—j|>K =1



MARCINKIEWICZ-ZYGMUND INEQUALITIES 13

Proof
Define an n x n matrix B = (bjy)} ,_; as follows:
0, li—k <K
bjk = ij W\ /P 53 .
(f}k w? |tj*§k\3’ gkl z K

Moreover, define the n-vector Z := (zi)}_; where

| e
2 = /wp A1 <k<n.
6k Ik

We then see that the left-hand side of (2.17) is exactly
| BZ |2,

where (in this proof only) || - [[¢» denotes the usual norm on £} so that for example

n 1/p
12 (zw) |
k=1

Thus the left-hand side of (2.17) is bounded above by

v 13 () ()]

Here the norm on B is the usual operator norm on /. It thus remains to estimate
the norm of the matrix B. To do this, we use the following proposition, involving

the notation
1
P
19 syiai= ([ lot7an)”.

for ;1 measurable functions g on a measure space (§2, ). See [2,p.745] for example,
for a proof of this.

p
218) (1Bl Zley) =1l B

Proposition 2.5

Let q := ﬁ. Let (Q, 1) be a measure space, s,r: Q*> — R and,

T(f) (u) = /Q s (u,0) £ (v) dp (v)

for p measurable f:Q — R . Assume that

sup / 15 (u,0)] | ()| dp (v) < N

sup/ Is (u, v)| |7 (u,v)| " dp (u) < N.
v Ja
Then T is a bounded operator from Ly (du)to Ly (dp). More precisely,

I Tz, (du)y— L, (@) < N.

To apply this to the matrix B, we use the discrete space Q = {1,2,3,...,n} and the
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measure p({j}) = 1,1 < j < n, and let s(j, k) := bjx, for all j, k. We must then
find {r;x} such that for an appropriate N,

(2.19) supz bjkv“?k < N;
T k=1
(2.20) sup Y by < N
[t
We set
WP\
Tjk ‘= <II’C p>
flj w

and then (2.19-2.20) become

63
(2.21) sup 7’“|3§N;

e (S A

3 WP
(2.22) bup ! Z fIJ|3 < N;

U Wiz I~

Our hypothesis (1.7) gives
2
k:|k§j:>K Itj — B 043 Z logz - a3 log(K — 1)

Next, (2.3) and (2.10) of Lemma 2.2 (with § = 3) show that for |j — k| > K and
s € I;, we have

te —s| _5
[t —t;] — 4
SO
Jp wP
Y. =2 / —— 5 ds
jik—grzx 1t~ bl PRl el L tk‘
< 4K Wi()ds
[s€[—2,2]:|s—t|>28,} |8 — tk\
Jy, w?
<4kK
Ok

In the second last line we used (2.3), which shows that each s € [—2,2] can belong
to at most 2k — 1 of {I;}, and in the last line we used (1.17). It follows that we
have

| B ||ggﬂgg§ max{ 4k K}

adlog(K — 1)’
and the result follows from (2.18).00

We can now turn to
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The proof of Theorem 1.2
From (2.6) and Lemmas 2.1, 2.3, 2.4,

thyK+1 n p
Sy [ 54 (29
th—K k=1 Iy 6k

where C' depends only on «,7, k, L, K, p. Next, let m be the smallest integer such
that

(223) | Pvf _,,<C

2Me > 1.
We see that if A is the doubling constant of w?,

tr+edk
/ wP < Am/ wP
Iy tp—ed

and then recalling the definition (2.4) of y, we obtain the conclusion of Theorem
1.2. It remains to show that (1.17) holds if the doubling constant A < 8. Now

oo

P(t 1
/ ~ ()3dt§273/ WP (t)dt
{te[=2,2:t—t;>8,} |t — & o (2F710;)7 Jyon-15,<t—t;] <2k,

B e & A)k_ A S

-8 Z(s 1-2 58

k=1

So (1.17) holds.OI
We turn to

The Proof of Theorem 1.1
We apply Theorem 1.2 with w = 1. Firstly it is easily seen that (1.17) holds with
K= % Next, our hypothesis (1.5) gives

/tj+K+1 » tj+ed; » dt
< [T s [
ti—x ! tj—ed; ! t:|t—t;|>ed; 7, () [t — 5]

J
tj-‘rE(Sj 26 l—p
:/ |€jl/|p+ 7 J D ° .
tj—E(Sj (|7Tn(t.])| 5]) p - 1

Then (1.8) follows from (1.18).00

3. THE PROOF OF THEOREM 1.3

In this section, we briefly indicate the modifications required to the proofs in the
previous section. We continue to use the decomposition (2.5). Instead of Lemma
2.1, we have:

Lemma 3.1

p r

n y; e .
(3.1) | Jw < <| j ) /1 o

Jj=1
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Here C7 depends only on v and K.
Proof

We have by Holder’s inequality, with parameters o = %, T= P —l—% =1,
| Jiv HLP[—l,l]:H T H Z%Tj ||Lp[—1,1]
=l
<|| Tn 11]“ wH Zy_]u-‘]‘ ||L 7p [—1,1] -
The rest of the proof follows as before.[]
The analogue of Lemma 2.3 and 2.4 is:
Lemma 3.2
(3.2)
| o |2y < Z\P (t |p/ P + (Z <1> / w)
th—K k—1 k| Iy,

Here Cs depends only on a,7,k and K.

Proof

Firstly (2.12) persists, and the estimate (2.13) for Sy persists. Instead of proceeding
as after (2.13), we use Holder’s inequality:

/Iwnvykgklp
Jj

p p p k" v\ 2 '
<27 |[P(ty)] vl + {77 [T /wl wH [x3]| 77

T | k| T Tj
3 e
< 2P | |P(t)] / |vlil? + P ('yk> | /w|” (/ wrmp) '
| 7 I

by (1.14). Here of course 7 is the constant in (1.14) but with p replaced by pr/(r—p)
and then (2.13) and another application of Holder’s inequality gives

n thtK+1
si<ey Pl [l
k=1

th—K

o> marfl” ) ([ w0
kz::l |Ik| Tk Iy

tht K+1
< CZ|P b |p/ AL
K

1 2 o/n _pr_ =
Ny e\ "7
+C </ Tl /w ) ( /wrw
Ll ) A n)
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Next, instead of (2.16), we obtain via an application of Hoélder’s inequality first to
an integral and then to a sum,

n 52 P
SQSCZ</ |7rnz/|”> Yo lwl—E—
j=1 I k:lk—j|>K |tj - tk‘
_pr_
1 o 52 T
pr
<C (/ |7Tn1//w|r> Z (/ wrp) Z lyp| ——
-1 j=1 \"4 kikgz It

By proceeding exactly as in Lemma 2.4 with p replaced by pr/(r — p), we obtain

pr —=r
& |yk| ) = / pr "
S < C ( wr=p
(0,
Then (3.2) follows.O
The Proof of Theorem 1.3
This is the same as that of Theorem 1.2, except that we use Lemmas 3.1 and 3.2.0J

4. THE PrOOF OF COR. 1.4 AND 1.5
We begin with

The Proof of Corollary 1.4
By our hypothesis (1.21) (recall that |t — ¢;| < 4, fort € [tj_r,t+1] C tj—K,tjtr+1])

/tj+K+1 » 1 P oprtigL » p tj+ed;
[v|” > <) / ||’ > 7/ wP
ti— K ! ‘T(’/n(tj)‘ 6] ti—L " (|7T/n(tj)‘ 6])[) tj—€5_7'

so the result follows from (1.18).00
We turn to

The Proof of Corollary 1.5
We assume (I), the proof under (II) is similar. Let M|[g](x) denote the usual max-
imal function of a function g € L1 (R), so that

M[g](x)zigg% 75 l9(y)| dy-

We see that if xj denotes the characteristic function of (tj—K,tj+r+1), then for ¢

in this interval,
wv) (t 1 ¢
(ﬂ— I/)( )’ — / (ﬂ'ny)/ (S)ds
t - tj tj

t—t;

< M[(mv)'X;1(t)

and then boundedness of the maximal function operator from L, to L, gives

ti+K+1 » 1 tj+K+1 L
[l < s [ MUy

ti— K |7, ()] ti—K

p
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O [ s S [
t

ST oam <
|7r/n(tj)|p ti—K |7T'/n(t])5]|p j*é‘&j
by (1.23). The constant C is of course just the L, norm of the maximal function
operator.[]

5. THE PROOF OF THEOREM 1.7
We begin with a technical lemma:
Lemma 5.1
(a) For t € I,
(5.1) Cl Sw(t) /w (tj> S CQ,

where C1,Cy depend only on T, L.
(b) If j,k are such that |j — k| > L and

5.2 ti — 1t <2 1—M+c
(52) 1l il e),
then

(5.3) (5;@SC<’1—|IZ| —l—c),

where C = C(a, L) only.

(c) w is an A, weight, and the constant v in (1.14) may be taken to be independent
of b,c (but depending on o,p).

Proof

(a) Now for k = j + 1,

_
1 b

te 3 1tk — 41 39,

121
’1*7

<
: ‘t]"
+C ‘ i

+e br

<

NN

+ci‘1—%

Here we have used (1.31). It follows that

I
b b

uniformly in k, with constants in ~ depending only on 7. Then also uniformly in
k,

(5.4) w (tg) ~ w (tks1)
with constants in ~ depending only on 7,0. Since (2.3) shows that

tj-x Stj—0; <tj+0j <tjik,

+c

+c

we obtain from the local monotonicity of w that (5.1) holds.
(b) We use (1.7):
O <t —tula™ i — kT2 (14 log|j — k]
< tj —tela 'LTV3 1+ 1og L)%
Now use our hypothesis on [t; — t].
(c) This essentially goes back to Muckenhoupt [15]. A detailed proof of the fact that
v in (1.14) may be taken independent of n can be found for example in [7,Lemma



MARCINKIEWICZ-ZYGMUND INEQUALITIES 19
3.1]. O
We turn to

The Proof of Theorem 1.7
We assume that K is as in (2.2). Moreover, we write, as at (2.5),
P(t)=L,[P](t) =: J1 (t) + J2 (t).

The conclusions of Lemmas 2.1 to 2.3 remain valid, since they do not use (1.17).
We merely have to replace Lemma 2.4 by a suitable analogue. We define the matrix
B as in the proof of Lemma 2.4. As at (2.17-2.18), there is the estimate

p
n 2 n p
|yk| 55, |y
Yol e > 5| <IB e D WP
j=1 </1] ) ke =k [t = tl RN

Now

(5.5) / WP~ Gpw (te)"

Iy,

by (5.1), with constants in ~ depending only on 7 and L. Then if we can show that
(5.6) | B lleg -y < C,

where C' depends only on o, 7, p, L, the desired result follows from Lemmas 2.1 and
2.3.

To prove (5.6), we use Proposition 2.5, but with a different choice of r;; from
that used for Theorem 1.2. We set

and

e () (212)"

Let us set
P P
5y ¢<1>;Bz =1+L.
p q

Then (2.19) becomes (instead of (2.21)), and because of (5.5),
63 t B1

(5.8) sup Y E (w( k)) <N;

After swopping the roles of j, k in (2.20), it becomes (instead of (2.22))
667 o)\ 2

(5.9) sup Z i 3 (w( k)) <N.

Here we want N to depend only on o,p, 7, a, K. Note that

) —qo, >0, _J 0, o220,
’810_{0, oc<0 ’ﬂQU_{pa, oc<0
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and then from our restriction (1.29) on o, we deduce that

(5.10) -1<pB,0<0,0=1,2.
Let
= : — 7| > - = > _
S (4) {J |k j|_Kand‘ , +c_100 1 S +c
and let
; - , [tk 1 |21
TG):={j:lk—jl>K L — (|-
(4) {J |k —j] > K and b +c< 100 , +c

denote the complementary range. For £/ =1, 2,

8,
keS() = (ggi’;i) < 100%¢°,

as B,0 < 0. It follows that

> i (5)

kesG) [t~ tl

63
(5.11) <100%7 Y —E o<,
kil k—j|> K It — t]
with C' depending only on L,o,«,p,7. We have used our spacing condition (1.7)

here. Similarly,
> e (56)
|tj *tk|3 w(tj)

keS())
)
o2 § : k

keS(j) ‘tj - tk|

(5.12) < C&f/ _dt C,
{

3 =
tift—t;1>8,} [t — 1]

where C' depends only on L, o, a,p, 7. We have used (2.3) to estimate the sum by
an integral. Next, let

t,
A= ’1—';' +c.
For k € T (j),
1251 [tk|
[t; —tn] > b[(’lg te) - ([1-7 | +e
99b It 99b 99
= 100 (‘ b +C) 100" = 200
Moreover,

|tj — ti| = Cdy,
with C' # C (4, k). Then
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<CXlw(t) ™ )T Grw ()™

keT(5)
(5.13) <CAxlw(ty) ™ / w (t)° dt.
KeT(j) 1
Now k € T (j) and t € Ij, implies that
2] |kl o
LY P L Ok
b +c< b +c+ b
[tk 2 A 2 A
< (|- 1+2) < 2 (1+42) <2
—Q TR AR T e BT
by (1.31), and assuming, as we may, that 7 < 1. Thus we may continue (5.13) as
<A lw(t) ™™ / w ()P dt
! (e yec 2}

Bio
< 20x1*ﬁ1“/ (’1 - t’ + c) dt.
{tl-lre<z} NI 0

We now make the substitution 1 — % = As and then continue this as
c\ Bio
(5.14) <20 (|s| v 7) ds < Cy,
{s:\s|+§<ﬁ} A
with C; depending on L, 0, p, o, 7: note that ¢/\ € [0,1] and 8,0 > —1. Similarly,

03 6% (w(%))f%

tj—flg|3 w(tj)

keT(4) |
(5.15) <CAlw(t) T YT G () <,
keT (4)
as above. Combining (5.11), (5.12), (5.14) and (5.15) gives the required bounds
(5.8) and (5.9), with N depending only on L,o,p, «, 7.00
6. THE PROOF OF THEOREM 1.9

In the analysis of exponential weights W = e, the Mhaskar-Rahmanov-Saff
number a,, plays an important role: it is the positive root of the equation

! , dt
(61) n = ;/Ov ClntQ (Clnt) ﬁ

One of its features is the Mhaskar-Saff identity [14], [19]
I PWLof-1.0= 1 PW llLci-an.an)s P € Pr

We also set

(6.2) N, = (nT (an))_Q/?’ ,n>1;
(6.3 w®= 1=
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and

(6.4) 6o (1) = max{ o @), M}

(In [5], [7], n,, was denoted by d,,, but this would conflict with our use of ; in this
paper). We let

11 1
6.5 de|{——,-——-) andd <0
(65) <p4 p)
and
3
(6.6) a:zz—i—d.

Note that then o satisfies (1.29).
For a given n, we set L =1 and

0; :=tjxin —ti—1n;

(6.7) w(t) =, ()7 =y, (£)iT
(6.8) T (£) 1= pn—2 (t) (1 — (5 t2) ) :
(6.9) v (t) = CoW ()1, ()7

Here Cy # Cy (n,t) will be chosen small enough later. We begin by summarizing
what we need to apply Theorem 1.7 and to prove Theorem 1.9: we assume through-
out the hypotheses of the latter.

Lemma 6.1
(a) Uniformly in n and j,

1
Moreover, for some C # C (j,n),
(6.11) tin < an(1+Cnyp).

(b) For some C # C (j, k,n),

|tjn — tinl

(6.12) >Clj— k3.

tivin —ti—1n
(¢) For some T > 0, with T # 7 (j, k,n),

(6.13) Y (tjn) 2 705
(d) Uniformly in j,n,t,

(e) If Cy is appropriately chosen, then in [—1,1],

|| < w.
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(f) Let K be a fized positive integer. There exists C # C(j,n) such that

e e St oo
(615) /t] . M] | + [6]| ;l( Jn)H SC(S]W( ) q/}n(ﬂl)

(9) There ezists C # C(n, P) such that for P € P,
d d
(6.16) [ (W) () (1 =1%)" ||z, ~1.y= C | (PW) (&) (1 = £°)" |z, a2 2] -

We delay the proof of the lemma until after

The Proof of Theorem 1.9

We note first that we have verified all the hypotheses of Theorem 1.7 with the above
choices of 7, v,w. Indeed, (6.12) is a stronger form of the spacing condition (1.7),
while (6.13) is a restatement of (1.31), and we have (1.16) from Lemma 6.1(e).
Then setting P := L, [f] in (1.32), and taking account of (6.15) gives

(6.17) /1Lﬂﬂ 1 <3 5wt (4.
j=1

-1

with C # C'(n, f). Let e > 0 and 0 < p < p’ < 1 be chosen so that

(6.18) /1 (1—t)"dt <e.

Then
> (tjn)
[t5]1>p"
SCIIWIE oy Do Ggern — tin) ¥ ()

[tj]=p"

gcnﬂvMMAI/"WP £t

Here C # C(f,n,p,p',¢) and we have used (6.10) and (6.14). Since as n — oo,
an, — 1— and n,, — 0+, we may continue this for large n as

1
d
©19) <A [WI Ly [ Q=0T <20 Wy
p
Again we emphasise that C # C (g). Next, for n > ng (p/) and t € [—p/, p'], we
have
Ui (8) < 201 [t]|"

so (6.10) gives for such n,

p
Z :ll (tjn)
ti€(=p",p")
d
<C Z (tj+17n - tjn) |fW‘p (tjn) |1 - |tjnH b
ti€(—p"sp")

p/
ﬂc/'uwwmufwwﬁnem,
7p/
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recall that fW is bounded and Riemann integrable. Here C # C (n, f,p,p,€).
Combined with (6.17) and (6.19) and letting € — 0+, gives

. d
limsup || Ly [f]W05 [n,1-10< C | (PW) () (1 =12)" [l -1,0,

n— oo

for some C # C (n, f). Next for ¢t € [—an, an],

t
@ =1- Ty <1, <o0-r),
as
1—t2>a? —aQNL
- Y2n n T(an)

see [5,pp.24-25]. Moreover, for t € [—aap, agn] \ [—an, an),

a2n
j—Ld

¥, (1) < +1

= T(an)

an
<C(a3, —a2) <C(1-t%),
again see [5,pp.24-25]. Thus,
wn (t) § C (]. - t2) ,t S [*agn,agn}

d
= wn (t)d >C (1 - t2) NS [_a2na a2n] .
Then the restricted range inequality (6.16) gives
. d
limsup || (Ly [f]W) () (1 = 2%)" |, -1

n—oo

< Climsup || (Lo [f]W) () (1= )" |0 (—annann]

n—oo

< Clim sup || (Ln [f] W) (t) wn (t)d ||Lp[*1a1]

n—oo

d
<CI W) ®) (1 =) N,
where C' # C (n, f). For any fixed polynomial P, we then deduce that
. d d
timsup || (f = L [f1W) () (1= ) 0= C 1L ((F = PYW) (6) (1= )" 1, 1y

Here as fW is bounded while dp > —1, we may choose P to make the last right-
hand side arbitrarily small. Then (1.38) follows. Finally, if (1.38) holds for a given
d, it holds for any larger d, so our assumption (6.5) is no real restriction.]

We turn to the proof of Lemma 6.1, but precede it with:

Lemma 6.2

(a)
577.

(6.20) ‘1 -2 <Cn,py,n > 1.

Qn

(b) For 1 <j<mn,
(6.21) [Zjn — &l > Cnye
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Proof

(a) It is known [5, Cor. 1.5, p.10] that

(622) vl < - e
and

[PV (€0) = [PnW |1y ~ (T (an))® = 1,1/,
Then (6.20) follows.
(b) It follows from (12.4) and (12.5) in [5,p.134] that for 1 < j <nand z € (—1,1),

PaW | (2) < C |z — @jn| 167" () Wy, (50)

In particular for x = £,,, we obtain

(6.23) M < C e = wgnl ngy (n) o (ajn) T
Now if with C as in (a),
‘1 — xjn/an\ > 207]71’
then (a) immediately gives (b). In the contrary case |1 — z;,/a,| < 2Cn,,, we see
from the definitions (6.3) and (6.4) of ¢,,,,, that
1

¢n (mjn) ~ Mns ¢n (wj’n) ~ W

0 (6.23) becomes

777:1/4 S C |§n - x]’ﬂ| nT (a"ﬂ) V 77n777_11/4
and then again (b) follows.O

The Proof of Lemma 6.1(a), (d)
It is known that uniformly in j,n [5,p.9]

Tin
1-— | <C
0 > Uy

n

Tjn — Tj—1,n ~~ ﬁd)" (xjn) )

and uniformly in j,n [5,p.111,eqn. (10.12)]

(624) wn (xjn) ~ wn (xj—l,n)
and hence also
It is also follows easily from the fact that [5,p.24],
Gp—1 1

2 1- ~— =
(6.26) tL s = o).
that uniformly in n and = € (—1,1),
(6.27) U (2) ~ V1 (2) 50, (2) ~ Oy (2)
Finally,

i (60) ~ 10360 (6) ~ =

The above relations and Lemma 6.2 (a), (b), directly imply (6.10) and (6.14). Also
(6.11) follows from Lemma 6.2 (a), and from the bound above for zy,. O
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The Proof of Lemma 6.1(c)
In view of (6.10), it suffices to show that for some C' # C (j,n),

)
(a"rb) ’[r/)n (tjn) .

C
t'n > — t'n )
U (t0) 2 nmax{ Y (tn). =
This, in turn, is equivalent to both

and
C
32
nT (an) I
The last inequality immediately follows from the definition of v,,. Since [5,p.24],
T (ay) =0 (nz),

3/2
¢n (tj’fb) / >

n, = (nT (a,))"2? >>n2,

and then the former inequality follows as

Vo ) 2 Vi >>

O

Proof of Lemma 6.1(b)
From (6.10) and (6.14),

ti+1,
/.7 "y 1
n ~S —

in

tin 1
[ e
t

in

whence if k # j,

k=l
4l

(6.28)

We consider 4 subcases, thereby treating all possibilities with ¢;,,tx, > 0; the
remaining cases are similar:

(I) 0 S t]n;tkn S agn/4.

Then for ¢ between ¢, and typ,,

(bn(t)N\/wn(t): 17ai+77n

whence (6.28) gives

|k —Jl e T
n wn (t]’ll) wn (tlm)

Then our spacing (6.10) gives
‘tkn - tjn| ~ |]€ _ ,7| \/1% (tjn) + \/wn (tkn)

bigin — ti—1,n Yy, (tjn)

Thus we have (6.12) in a stronger form.
(H) Ay /2 S tinten < 1.

a'rjl |tjn — tn

V0 () + o (en).

> [k —jl
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Then for ¢ between t;,, and tgy,,

b (1) ~ !

1
(@) Vo T(ay)\J1— L+ M,

where the large enough M > 0 may be chosen independent of n,t, j, k and we are
using the fact that all ¢;, < a,(1+ Cn,,). Then (6.28) gives

3/2 3/2 .
Lin tkn k—
(6.29) T (an) ( _un Mnn> - (1 _ Zkn "‘M??n) _E—4l
ap an n
Using
|v3 —u3| ~ ‘112 _UQ} (0 +u),u,0>0
gives
1/2 1/2 .
tin tin ke —
T(an) [tjn = tinl <1;+Mnn> (1k+M77n> N|nij|
and hence
tjn
tkn*t'n . I_E—"_Mnn
(6.30) t|73‘,\,|k_j| . .
et = TLn \/1—%"+M77n+\/1—’;ﬂ+Mnn
If
1—t’”+M77n24<1—"”+M >
an N

then we obtain a stronger form of (6.12). Otherwise, (6.29) gives

3/2
tin
o= il ~ T (0,) (1= %2 4 A, )

n

1/2 _ ten
: tn 1 a +M77n
= |k —j["% ~ (nT (a))"/? (1 kn 4 M > Y B P ]

n Mn
o (6.30) gives
t n
|tkn - jn| |k ]|2/3 u)f: + MT/rL ] + Mn”
t]+1 n J 1,n tkn _|_ Mnn

1—Lm 4 Mg
= — g e T S e —

(III) tk:n > a3n/4; 0 < tjn < an/Q
Here (6.28) becomes

A2n /3 dt Thn k _ 1
/ / \/1_7+M77ndt'\’7‘77
tin 1/1—(%-1—]\/[77 a2n/3 a "

Via some straightforward estimations, that are similar to those in (I), (II), and by
using

1 Q2n/3 1
—of —— d1— ~
=0 (T(an)> an Qn T<an)7
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we deduce that the first integral gives the dominant term:

1_ bin k;]
an n
Next,
t n a3n Gy, a3p — an
Pt g T /2_( 3n/4 /2)
an Qy, an an
and [5,p.25],

Gnj2 1 G3n/4 = Gn)2
an T (an) an
so for some 0 < C < 1 with C # C (4, k,n),

1_t’“"g<1_%/2>(1_0)g<1_%>(1_0).

1—

an an Ap,
Then
t; 4 t;
tkntjn—an<<1m> - <1’“">> ~1—
Qn an Qn
S0
tin
|tkn*tjn| ~ T an N/{J—j
tiyim —ti-1m 1 /1 bn
n an
Again, we have (6.12) in a stronger form.
(IV) tjn 2 a3n/4; 0 S tkn S an/Z
As in (III), we obtain
t k—j
(6.31) N ]
an, n
and also
4
bin — tpn ~ 1 — =2
an
Then
thn
[ten — tjn| 1 -

titin —ti-1n L Tin
nT(an)\/l—'——i-Mnn

an

> CnT (an) /1, (1 - tk")

Qn

—c|ra (1- tk)]/ (1 tk)]/

> 0| (1-22) | -] 2 ol ar,

mn

Here we have used (6.31) and [5,p.25],

1_an/2N 1
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Proof of Lemma 6.1(e)
Now from (6.8) and (6.9),

[mnr] (1) = Co [pn—2W| (1) U (1)

( - >
].

En 2
Here fI“OIn Lemma 6.2 (a) anc ((; 2(;)

t o\’ It
1— clli-+=
<§n2) S (‘ a

while from (6.22) and (6.27),
[pnaW (1) < Cr, (5)71/*

1) = €0

Thus
|mav] () < CoC, ()" = CoCw (1)
So, with Cy :=1/C, we obtain (1.16). O

Proof of Lemma 6.1(f)
We have to show that for some C # C(n, j),

ti+K+1,n
(6.32) / 007 < COW () b (5)
ti—k,m
and
§iw (tin)?
(6.33) s i) G5 (b0 (170)

[05 |77, (¢5n) ]
Let us set m :=n — 2. Suppose first that ¢, = Tgm, some 1 <k < m. Then

l(z) = P (@) = (5")2

B D (mkm) (- ka) 1 _ (mkm>2.

Here by (12.5) in [5,p.134],
pm () W (2) wt (Tkm)
P (Thm) (T — Thm)

where C} is independent of m, k,z. Also for & € [t;_p n,tj+Kx+1,n], Lemma 6.2(a),
(b) and Lemma 6.1(a) give

‘Sch

2
1 _ xT
7(5”) < C
1 (2
15 (2) v (2)] < CLOOW (zhm) Uy () ~ W (tjn) ¥y, (£i0) 7

recall (6.14). This and Lemma 6.1(a) gives (6.32). Next, suppose that ¢, = &,,.
Then,

whence

pm () 1+ 5%

b (z) =
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SO
(Pm W) (2)

(p"n.W) (gm)
Then it is easily seen that (6.32) persists for such j.

6 @)W (@) <c]

W (&) < CW (&)

We turn to the proof of (6.33). Now if ¢j, = Zpm,, then

1 (tjn) = Pl (2hn) (1 (& ))

and by [5,p.11] and [5,p.9]

_
1/)m (ka)

~ 0 (Thm) " Gy @) T~ Y @hm) T (@ — Trrrm) ~ W, ()

by Lemma 6.1(a) and (6.27). Since also by Lemma 6.1(a),

- (%)
f’fﬂ

|(Pr, W) (k)| ~ m min { T (am)} o, (ka)1/4

~ P (Tem) = ¥, (tjn)

we obtain
70, ()| ~ W (i) W (k) 657
Then
M P w(tjn) 1\’ _ » dp
[6; |70 () []” O W (tjn) by (L)) §; WP (tjn) ¥ (Ein)™ -

So we have (6.33). Finally, if ¢t;, =€,

2

= Pm fm )
€ (&m)

T, (tjn) = —
then
|7T;l (t]7l)| ~ |p7nW‘ (f'm) Wil (fm)
= lpmW Ny W (€) ~ 0 VAW (#5) -

Since also for such tj,, 6; ~n, ~ v, (tjn), we obtain

p
§jw (tin)? w (tjn)
m ~ 0 WP (tjn) ( 773;4 ~ O () P~ 53 WP (tjn) 1, (£j) ™

So we have (6.33) in all cases. [
Finally, we give

The Proof of Lemma 6.1(g)
We pass over some of the details of this proof, as such proofs are standard. Now
for P € P,,

d
| (PW) (£) (1 = )" |, (1t1>asn)
d
< PW [l qoizasmll (1 =) [z, 11,1
d
<exp (—=n) || PW ||yl (1= [z, -1 -
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Here Cy # C; (n, P) —see [5,pp.61-62] for this last step. In turn, since the Christoffel
functions for the weight W? decline no faster than a power of n [5,p.8,Cor.1.3], one
may easily deduce that for some Cy # Cs (n, P),

| PW |1 0< 0 (| PW |1 —anan] -

Then we deduce that

d
| (PW) () (1 =) |2, (t1>azn)
d
SO PW L, —anan < C I PW) () (1—=1*)" |2, —anan] -

Then (6.16) follows easily.(]

(1]
2]

(3]

(4]

(5]
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