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Abstract. Let ν be a positive measure supported on [−1, 1], with infinitely
many points in its support. Let {pn (ν, x)}n≥0 be its sequence of orthonormal
polynomials. Suppose we add masspoints at r, s with r ≥ 1, |s| ≥ 1,and r 6= s,
giving a new measure µ = ν+Mδr +Nδs. How much larger can |pn (µ, 0)| be
than |pn (ν, 0)|? We study this question for symmetric measures ν, and obtain
bounds that are uniform in n,M,N, r, s. In an earlier paper, we studied the
case where r = 1, s = −1, and investigated asymptotics.
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1. Results

Let µ be a finite positive Borel measure on the real line with infinitely many
points in its support, and all finite moments∫

tjdµ (t) , j = 0, 1, 2, ... .

Then we may define orthonormal polynomials

pn (µ, x) = γn (µ)x
n + ..., γn (µ) > 0,

n = 0, 1, 2, ... satisfying the orthonormality conditions∫
pn (µ, x) pm (µ, x) dµ (x) = δmn.

The nth reproducing kernel for µ is

Kn (µ, x, t) =

n−1∑
j=0

pj (µ, x) pj (µ, t) =
γn−1
γn

(µ)
pn (µ, x) pn−1 (µ, t)− pn−1 (µ, x) pn−1 (µ, t)

x− t .

The three term recurrence relation has the form

(x− bn (µ)) pn (µ, x) = an+1 (µ) pn+1 (µ, x) + an (µ) pn−1 (µ, x) ,

where
an (µ) =

γn−1
γn

(µ) .

Note that when µ is symmetric about 0, then bn (µ) = 0.
A central problem in the theory of orthonormal polynomials is to establish

bounds on pn (µ, x). Indeed, one of the most celebrated questions in this subject
is the Steklov Conjecture, posed in 1920 and solved by E. A. Rakhmanov in 1979
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[16], [17]. Steklov conjectured that if µ has support [−1, 1], and is absolutely con-
tinuous there, while µ′ is bounded below, then {pn (µ, x)}n≥0 is uniformly bounded
in [−1, 1], that is

sup
n≥0

sup
x∈[−1,1]

|pn (µ, x)| <∞.

Rakhmanov showed that Steklov’s conjecture is false, and in fact, given ε > 0, one
can find a measure satisfying its hypotheses such that for infinitely many n,

|pn (µ, 0)| ≥ Cn1/2−ε.
There have since been a host of developments, due to amongst others, Ambroladze,
Aptekarev, Denissov, Rush, and Tulyakov. In particular, Aptekarev, Denisov and
Tulyakov [3] showed that |pn (µ, 0)| may grow faster than n1/2/εn, where {εn} is
any sequence with limit 0, and this is the best one can aim for. Ambroladze showed
[1] that even if µ′ is continuous and satisfies some weak smoothness condition,
Steklov’s conjecture may still be false.
What about positive results? Most uniform bounds on orthonormal polynomials

are consequences of much deeper asymptotics for orthonormal polynomials. Per-
haps the most general result for measures supported on [−1, 1] is that of Badkov
[5]. He proved that if µ satisfies Szegő’s condition∫ 1

−1

logµ′ (x)√
1− x2

dx > −∞

and µ′ satisfies a local Dini condition, that is in some interval [a, b] ⊂ (−1, 1), the
modulus of continuity

ω (δ) = sup {|µ′ (s)− µ′ (t)| : s, t ∈ [a, b] and |s− t| ≤ δ} , δ > 0
satisfies ∫ 1

0

ω (t)

t
dt <∞,

then the corresponding orthonormal polynomials are uniformly bounded in com-
pact subsets of (a, b), and admit local Szegő asymptotics. For non-Szegő weights,
Rakhmanov [18] showed that orthogonal polynomials for Dini smooth weights on
the unit circle admit uniform bounds. For exponential weights, supported on finite
or infinite intervals, Eli Levin and the author established [12] global bounds, using
extensions of a technique that goes back to Stan Bonan, a student of Paul Nevai.
In many of these results, the bounds are then superseded by asymptotics. See [8]
for further developments.
In a recent paper, we investigated how adding masspoints at ±1 can increase

the size of the orthonormal polynomial at the origin. Consider a fixed positive
measure ν supported on [−1, 1] with infinitely many points in its support, and that
is symmetric about 0, so that ν ([−b,−a]) = ν ([a, b]) for all [a, b] ⊂ [−1, 1]. Let
M (ν) denote the class of all measures

µ = ν +Mδ1 +Nδ−1

where M,N ≥ 0. Also let
Un = Kn (ν, 1, 1)−Kn (ν,−1, 1) ;
Vn = Kn (ν, 1, 1) +Kn (ν,−1, 1) .

We proved:
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Theorem A
Let ν be a positive measure with support in [−1, 1] and with infinitely many points
in its support. Assume also that ν is symmetric, so that ν ([−b,−a]) = ν ([a, b]) for
all subintervals [a, b] of [−1, 1]. Let n ≥ 2 be even. Then

sup
µ∈M(ν)

(
pn (µ, 0)

pn (ν, 0)

)2
= max

{
1,

U2n
VnVn+1

}
.

We deduced:

Corollary B
Assume in addition to the hypotheses of Theorem 1.1, that ν lies in the Nevai class,
so that the recurrence coeffi cients satisfy

(1.1) lim
n→∞

an (ν) =
1

2
; lim
n→∞

bn (ν) = 0.

Then

lim
n→∞

(
sup

µ∈M(ν)

(
pn (µ, 0)

pn (ν, 0)

)2)
= 1.

Further more detailed results were established in [13], with precise asymptotics for
ultraspherical weights.
In this paper, we consider what happens when we add masspoints at two arbi-

trary points exterior to (−1, 1). We prove:

Theorem 1
Let ν be a positive measure with support in [−1, 1] and with infinitely many points
in its support. Assume also that ν is symmetric, so that ν ([−b,−a]) = ν ([a, b]) for
all subintervals [a, b] of [−1, 1]. Let n ≥ 2 be even. Let M,N ≥ 0, r ≥ 1, s ≤ −1,
and

µ = ν +Mδr +Nδs.

Then ∣∣∣∣pn (µ, 0)pn (ν, 0)

∣∣∣∣ ≤ 1 +√202γn−1γn
(ν) /

γn−2
γn−1

(ν) .

For the case r, s ≥ 1, we prove:

Theorem 2
Assume the hypotheses of Theorem 1, except that we let r, s ≥ 1. Then∣∣∣∣pn (µ, 0)pn (ν, 0)

∣∣∣∣ ≤ 1 +√12γn−1γn
(ν) /

γn−2
γn−1

(ν) .

Remark
If µ belongs to the Nevai class, then (1.1) holds and Theorem 1 and gives bounds
that are independent of n,M,N, r, s. However, much less is needed. Since the
support is [−1, 1], γn−1

γn
(ν) ≤ 1 so we need

γn−2
γn−1

(ν) to be bounded below by a
positive constant. This is true if ?
Thus we have an explicit bound that does not depend on the size of the mass-

points, nor their location. This raises the interesting question of bounds for more
exterior masspoints. We prove the theorems in Section 2.
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In the sequel C,C1, C2, ... denote constants independent of n, x, t. The same
symbol does not necessarily denote the same constant in different occurences.

2. The Basic Identity

Throughout this section, we let M,N ≥ 0 and r ≥ 1, |s| > 1, s 6= r, and

(2.1) µ = ν +Mδr +Nδs.

We assume that ν is a symmetric measure supported on [−1, 1]. We fix even n ≥ 2.
We let

(2.2) X =

[
pn (ν, s)
pn (ν, r)

]
;Y =

γn−1
γn

(ν)

[
pn−1(ν,s)

s
pn−1(ν,r)

r

]
;

(2.3) L =

[
Kn (ν, r, r) −Kn (ν, r, s)
−Kn (ν, r, s) Kn (ν, s, s)

]
;

(2.4) B =

[
N 0
0 M

]
+MNL;

(2.5) W = detL = Kn (ν, s, s)Kn (ν, r, r)−Kn (ν, s, r)
2
;

(2.6) d = 1 +MKn (ν, r, r) +NKn (ν, s, s) +MNW ;

and

(2.7) C =
1

d
B.

We prove the following identity. For the case r = 1, s = −1, it appeared in [13].
Various identities of this type have been established for adding the effect of mass-
points and we are not sure it is new. Nevertheless, we provide a derivation for the
form we need.

Theorem 2.1

(2.8)
(
pn (µ, 0)

pn (ν, 0)

)2
=

{
1−XTCY

}2
{1 +XTCX} .

We begin the proof with the following

Lemma 2.2
(a) Let

(2.9) πn−1 (y) = pn (µ, y)−
γn (µ)

γn (ν)
pn (ν, y) ;

(2.10) A =

[
1 +MKn (ν, r, r) −MKn (ν, r, s)
−NKn (ν, r, s) 1 +NKn (ν, s, s)

]
.
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Then

pn (µ, y)

=
γn (µ)

γn (ν)

{
pn (ν, y) +

1

d

[
−NKn (ν, y, s)
−MKn (ν, y, r)

]T
AX

}
.(2.11)

(b)

(2.12)
(
γn (µ)

γn (ν)

)2{
1 +

1

d
XTAT

[
N 0
0 M

]
X

}
= 1.

Proof
(a) Using orthogonality, we see that

πn−1 (y) =

∫ 1

−1
Kn (ν, y, t)πn−1 (t) dν (t)

=

∫ 1

−1
Kn (ν, y, t) pn (µ, t) dν (t)

= −MKn (ν, y, r) pn (µ, r)−NKn (ν, y, s) pn (µ, s) .

(2.13)

Taking y = s and y = r, gives

pn (µ, s)−
γn (µ)

γn (ν)
pn (ν, s) = −MKn (ν, s, r) pn (µ, r)−NKn (ν, s, s) pn (µ, s) ;

pn (µ, r)−
γn (µ)

γn (ν)
pn (ν, r) = −MKn (ν, r, r) pn (µ, r)−NKn (ν, r, s) pn (µ, s) ;

and gathering the terms involving pn (µ, r), pn (µ, s) gives the matrix equation
(2.14)[

1 +NKn (ν, s, s) MKn (ν, s, r)
NKn (ν, s, r) 1 +MKn (ν, r, r)

] [
pn (µ, s)
pn (µ, r)

]
=
γn (µ)

γn (ν)

[
pn (ν, s)
pn (ν, r)

]
.

The determinant d of the matrix is

d = (1 +NKn (ν, s, s)) (1 +MKn (ν, r, r))−MNKn (ν, s, r)
2

= 1 +MKn (ν, r, r) +NKn (ν, s, s) +MNW.

Solving the matrix equation (2.14) gives[
pn (µ, s)
pn (µ, r)

]
=

γn (µ)

γn (ν)

1

d

[
1 +MKn (ν, r, r) −MKn (ν, r, s)
−NKn (ν, r, s) 1 +NKn (ν, s, s)

] [
pn (ν, s)
pn (ν, r)

]
=

γn (µ)

γn (ν)

1

d
A

[
pn (ν, s)
pn (ν, r)

]
.

From (2.13) and this last identity,

πn−1 (y) = pn (µ, y)−
γn (µ)

γn (ν)
pn (ν, y)

=
γn (µ)

γn (ν)

1

d

[
−NKn (ν, y, s)
−MKn (ν, y, r)

]T
A

[
pn (ν, s)
pn (ν, r)

]
.



6 D. S. LUBINSKY

Then (2.11) follows.
(b) We obtain equations for γn(µ)γn(ν)

in two ways: from the definition (2.9) of πn and
orthogonality, ∫ 1

−1
π2n−1 (y) dν (y)

=

∫ 1

−1
p2n (µ, y)

2
dν (y)− 2

(
γn (µ)

γn (ν)

)2
+

(
γn (µ)

γn (ν)

)2
= 1−Mpn (µ, r)

2 −Npn (µ, s)2 −
(
γn (µ)

γn (ν)

)2
.

Also, from (2.13),∫ 1

−1
π2n−1 (y) dν (y)

=

∫ 1

−1
(−NKn (ν, y, s) pn (µ, s)−MKn (ν, y, r) pn (µ, r))

2
dν (y)

= N2p2n (µ, s)Kn (ν, s, s) +M
2p2n (µ, r)Kn (ν, r, r) + 2MNpn (µ, s) pn (µ, r)Kn (ν, r, s) .

Then using the last two equations and solving for 1−
(
γn(µ)
γn(ν)

)2
,

1−
(
γn (µ)

γn (ν)

)2
= p2n (µ, s)

{
N +N2Kn (ν, s, s)

}
+ p2n (µ, r)

{
M +M2Kn (ν, r, r)

}
+2MNpn (µ, s) pn (µ, r)Kn (ν, r, s)

=

[
pn (µ, s)
pn (µ, r)

]T [
N 0
0 M

] [
1 +NKn (ν, s, s) MKn (ν, s, r)
NKn (ν, s, r) 1 +MKn (ν, r, r)

] [
pn (µ, s)
pn (µ, r)

]
= d

[
pn (µ, s)
pn (µ, r)

]T [
N 0
0 M

]
A−1

[
pn (µ, s)
pn (µ, r)

]
Using [

pn (µ, s)
pn (µ, r)

]
=
γn (µ)

γn (ν)

1

d
A

[
pn (ν, s)
pn (ν, r)

]
,

gives

1−
(
γn (µ)

γn (ν)

)2
=

1

d

(
γn (µ)

γn (ν)

)2(
A

[
pn (ν, s)
pn (ν, r)

])T [
N 0
0 M

] [
pn (ν, s)
pn (ν, r)

]
so

1 =

(
γn (µ)

γn (ν)

)2{
1 +

1

d

[
pn (ν, s)
pn (ν, r)

]T
AT
[
N 0
0 M

] [
pn (ν, s)
pn (ν, r)

]}
.

�



BOUNDS ON ORTHOGONAL POLYNOMIALS 7

Proof of Theorem 2.1
Setting y = 0, and using pn−1 (ν, 0) = 0, the Christoffel-Darboux formula gives

Kn (ν, 0, y) = −
γn−1 (ν)

γn (ν)
pn (ν, 0)

pn−1 (ν, y)

y
.

Then from (2.11)

pn (µ, 0) =
γn (µ)

γn (ν)

{
pn (ν, 0) +

1

d

[
−NKn (ν, 0, s)
−MKn (ν, 0, r)

]T
A

[
pn (ν, s)
pn (ν, r)

]}

=
γn (µ)

γn (ν)
pn (ν, 0)

{
1 +

γn−1 (ν)

γn (ν)

1

d

[
N pn−1(ν,s)

s

M pn−1(ν,r)
r

]
A

[
pn (ν, s)
pn (ν, r)

]}

=
γn (µ)

γn (ν)
pn (ν, 0)

{
1 +

1

d
Y T

[
N 0
0 M

]
AX

}
,

so from (2.12), (
pn (µ, 0)

pn (ν, 0)

)2{
1 +

1

d
XTAT

[
N 0
0 M

]
X

}
=

{
1 +

1

d
Y T

[
N 0
0 M

]
AX

}2
=

{
1 +

1

d
XTAT

[
N 0
0 M

]
Y

}2
.

Here

AT
[
N 0
0 M

]
=

[
1 +MKn (ν, r, r) −NKn (ν, r, s)
−MKn (ν, r, s) 1 +NKn (ν, s, s)

] [
N 0
0 M

]
=

[
N 0
0 M

]
+MNL = B.

So (
pn (µ, 0)

pn (ν, 0)

)2{
1 +

1

d
XTBX

}
=

{
1− 1

d
XTBY

}2
and (

pn (µ, 0)

pn (ν, 0)

)2
=

{
1−XTCY

}2
{1 +XTCX} .

�

3. Proof of Theorems 1 and 2

Let us go back and look at

(3.1) C =
1

d
B =

[
N 0
0 M

]
+MNL

1 +MKn (ν, r, r) +NKn (ν, s, s) +MNW
.

We begin with a result that applies to both the situations of Theorem 1 and 2.
Throughout we assume the hypotheses of Theorem1 on ν and µ.
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Lemma 3.1
For r ≥ 1, |s| ≥ 1,
(a)

(3.2)
(
pn (µ, 0)

pn (ν, 0)

)2
≤
(
1 +

(
Y TCY

)1/2)2
.

(b) Moreover,

(3.3) Y TCY ≤
(
γn−1
γn

(ν)

)2{
1

s2
+
1

r2

}
+
Y TLY

W
.

Proof
(a) Note that C is positive definite, so that∣∣XTCY

∣∣ ≤ ((XTCX
) (
Y TCY

))1/2
.

Indeed, this follows from the Cauchy-Schwarz inequality as < X,Y >= XTCY
defines an inner product. Then from (2.8),(

pn (µ, 0)

pn (ν, 0)

)2
=

{
1−XTCY

}2
{1 +XTCX}

=
1− 2XTCY +

(
XTCY

)2
1 +XTCX

≤ 1 +
2
((
XTCX

) (
Y TCY

))1/2
+
(
XTCX

) (
Y TCY

)
1 +XTCX

≤ 1 + 2

(
Y TCY

1 +XTCX

)1/2
+ Y TCY

≤ 1 + 2
(
Y TCY

)1/2
+ Y TCY =

(
1 +

(
Y TCY

)1/2)2
.

(b) Here

Y TCY =

Y T
([

N 0
0 M

]
+MNL

)
Y

1 +MKn (ν, r, r) +NKn (ν, s, s) +MNW

=
N
(
γn−1
γn

(ν) pn−1(ν,s)s

)2
+M

(
γn−1
γn

(ν) pn−1(ν,r)r

)2
MKn (ν, r, r) +NKn (ν, s, s)

+
Y TLY

W

≤
(
γn−1
γn

(ν)

)2{ p2n−1 (ν, s)

s2Kn (ν, s, s)
+

p2n−1 (ν, r)

r2Kn (ν, r, r)

}
+
Y TLY

W

≤
(
γn−1
γn

(ν)

)2{
1

s2
+
1

r2

}
+
Y TLY

W
.

�

Lemma 3.2
Let r ≥ 1 and s ≤ −1. Then
(a)

W ≥ 1

25
(Kn (ν, r, r)Kn−1 (ν, s, s) +Kn (ν, s, s)Kn−1 (ν, r, r)) .
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(b) Hence,

Y TCY ≤ 202
{
γn−1
γn

(ν) /
γn−2
γn−1

(ν)

}2
.

Proof
(a) We use the error formula for the Cauchy-Schwartz inequality:

Kn (ν, r, r)Kn (ν, s, s)−Kn (ν, r, s)
2

=
1

2

n−1∑
j,k=0

(pj (ν, r) pk (ν, s)− pj (ν, s) pk (ν, r))2(3.4)

so using that pj is odd or even according as j is and that s < 0,

Kn (ν, r, r)Kn (ν, s, s)−Kn (ν, r, s)
2

≥ 1

2

∑
j odd, keven

(pj (ν, r) pk (ν, |s|) + pj (ν, |s|) pk (ν, r))2

+
1

2

∑
j even, k odd

(pj (ν, r) pk (ν, |s|) + pj (ν, |s|) pk (ν, r))2

≥ 1

2

{ ∑
j odd p

2
j (ν, r)

∑
keven p

2
k (ν, |s|) +

∑
keven p

2
k (ν, r)

∑
j odd p

2
j (ν, |s|)

+
∑
j odd p

2
j (ν, |s|)

∑
keven p

2
k (ν, r) +

∑
keven p

2
k (ν, |s|)

∑
j odd p

2
j (ν, r)

}
≥ Ko

n (r, r)K
e
n (|s| , |s|) +Ke

n (r, r)K
o
n (|s| , |s|) ,

(3.5)

where
Ke
n (x, y) =

∑
0≤j≤n−1,j even

pj (x) pj (y)

Ko
n (x, y) =

∑
0≤j≤n−1,j odd

pj (x) pj (y) .

Next, from the recurrence relation,

xpj (ν, x) =
γj
γj+1

(ν) pj+1 (ν, x) +
γj−1
γj

(ν) pj−1 (ν, x)

so as
γj
γj+1

(ν) ≤ 1, we have

|pj (ν, x)| ≤
|pj+1 (ν, x) + pj−1 (ν, x)|

|x|

⇒ pj (ν, x)
2 ≤ 2

{(
pj+1 (ν, x)

x

)2
+

(
pj−1 (ν, x)

x

)2}
Then (recall n is even) for |x| ≥ 1,

Kn (ν, x, x) = Ko
n (x, x) +K

e
n (x, x)

≤ Ko
n (x, x) +

2

x2
{Ko

n (x, x) +K
o
n (x, x)} ≤ 5Ko

n (x, x) .

Similarly,
Kn−1 (ν, x, x) ≤ 5Ke

n (x, x) .



10 D. S. LUBINSKY

Hence from (3.5),

W ≥ 1

25
(Kn (ν, r, r)Kn−1 (ν, s, s) +Kn (ν, s, s)Kn−1 (ν, r, r)) .

(b) Next,

Y TLY

=

(
γn−1
γn

(ν)

)2{
Kn (ν, r, r)

(
pn−1 (ν, s)

s

)2
+Kn (ν, s, s)

(
pn−1 (ν, r)

r

)2
− 2Kn (ν, r, s)

pn−1 (ν, s)

s

pn−1 (ν, r)

r

}

≤
(
γn−1
γn

(ν)

)2
Kn (ν, r, r)Kn (ν, s, s)

(
1

|s| +
1

r

)2
,

by Cauchy-Schwarz, so that from (3.3),

Y TCY

≤
(
γn−1
γn

(ν)

)2 [ 1
s2 +

1
r2

+ 25Kn(ν,s,s)Kn(ν,r,r)
Kn(ν,r,r)Kn−1(ν,s,s)+Kn(ν,s,s)Kn−1(ν,r,r)

(
1
|s| +

1
r

)2 ]

≤
(
γn−1
γn

(ν)

)2 [
2 +

50Kn (ν, s, s)

Kn−1 (ν, s, s) s2
+

50Kn (ν, r, r)

Kn−1 (ν, r, r) r2

]
.

We continue this as

≤
(
γn−1
γn

(ν)

)2 [
2 +

50

s2
+
50

r2
+ 50

(
pn−1 (ν, s)

2

Kn−1 (ν, s, s) s2
+

pn−1 (ν, r)
2

Kn−1 (ν, r, r) r2

)]
.

Here

|spn−2 (ν, s)| =

∣∣∣∣γn−2γn−1
(ν) pn−1 (ν, s) +

γn−3
γn−2

(ν) pn−3 (ν, s)

∣∣∣∣
≥

γn−2
γn−1

(ν) |pn−1 (ν, s)|(3.6)

as pn−1, pn−3 have the same sign at s, so

pn−1 (ν, s)
2

Kn−1 (ν, s, s) s2
≤
(
γn−2
γn−1

(ν)

)−2
.

Similarly,

pn−1 (ν, r)
2

Kn−1 (ν, r, r) r2
≤
(
γn−2
γn−1

(ν)

)−2
.

Then as r, |s| ≥ 1, and γn−2
γn−1

(ν) ≤ 1,

Y TCY ≤
(
γn−1
γn

(ν)

)2{
102 + 100

(
γn−2
γn−1

(ν)

)−2}
.

≤ 202

{
γn−1
γn

(ν) /
γn−2
γn−1

(ν)

}2
.

�
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Proof of Theorem 1
From Lemma 3.1 and Lemma 3.2,

(
pn (µ, 0)

pn (ν, 0)

)2
≤
(
1 +
√
202

{
γn−1
γn

(ν) /
γn−2
γn−1

(ν)

})2
.

�
For the case where both r, s ≥ 1, we first prove:

Lemma 3.3
Assume that r, s ≥ 1. Then

Y TCY ≤ 12
{
γn−1
γn

(ν) /
γn−2
γn−1

(ν)

}2
.

Proof
(a)

Y TLY/

(
γn−1
γn

(ν)

)2
= Kn (ν, r, r)

(
pn−1 (ν, s)

s

)2
+Kn (ν, s, s)

(
pn−1 (ν, r)

r

)2
− 2Kn (ν, r, s)

pn−1 (ν, s)

s

pn−1 (ν, r)

r

=

n−1∑
j=0

{
pj (ν, r)

pn−1 (ν, s)

s
− pj (ν, s)

pn−1 (ν, r)

r

}2

=
1

(rs)
2

n−2∑
j=0

{rpj (ν, r) pn−1 (ν, s)− spj (ν, s) pn−1 (ν, r)}2 +
(r − s)2

(rs)
2 (pn−1 (r) pn−1 (ν, s))

2
.

Using the recurrence relation and
γj
γj+1

(ν) ≤ 1, we continue this as

=
1

(rs)
2

n−2∑
j=0


[
γj
γj+1

(ν) pj+1 (ν, r) +
γj−1
γj

(ν) pj−1 (ν, r)
]
pn−1 (ν, s)

−
[
γj
γj+1

(ν) pj+1 (ν, s) +
γj−1
γj

(ν) pj−1 (ν, s)
]
pn−1 (ν, r)


2

+
(r − s)2

(rs)
2 (pn−1 (r) pn−1 (ν, s))

2

≤ 2

(rs)
2

n−2∑
j=0

(
γj
γj+1

(ν)

)2{ {pj+1 (ν, r) pn−1 (ν, s)− pj+1 (ν, s) pn−1 (ν, r)}2

+ {pj−1 (ν, r) pn−1 (ν, s)− pj−1 (ν, s) pn−1 (ν, r)}2
}
+
(r − s)2

(rs)
2 (pn−1 (ν, r) pn−1 (ν, s))

2

≤ 2

(rs)
2

n−2∑
j=0

{
{pj+1 (ν, r) pn−1 (ν, s)− pj+1 (ν, s) pn−1 (ν, r)}2
+ {pj−1 (ν, r) pn−1 (ν, s)− pj−1 (ν, s) pn−1 (ν, r)}

}2
+
(r − s)2

(rs)
2 (pn−1 (ν, r) pn−1 (ν, s))

2

≤ 4

(rs)
2

n−1∑
j,k=0

(pj (r) pk (s)− pj (s) pk (r))2 +
(r − s)2

(rs)
2 (pn−1 (ν, r) pn−1 (ν, s))

2

=
8W

(rs)
2 +

(r − s)2

(rs)
2 (pn−1 (ν, r) pn−1 (ν, s))

2
.
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(b) Next, from (3.4), and the Christoffel-Darboux formula,

W ≥ 1

2
(pn−2 (ν, r) pn−1 (ν, s)− pn−2 (ν, s) pn−1 (ν, r))2

=
1

2

(
γn−2
γn−1

(ν)

)−2
(Kn−1 (ν, r, s) (r − s))2

≥ 1

2

(
γn−2
γn−1

(ν)

)−2
(pn−2 (ν, r) pn−2 (ν, s) (r − s))2 .

This last step uses that all pj (r) , pj (s) ≥ 0. Then

(r − s)2

W (rs)
2 (pn−1 (ν, r) pn−1 (ν, s))

2

≤ 2

(rs)
2

(
γn−2
γn−1

(ν)

)2
(pn−1 (ν, r) pn−1 (ν, s))

2

(pn−2 (ν, r) pn−2 (ν, s))
2 .

Here from the recurrence relation,

rpn−2 (ν, r) =
γn−2
γn−1

(ν) pn−1 (ν, r) +
γn−2
γn−3

(ν) pn−3 (ν, r)

>
γn−2
γn−1

(ν) pn−1 (ν, r) ,

so
γn−2
γn−1

(ν)
pn−1 (ν, r)

rpn−2 (ν, r)
< 1.

so that
(r − s)2

W (rs)
2 (pn−1 (ν, r) pn−1 (ν, s))

2 ≤ 2
(
γn−2
γn−1

(ν)

)−2
.

Thus

Y TLY

W

(
γn−1
γn

(ν)

)−2
≤ 8

(rs)
2 + 2

(
γn−2
γn−1

(ν)

)−2
≤ 10

(
γn−2
γn−1

(ν)

)−2
so from (3.3),

Y TCY ≤ 12
{
γn−1
γn

(ν) /
γn−2
γn−1

(ν)

}2
.

�

Proof of Theorem 2

(
pn (µ, 0)

pn (ν, 0)

)2
≤

(
1 +

(
Y TCY

)1/2)2
≤

(
1 +
√
12

(
γn−1
γn

(ν) /
γn−2
γn−1

(ν)

))2
.

�
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4. An alternative proof?

We know from elsewhere that

Y TCY = Y T
(
D−1 +K

)−1
Y,

where

D−1 =

[
M−1 0
0 N−1

]
;

K =

[
Kn (ν, r, r) −Kn (ν, r, s)
−Kn (ν, r, s) Kn (ν, s, s)

]
.

Is is true that (
D−1 +K

)−1 ≤ L−1,
that is

XT
(
D−1 +K

)−1
X ≤ XTK−1X,

or

XT
[(
D−1 +K

)−1 −K−1]X ≤ 0?
Now (

D−1 +K
)−1 −K−1

=
1

det (D−1 +K)

[
N−1 +Kn (ν, s, s) −Kn (ν, r, s)
−Kn (ν, r, s) M−1 +Kn (ν, r, r)

]
− 1

detK

[
Kn (ν, s, s) −Kn (ν, r, s)
−Kn (ν, r, s) Kn (ν, r, r)

]
=

1

det (D−1 +K)

[
N−1 0
0 M−1

]
+

(
1

det (D−1 +K)
− 1

detK

)[
Kn (ν, s, s) −Kn (ν, r, s)
−Kn (ν, r, s) Kn (ν, r, r)

]
.

Then {(
D−1 +K

)−1 −K−1}det (D−1 +K)det (K)
= det(K)

[
N−1 0
0 M−1

]
+
(
detK − det

(
D−1 +K

)) [ Kn (ν, s, s) −Kn (ν, r, s)
−Kn (ν, r, s) Kn (ν, r, r)

]
.

Then {
XT

((
D−1 +K

)−1 −K−1)X}det (D−1 +K) det (K)
= x21N

−1 det(K) + x22M
−1 det (K)

+x21
(
detK − det

(
D−1 +K

))
Kn (ν, s, s)

+x22
(
detK − det

(
D−1 +K

))
Kn (ν, r, r)

−2x1x2
(
detK − det

(
D−1 +K

))
Kn (ν, r, s) .
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Now

det
(
D−1 +K

)
=

(
N−1 +Kn (ν, s, s)

) (
M−1 +Kn (ν, r, r)

)
−Kn (ν, r, s)

2

= N−1M−1 +M−1Kn (ν, s, s) +N
−1Kn (ν, r, r) + det (K)

Then {
XT

((
D−1 +K

)−1 −K−1)X}det (D−1 +K) det (K)
= x21N

−1 det(K) + x22M
−1 det (K)

−
{
N−1M−1 +M−1Kn (ν, s, s) +N

−1Kn (ν, r, r)
}

×
{
x21Kn (ν, s, s) + x

2
2Kn (ν, r, r)− 2x1x2Kn (ν, r, s)

}
= x21

{
N−1 det (K)−N−1M−1Kn (ν, s, s)−M−1Kn (ν, s, s)

2 −N−1Kn (ν, r, r)Kn (ν, s, s)
}

+x22

{
M−1 det (K)−N−1M−1Kn (ν, r, r)−M−1Kn (ν, s, s)Kn (ν, r, r)−N−1Kn (ν, r, r)

2
}

+2x1x2Kn (ν, r, s)
{
N−1M−1 +M−1Kn (ν, s, s) +N

−1Kn (ν, r, r)
}

= x21

{
−N−1Kn (ν, r, s)

2 −N−1M−1Kn (ν, s, s)−M−1Kn (ν, s, s)
2
}

+x22

{
−M−1Kn (ν, r, s)

2 −N−1M−1Kn (ν, r, r)−N−1Kn (ν, r, r)
2
}

+2x1x2Kn (ν, r, s)
{
N−1M−1 +M−1Kn (ν, s, s) +N

−1Kn (ν, r, r)
}

= N−1M−1
{
−x21Kn (ν, s, s)− x22Kn (ν, r, r) + 2x1x2Kn (ν, r, s)

}
+N−1

{
−x21Kn (ν, r, s)

2 − x22Kn (ν, r, r)
2
+ 2x1x2Kn (ν, r, r)Kn (ν, r, s)

}
+M−1

{
−x21Kn (ν, s, s)

2 − x22Kn (ν, r, s)
2
+ 2x1x2Kn (ν, s, s)Kn (ν, r, s)

}
.

If x1, x2 have opposite sign, then as n is even and Kn (ν, r, s) > 0, all terms are
negative. Now assume that x1, x2 have the same sign. We continue this as

= N−1M−1

 −
(
x1
√
Kn (ν, s, s)− x2

√
Kn (ν, r, r)

)2
+2x1x2

[
Kn (ν, r, s)−

√
Kn (ν, s, s)

√
Kn (ν, r, r)

]


−N−1
{
− (x1Kn (ν, r, s)− x2Kn (ν, r, r))

2
}

−M−1
{
− (x1Kn (ν, s, s)− x2Kn (ν, r, s))

2
}
.

This is indeed negative. Acutally note too that the expression above equals

= N−1M−1

{
−
(
|x1|

√
Kn (ν, s, s) + |x2|

√
Kn (ν, r, r)

)2
+ 2x1x2Kn (ν, r, s)

−2 |x1| |x2|
√
Kn (ν, s, s)

√
Kn (ν, r, r)

}
+N−1

{
−x21Kn (ν, r, s)

2 − x22Kn (ν, r, r)
2
+ 2x1x2Kn (ν, r, r)Kn (ν, r, s)

}
+M−1

{
−x21Kn (ν, s, s)

2 − x22Kn (ν, r, s)
2
+ 2x1x2Kn (ν, s, s)Kn (ν, r, s)

}
.

which for all x1, x2 (even if K (ν, r, s) < 0) gives the desired result.



BOUNDS ON ORTHOGONAL POLYNOMIALS 15

References

[1] M.U. Ambroladze, On the possible rate of growth of polynomials that are orthogonal with a
continuous positive weight. Math. USSR-Sb. 72 (1992), 311—331.

[2] R. Alvarez-Nodarse, F. Marcellán, J. Petronilho, WKB approximation and Krall-type orthog-
onal polynomials, Acta Applicandae Mathematicae, 54 (1998), no. 1, 27—58.

[3] A. Aptekarev, S. Denisov, D. Tulyakov, On a problem by Steklov, J. Amer. Math. Soc. 29
(2016), 1117—1165.

[4] J. Arvesu, F. Marcellan, R. Alvarez-Nodarse, On a Modification of the Jacobi Linear Func-
tional: Asymptotic Properties and Zeros of the Corresponding Orthogonal Polynomials, Acta
Applicandae Mathematicae, 71(2002), 127-158.

[5] V.M. Badkov, The asymptotic behavior of orthogonal polynomials. (Russian) Mat. Sb. (N.S.)
109(151) (1979), no. 1, 46—59.

[6] J. Breuer, Y. Last, B. Simon, The Nevai Condition, Constructive Approximation, 32(2010),
221—254.

[7] T.S. Chihara, Orthogonal Polynomials and Measures with End Point Masses, Rocky Moun-
tain Journal of Math., 15(1985), 705-712.

[8] S. Denisov, K. Rush, Orthogonal polynomials on the circle for the weight w satisfying condi-
tions w,w−1 ∈ BMO, Constr. Approx. 46 (2017), no. 2, 285—303.

[9] G. Freud, Orthogonal Polynomials, Pergamon Press/ Akademiai Kiado, Budapest, 1971.
[10] H. Kiesel and J. Wimp, A note on Koornwinder’s polynomials with weight function

(1− x)α (1 + x)β +Mδ (x+ 1) +Nδ (x− 1), Numerical Algorithms, 11(1996), 229-241.
[11] T.H. Koornwinder, Orthogonal Polynomials with Weight Function (1− x)α (1 + x)β +

Mδ (x+ 1) +Nδ (x− 1), Canad. Math. Bull., 27(1984), 205-214.
[12] Eli Levin, D.S. Lubinsky, Orthogonal Polynomials for Exponential Weights, Springer, New

York, 2001.
[13] D.S. Lubinsky, The Effect of Adding Endpoint Masspoints on Bounds for Orthogonal Poly-

nomials, Dolomites Research Notes on Approximation, 14(2021), 42-55.
[14] P. Nevai, Geza Freud, Orthogonal Polynomials and Christoff el Functions: A Case Study, J.

Approx. Theory, 48(1986), 3-167.
[15] P. Nevai, J. Zhang, V. Totik, Orthogonal Polynomials: Their Growth Relative to Their Sums,

J. Approx. Theory, 67(1991), 215-234.
[16] E.A. Rahmanov, Steklov’s conjecture in the theory of orthogonal polynomials, (Russian) Mat.

Sb. (N.S.) 108(150) (1979), 581—608.
[17] E.A. Rakhmanov, Estimates of the growth of orthogonal polynomials whose weight is bounded

away from zero, (Russian) Mat. Sb. (N.S.) 114(156) (1981), 269—298.
[18] E.A. Rakhmanov, On Asymptotic Properties of Polynomials Orthogonal on the Circle with

Weights not Satisfying Szeg̋o’s Condition, Math. USSR. Sbornik, 58(1987), 149-167.
[19] B. Simon, Szeg̋o’s Theorem and its Descendants, Princeton University Press, Princeton, 2011.
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