BOUNDS ON ORTHONORMAL POLYNOMIALS FOR
RESTRICTED MEASURES

D. S. LUBINSKY

ABSTRACT. Suppose that v is a given positive measure on [—1,1], and that g
is another measure on the real line, whose restriction to (—1,1) is v. We show
that one can bound the orthonormal polynomials pn (,y) for p and y € R,
by the supremum of }SJ ) Pr—g (S3v, y)|7 where the sup is taken over all
0 < J < n and all monic polynomials S; of degree J with zeros in an appro-
priate set.
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1. RESULTS

Let p be a finite positive Borel measure on the real line with infinitely many
points in its support, and all finite moments

/tjdu(t)7j:07l,2,... )
Then we may define orthonormal polynomials

P () =¥ (B) 2" + ooy vy (1) > 0,
n=0,1,2,... satisfying the orthonormality conditions

/p’ﬂ (:U’> 33) Pm (Ma ZE) dup (-'17) = .-

The nth reproducing kernel is
n—1

K (pym,t) = pj (1,2) pj (1,1)
=0

For real polynomials S, p, (Szu,x) denotes the nth orthonormal polynomial for
the measure S2v.

A central problem in the theory of orthonormal polynomials is to establish
bounds on p, (i, z). Indeed, one of the most celebrated questions in this sub-
ject is the Steklov Conjecture, posed in 1920 and solved by E. A. Rakhmanov in
1979, 1981 [27], [28]. Steklov conjectured that if p has support [—1,1], and is ab-
solutely continuous there, while p’ is bounded below by a positive constant, then
{pn (11, %) },,>( is uniformly bounded in [—1, 1], that is

sup sup |pn (p,x)| < oo.
n>0ze[—1,1]
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SORRY, THIS IS OF COURSE WRONG AND IS WRONG IN THE PUBLISHED
VERSION. IT SHOULD BE THAT FOR EACH 0 < p < 1,

sup sup |pn (1, )] < 0.

n>0 €[~ p,p]
Rakhmanov showed that Steklov’s conjecture is false, and in fact one can find a
measure satisfying its hypotheses such that for infinitely many n,

(1.1) [pn (11, 0)] > Cn'/?/ (logn)*/*+¢

any € > 0.

Rakhmanov’s weight ' was unbounded. Ambroladze in 1989 [3] constructed a
positive continuous weight on the unit circle for which the orthonormal polynomials
are unbounded, and in 1991 [4] a continuous weight such that for infinitely many
n, their value at 0 grows almost as fast as logn. He even constructed weights on
the unit circle that satisfy a weak Dini condition, that is for some ¢ € (0,1),

W (s) — 1/ (1) < Lin|s — t|| "7, s, € [0, 27]

but the corresponding sequence of orthonormal polynomials can be unbounded.

There have been further major developments in recent years. Aptekarev, Denisov
and Tulyakov [5], [6] showed that one can remove the factor (logn)**" in (1.1).
They proved that if we consider all orthonormal polynomials arising from a mea-
sure whose derivative is bounded below by a given positive constant on the circle,
then the supremum of the sup norm over the unit circle of the nth orthonormal
polynomial over all such measures grows like \/n. In subsequent work, Denisov,
Aptekarev, and Rush have explored the possible rates of growth when there are
additional conditions, such as both p/ and 1/y’ being bounded, or belonging to
BMO [1], [11], [12], [13], [14], [15].

What about positive results that establish boundedness? Probably the most
general result for measures supported on [—1, 1] is still an old 1979 result of Badkov
[8]. He proved that if 1 satisfies Szegd’s condition

! log p (x)

-1V 1-— 1’2
and p' satisfies a local Dini-Lipschitz condition, that is in some interval [a,b] C
(—1,1), the modulus of continuity

(1.2) Wiap) (6) = sup {|p (s) — g’ (t)] s s,t € [a,b] and |s —t] < 6},6>0

dr > —00

satisfies
1
wpl (t
(1.3) / w[%}()dmoo,
0

then the corresponding orthonormal polynomials are uniformly bounded in compact
subsets of (a,b). This was a consequence of deeper pointwise asymptotics.

For non-Szeg® weights, Rakhmanov showed in 1986 [29] that for weights on the
unit circle that satisfy a Dini-Lipschitz condition on the whole circle, the orthonor-
mal polynomials are uniformly bounded below on arcs where the weight is bounded
below by a positive number. The relationship between spacing of zeros of orthogo-
nal polynomials and bounds has been explored in [22], [24].

For exponential weights, supported on finite or infinite intervals, Eli Levin and
the author [20] established global bounds, using extensions of a technique that goes
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back to Stan Bonan [9], a student of Paul Nevai. Extensions of that method due
to Mhaskar appear in [25] [26]. For varying exponential weights, the method was
applied in [21]. In some of these results, bounds are then superseded by asymptotics.

There is one classic technique, called Korous’s method, that allows one to transfer
bounds from one set of orthonormal polynomials {p,, (i, )} to another {p,, (v,z)},
provided v/ /' satisfies a smoothness condition - either a Dini condition or a Lip-
schitz 1/2 type condition, depending on what one knows about {p, (u,x)}. It is a
powerful and widely used technique, but requires starting with knowledge about a
base set of polynomials {p,, (u,z)} [16, Section 1.7].

What happens if we know that our measure y has a given restriction v when
restricted to (—1,1)? Can we bound the orthonormal polynomial p,, (i, y) in some
way in terms of orthogonal polynomials related to p, (v,y)? Indeed one may, as
shown by the following. It involves p,, (S 2y, y), the orthonormal polynomial for the
measure S2v, where S is a real polynomial.

Theorem 1.1
Let v be a positive measure on [—1, 1], with infinitely many points in its support.
Let K be a closed subset of R containing (—1,1). Let y € R and n > 1. Then

sup {pi (1) : Bi(—1,1) = v and supp (1] C IC}
= Sup S?] (y) p?L—J (S3V7y) )

where the supremum is taken over all 0 < J < n and monic polynomials Sy of
degree J with distinct zeros in K\ (—=1,1).

2025 REMARK

There is a small inaccuracy here and the same problem appears in the
published version. In the proofs we assume p > v. This is automatic in
the main and most common case when v does not have masspoints at
+1, but might not be true when v has masspoints at +1. So it should
really be,

sup {pi (1Y) * y(=1,1) =V, 4 > v, and supp [p] C ’C}

Remarks

(a) Note that we take the restriction of p to (—1,1) and not [—1,1]. This allows
the measure p to add masspoints at +1 to v.

(b) If J =0, we take Sy = 1.

(¢) The set of polynomials {S;} does not depend on the particular y, nor on the
measure g, but only on the set .

(d) It is a non-trivial task to turn the qualitative formula above into quantitative
estimates. This can be done using potential theory for external fields ), where
5% = ¢7292. We shall do this elsewhere.

(e) It is not clear if the sup above is attained in general. It may be bounded above
by K,+1 (v, y,y) because of monotonicity of Christoffel functions and the fact that
u > v. Indeed,

P2 (11, y) < K1 (11,9, 9) < K1 (v,9,9) -
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This is not a good bound, but is indicative that the supremum above can grow like
a power of n in the worst cases. Suppose, as an example, that v is the Legendre
measure so that v/ = 1, and that K = [—2,2]. Then considering J = n, we see that

for even n, we may effectively take (as a limiting case) S, () = (1 — t2)n/ ? and
1
S2(0)pg (SEv,0) = 1// (1—t3)"at = ,/% (1+0(1)).
-1

(f) Denisov [12] investigated the size of orthogonal polynomials for measures on the
unit circle when one adds point masses to Lebesgue measure, obtaining quantitative
estimates, but focusing on the case where the mass points are inside the support of
the original measure.

When estimating p,, (u,y) for a fixed p, it might be better to restrict the zeros
of Sy. One choice is to use a sequence of sets of points outside (—1,1), which
are "asymptotically dense". Thus for L > 1, let By denote a set of L points in
R\ (—1,1), such that for all t € I,

(1.4) Llim dist (t,Br) = 0.

Here dist denotes the usual distance from a point to a set of points.
Another option is to use Gauss quadrature formulae of order n+1 for (1 — ),

and (p— V)‘(_OO e More precisely, we use the points {bj'}?:ll in the Gauss

quadrature
n+1

/100P(t)d(u—u)(t):Z/\jP(bj),

valid for polynomials P of degree < 2n+ 1. Observe that if v has a mass point at 1,
that mass point is excluded from the restriction of u — v to [1,00), but additional
mass points of p are included. Similarly for (—oo, —1].

Theorem 1.2

Let v be a positive measure on [—1, 1], with infinitely many points in its support.
Let K be a closed subset of R containing (—1,1). Let p be a measure with support
in K and with all finite moments, such that p_q 1y =v. Let y € R and n > 1.
(a) For L > 1, let By, denote a set of L points in R\ (—=1,1), such that for all
te K, (1.4) holds. Let My, denote

sup 53 (y)pi—J (SgV,y) 9
where the supremum is taken over all 0 < J < n and monic polynomials Sy of
degree J with distinct zeros in Br. Then

P2 (1, y) < limsup Mj.

L—oo
(b) If both (1= V)1 o0y and (1 — V) _o 1) have at least n + 1 points in their
supports, let Bg denote the set of 2n + 2 points formed from the union of the
Gauss quadrature points of order n+ 1 for these measures. If one or both of them

has less than n + 1 points in its support, we instead use the mass points from that
or those measures in forming Bg. Then

Pz () <sup S () pi_; (S5v,9)
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where the supremum is taken over all 0 < J < n and monic polynomials Sy of
degree J with distinct zeros in Bg.
The idea of proof is first to consider measures of the form

L
(1.5) u:V—i—ZOzjébj,
j=1

and to show that if all o; € [T, S], then [p, (1, y)| is largest when each o; = S or
T. That is, the maximum is attained at the vertices of [T, S] x [T, S] x ... x [T}, S].

Theorem 1.3

Let v be a positive measure on [—1, 1], with infinitely many points in its support.
Let L > 1, {bj}f:l be distinct real numbers, y € R and n > 1.

(a) Let S>T > 0. Let

Q* (S,T) = supp? (1, y)

where the sup is taken over all measures p of the form (1.5) with all o € [T, S].
Then Q* (S,T) is attained for some measure of the form (1.5) where all o €
{S,T}. 1If also p, (v,y) # 0, then Q*(S,T) is attained only for such measures
unless py (1, y) is a constant function of some «j, that is for some 1 < j < L,
D (14, Y) is independent of the choice of «; .

(b) Let

Q" =supp? (11, y)

where the sup is taken over all measures p of the form (1.5) with all o;j > 0. Then

Q* =sup ST () pi_; (S5v,)

where the sup is taken over all 0 < J < min{L,n} and all monic polynomials S;
of degree J with distinct zeros in {bj}le,

This paper is organized as follows: we relate p,, (1, y) to p, (v,y) using standard
tools in Section 2. We also show that in the case o; — oo, we are forcing p,, (i, t)
to have a factor ¢t — b;. In Section 3, we show that p2 (u,y) is largest either when
aj =T or aj =S or when the value is independent of a;. In Section 4, we prove
Theorems 1.1 to 1.3. In the sequel C,Cq,Cs, ... denote constants independent of
n, x,t. The same symbol does not necessarily denote the same constant in different
occurences.

2. ADDING A DISCRETE MEASURE

There is a very extensive literature on adding masspoints to an existing measure.
See for example, results and references in [2], [7], [10], [12], [17], [18], [30], [31]. In
this section, we use standard techniques in this topic. We are not sure if any of the
formulae we establish are new. Let L > 1 and

L
(2.1) uzz/—i—Zajdbj,
j=1
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where all a; > 0, and all b; are distinct and real. Let

(e5] 0 e 0
0 g ... 0

(22) D= . : . vKn = [Kn (Vabj7bk)]1§j,k§L;
0 0 g,

and

(2.3) C,= D '+K,.

Note that D is positive definite, while K,, is symmetric and positive semidefinite.
The latter follows from the identity

T T
U Uy 2
Ug Us n—1 L
Kn| . = u;p; (by)
: i=0 \j=1
ur ur

It follows that C,, is also positive definite. Let us fix a y with

(2.4) pn (v, y) #0
and set
Pn (val) Kn (V7yab1)
Pn (V7b2) Kn (V7y7b2)
X = : Y = — ! :
: Pn (V7 y) .
pn (v,bL) K, (v,y,br)
(2.5)
Theorem 2.1

With the above hypotheses,

_ 2

' pn (V,y) 1+ X7TC,'x

Also,
2

(2.7) (% (u)) _ 1 .

' Y (V) 1+ XTC,'X
Proof
Let

Tn (1)

Tn—1 (3) = DPn (M? 3) - v (l/) Pn (Vv 3) :
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Then using orthogonality, we see that
1

o1 (s) = / Ko (v, 5,8) 1 (£) du (1)

- /K (v, 5,8) pa (1, £) o (1)

(2.8) = —Zaj (v,8,b;) pn (11, 05) .

Setting s = by,

L

Pr (11 b) {1+ K (v, b b)Y+ Y @ Ko (v, by, by) po (1, b7) = Tn (u)pn (v, bg) -
,._1, 7, ()
J=1,j#k
(2.9)
Let
1+alKn (Vablabl) aQKn (VablabQ) O[gKn (V7b17b3) aLKn (VablabL)
alKn (V,bg,bl) 1+C¥2Kn (V,bQ,bQ) Ongn (I/,bg,bg) aLKn (l/, bz,bL)
B = OélKn (V,bg,bl) OéQKn (V,b3,b2) 1 +043Kn (l/,bg,b3) OéLKn (V,b3,bL)
a1 K, (v,br,,b1) ao K, (v, by, bo) asK, (v,br,bs) coo 14+ apK, (v,br,br)
=I1+K,D=C,D.
Note that then B is non-singular as C,,, D are, and
(2.10) DB '=C,
We can recast (2.9) as
Pn (M? bl) Pn (V7 bl)
B pn( 7b2) _ Yn (/j,) P (VabQ)
Vn (V)
(12,01) pn (v,b1)
P (1, 01) pn (v, b1)
Pn (,ua b ) Pn ( 7b2)
(2.11) = ) — Tn (M)B—l
. Tn (V) .
P (1, bL) pn (v,b1)
Then from (2.8), and this last relation,
T
alKn (V7y7bl) Pn (Vabl)
as K, (v, y,b2) D (V,b2)
Fun (y) = — 220 | gt | Y

Tn (l/) . .
aLKn (V7y7bL> Pn (V7bL)
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alKn (l/ay7b1) g Pn (Vybl)
Yn (/,L) a2Kn (VayvbQ) _1 Pn (VabQ)
= Dn (K, Y Pn (V.Y . .
ow) =y | oY) ; .
aLKn (Vayva) Pn (V7bL)
Then
Pn (val)
Po(py) _ W) )y Lyt | ™ (v,b2)
Pn (V5 y) Vn (V) :
Pn (vaL)
Tn (N T -1
= 1+4Y°C ‘X
Vo (v { J
(2.12)

by (2.10). This will give (2.6) after we prove (2.7). To prove (2.7), we evaluate
f_ll 72_,dv in two different ways. First, from the definition of m,_1,

Also, from (2.8),

t[f 72 (s)dv (s)

. 2
/1 ( Zaan v,8,b;)pn (u,bj)) dv (s)

Jj=1

L
= ) ajapKy (v,b;,b) pu (1,0;) P (11, b) -
jik=1
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Combining the last two identities, and then using (2.11),

~ (% (u)>2
Y (V)
L L
= > oK (4,65, bk) Po (18,05) Po (11, bk) + > i (1,05)
Jk=1 j=1
Pn (,U/,b]_)
pn a (M:bQ)
= (DK,,)D + D) .
/J‘abL Pn (M?bL)
Pn (V7b1) g Pn (V>b1)
Pn \V, b Pn (l/7 b )
- (% o ) B! (, ?) (DK,D + D)B~! o
Y (V) : :
Pn (V7 bL) Pn (1/7 bL)
[ Pn (val) ! Pn (Vabl)
2
DPn (VabQ) Vab2)
_ ('Yn (N)) . (B )TDBB_
Tn (V) .
Pn (v, b1L) Pn (v, 1)
Then
T
Pn (V7b1) Pn (V7b1)
2
Pn (Va b Pn (V, b
(7" W) 1+ ? BY)'D S I
Y (V) :
Pn (V7bL) Pn (V7bL)
Here as D, K,,, C,, are symmetric, from (2.10),
c;'=(c;)"  =mBH" =B D.
So

(7”( )> {1+X7C;'X} =1.

Tn (v
Thus we have (2.7). Squaring and substituting in (2.12), gives (2.6). W
We shall need another representation for I'. We use a well known formula for
determinants of block matrices involving Schur complements [19, p. 46, Ex. 15] . If
E, H are square matrices and H is non-singular, while F, G have appropriate sizes:

E F

(2.13) det { G H

] = det(E — FH'G) det (H)

This follows from the identity

E F] [I FH! E-FH 'G 0 I o0
G H| |0 1 0 H|| H'G I|
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Theorem 2.2
(a)
2

(2.14) Tn()\" _ detCyp

. Tn (V) det Cn+1 .
(b)

2

(2.15) oo (P (y)\* _ (det (Cn + XVT))

. Pn (Vv y) det Cn det Cn+1
(c) d(eiftccii - is a decreasing function of each a;.

Proof
(a) Using (2.13),
-1 X7
X C,
We add py, (b;) x the first row (i.e. [~1 X7T]) to the (j + 1)st row in the left-hand
side, for j = 1,2, ..., L. Since C,,= D™ '+K,,, we obtain (recall (2.2), (2.3), (2.5))
-1 X7
0 Cn+1
Expanding the determinant in the left-hand side by the first column gives

(-1)det Cpiy = (-1 — X"C,, ' X) det C,,.
So we obtain from (2.7),

(vn (u)>2 _ 1 _ detC,
()] 1+ XTCR'X  detCpyr’

(b) Similarly (2.13) gives
-1 YT
X G,
Again, we add p,, (v,b;) X the first row (i.e. [-1 Y7T]) to the the (j + 1)st row in
the left-hand side, for j = 1,2,..., L. We obtain
-1 YT
0 C,+XY7T
Expanding by the first row and cancelling —1, gives

det (C,, + XY") = (14+YC,'X7") det C,,.
Then from (2.6), (2.7), and (2.14),

det [ ] =(-1-X"C,'X) det C,,.

det [

=(-1-X"C,'X) det C,,.

(2.16) det [ ] = (-1-Y"C,'X) det C,,.

det [ ] =(-1-Y"C,'X) det C,,.

2 12
_— (pn (M/)) _ {1+ x7c,'v}
Pn (V,9) 1+ XTC,'X
2
det (C,, + XYT) ) detC,
det C,, det Cpiq’
(c) Since 7,, (1) decreases as we increase p, so d‘:tetciildecreases (monotonically,

not necessarily strictly) as we increase any o;. W

Next, we see what happens when some «; — 0o and others approach 0 :
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Lemma 2.3
Let M > L >1. For m > 1, let

L M
Moy =V + E am,j(sbj =+ § am,j(sbja
= j=L+1

where for 1 < j < L,
lim ap, ; = oo,
and for L < j < M,

lim apy,,; =0.
m—0o0

Let
su)=TL_, ¢—b.
(a) Assume that L < n. Then uniformly for t in compact subsets of C,
%LIHOOPn (Homs ) = SL () pu—r (S7v,t).
Also,
im vy, (1) =7, p (SEv).-

(b) Assume L > n. Then uniformly for t in compact subsets of C,

lim py (g, ) = 0.

Proof

(a) We use the extremal property of the leading coefficients. First, as Sy, has zeros
at the first L masspoints {b;} of x,),,

-2 . 2
= inf P<d
Tn (B . / o
P monic
St par (1)’ < S (b)) po-r (53:5;) |
< / 5 dv (t) + Z Qm,j 2
Yn—L (SLV) j=L+1 Tn—L (SLV)
M 2 2
2 St (bj) Pt (S, b;)
= 7,5 (S%v) "+ O,
L(50) "+ D ams ( Tt (530)
2V .
Then as % is independent of the weights, and o, ;j — 0 for j > L,
n—L\PLY
. - -2
(2.17) limsupy,, (1)~ < Voop (S2v) 7

m—00

Let J be a compact interval containing [—1,1] and all the {b;}. Observe that

pn(u,m7t)
T (#n)
is independent of m, we can by a compactness argument, choose a subsequence

{tm, }211 and a monic polynomial U of degree n such that

is a monic polynomial of degree n with zeros in the interval J. Since J

i Pr (Him, 1)

k=0 Yy (fmy ) =v
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uniformly in compact subsets of C. Next,

(Pl o (el b))
-/ <vn <u7nk>> WO+ ( 7o (1)

> . L (P (b))
> ((min ome) 32 P

so that

[]=
d
=
o
I
=
I\-Mh
VR
=
3
=
/\3
kol
\—/Q@
S—
N————
[NV}

]:1 _}_1 ’Y'n /”Lmk
< I i ; li -
< 1km_)sol<1>p LISI;?L (Jémk7j:| lgljllop Tn (Mmk)
< 0(7,2, (Stdv)) =0,

by (2.17). So U = SLR, for some monic polynomial R of degree n — L. Next, as
Py, 2 Vs

I -2
liminf vy, (s1,,)

2
1 » t
= liminf (p(#m’“ )> dpt,,, (t)

Y on (B - 1) ’
> liminf/ e o du ()
k—oo J_q Tn (:u’mk)

_ / R ()82 (v (1)

-1
Yn—L (S%V) - .

Together with (2.17), this gives

Y

dim oy, ()™ =7 (S20) 7

Since every subsequence of {u,,} contains such a subsequence and the limit is
independent of the subsequence, we deduce that

(2.18) im v, (1) =Y (S30)

m— 00
Next, let

T (t) — Pn (/J'm’t) _ SL (t)pnfL (S%l/ﬂf)
" 771 (/”Lm) ’)’n,L (S%l/)
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We have
Po (s ) Se () pn—r (Siv.t) i
/ ( ) e (530) ) A (0
1 2 fYn—L (S%V)

'St (t) Pn—1 (S%V’t) : v - o Sp (bj) pn—r (S%vaj) :
+[1 < Yn—L (S%V) ) I (t) * Z " ( Yn—L (S%l/) )

j=L+1

2
_ 1 )pn L(S%Vabj)
- o 2o (M) <o

Yo (Hom) an(S2dV) Pyt

as m — oo, by (2.18) and as m,, is a difference of monic polynomials of degree n,
with all zeros in a compact set independent of m. Again, as the monic polynomials
are of degree n and all have zeros in a fixed compact set, and as the Lo and Lo,
norms are equivalent on polynomials of degree < n, so

lim (p” (Pnst)  Sp(O)Pn-r (S%I/,t))
)

m—0o0 Tn (:LLm) Yn—L (S%V
uniformly for ¢ in compact sets of the plane. Using (2.18) again,
Jm py (fs) = Sp () s (SEv,1) -
(b) Here we again choose a subsequence {f,,, }:ozl and a monic polynomial U of
degree n such that uniformly for ¢ in compact sets,

P (b, s 1)

lim =U().
Next,
L
> am,jpi (/Lmk’bj)
j=1
2 2 a p M ) i
. ) n mig
> (121£1Lam7g> Tn :u’m;C Zl< Y, (Mmk) )
j=
SO

Yo (tin)* D (U (0) +0(1)” = 0(1).

j=1
If for some further subsequence v,, (,umk) s bounded below, then necessarily U (b;) =
n

0 for 1 < j < L. Since L > n, the = 0, contradicting that it is a monic polyno—
mial of degree n. So

Jm v, (f, ) = 0
and hence uniformly for ¢ in compact subsets of C,

lim_pn (i, o) = 0.

n—
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Since the limit is independent of the subsequence, it holds for the full sequence. B

3. VARYING THE WEIGHTS

P (1Y)

2
In this section, we study how I' = (p w y)> varies as each «; does. Throughout,

we assume that
L
(31) /J“:V—i_zajdbjy
j=1
where all o; > 0 and all b; are real. We use Theorem 2.2, that is, when all a;; > 0,
b (P (uy)\*_ det (D' +K, + XY7T)’
B  det(

Dn (Vay) D! +Kn) det (Dil +Kn+1)’

with the notation (2.1) to (2.5). Since ¢ appears only in D, and not in K,,, X, Y,
we see that I' is a rational function of each a;. Note that I' is well defined and
finite, even if some «; are 0, even though D! is no longer defined.

(3.2)

Theorem 3.1

Let v be a positive measure on [—1,1], with infinitely many points in its support.
Let L >1and {bj};zl be L distinct real points. Let n > 1,y € R and p,, (v,y) # 0.
Let S>T >0. Let

Pn (V,Y)

Then we can find a measure

2
*(S,T) = sup { (ZW) s wis of form (3.1) with all o € [T, S]} .

L
w= VJFZO‘;&’J‘
j=1

with all o € {S,T} attaining the sup T (S, T). Moreover, if T' given by (3.2) is
not a constant function of any o, the sup is attained only for such measures.
Remarks

(a) For the case L = 2, {b1,bo} = {—1,1}, y = 0, n even, and v symmetric, this
theorem appears essentially in [23]. There a study was undertaken when v is in the
Nevai class, and in more detail for the ultraspherical weight v/ (t) = (1 - t2)a , o>
—1. For a = —%, there was exactly one extremal measure when considering weights
(a1, ) in the simplex a1 + @y < S, with oy = @y = S/2. For a > —%, there could
be one or two extremal measures depending on the choice of S. Moreover, for the
analogue of I'* (00, 0) above, it was found that as n — oo,

2(0‘77”2) +0(n?),
(n+a)

so is larger than 1 for large enough n, but decays to 1 as n — oo.
(b At first it seems reasonable that either for all j, ., ; — 0 or for all j, @, ; — oo.
However, an analysis in the case L = 2,1 < b; < by suggested that it is possible
that oy,,1 — 0 and agy,,2 — 00.

To prove this theorem, we investigate I' as a function of a single ;. Given a
matrix B, we let B (j; k) denote the matrix obtained from B by removing row j and

' (00,0) =1+
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column k. In addition, if B is a matrix such that its (j, j) entry is ozj_l +d, then we
let B (j) denote the same matrix B but with the (4, j) entry replaced by d. Thus
we are just subtracting 04]71 from the (4, j) entry. Throughout, we assume that n,y
and v are as in Theorem 3.1. We begin with some elementary manipulation. In

Lemmas 3.2 to 3.5 we assume that p, (v,y) # 0.

Lemma 3.2

Let p be given by (3.1) and T be given by (3.2). Fix 1 < j < L. Fiz ag > 0 for
k+#3j.

(a) T is a rational function of type (2,2) in o;. More precisely,

(Hu + a;Jn)’

(3.3) b= (Fn + O‘jGn) (Fn+1 + O‘jGn-&-l) ’
where
F, = detC,(j;j) > 0;G, = det C¥ (5) > 0;
(34)  Hy, = det(Co+Y"X)(jsj); ] =det (Co +YTX)" ().

Here F,,Gp, Hy, J,, do not depend on oy, but may depend on ay, for k # j.
(b)
(3.5) F.Gpni1 — GrFhy1 > 0.
Moreover,
Fn + OéjGn
F7L+1 + ajGn-H

is a monotone decreasing function of a; € [0,00).
(C) If FnGn+1 — GnFn+1 > 0, then

o
80éj
_ 1 _ (HnGn+1 - Fn+1Jn)2 + (HnGn - Fan)2
F7LG7’L+1 - Fn+1Gn (Fn+1 + ajGn+1)2 (Fn + OZjGn)Z
(3.6)
In addition
or H? 2J,H
3.7 —_— =—-——2"2 (G,F, F,.G non
( ) 3%‘\%:0 F3F5+1( n L+1+ n n+1)+FnFn+17
and as o — 00,
or
8043'
1 J? 2J,H 1
3.8 — S (BG4 GpF) — = Lo (=)L
(38) 2 {G%G%H (FaGusa + GaFn) = g0 (1)

Proof
(a) Recall from Theorem 2.2 that

r= (pn (u,y)>2 _ (det[Cy +YXT])2.
on (V, ) (det Cy11) (det C,,)
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Here o appears only in the (j,j) position in each matrix. Expanding by the jth
row, we see that

det (C,,) = det(D"'4+K,,)
= o; 'det(D7'+K,) (j:§) + det(D' +K,,)# ()
= aj_an + G,,.

Here (D~ '4+K,,) (j;j) and (D™'+K,,)# (4) are still positive definite, so F,,, G, > 0.
While the former is obvious, the latter follows from the fact that given

Z=r xg...a:L]T
with all real entries,
Z" (DK * (5) Z
L
> 27O Y (jz= Y ajlel>0
k=1,k+#j

provided at least one of y...xj_1, 2 41...x1 is non-zero. If they are all zero, but
x; # 0, we then have

ZT (D 4K, (§) Z = Ky (v, bj,b;) 25 > 0.
So indeed, (D~'+K,,)¥ (j) is positive definite. Similarly,
det [D™'+K,, + Y X7]

= a;'det (D7'4+K,, + YXT) (jij) + det (D7'+K,, + YXT)* (j)

= o 'Hy+ Jy.
Then

(a;j'H, + Tn)?

(05 Fouer + Gur) (o B + G)

(Hn + OéjJn)z
(Fngr + jGr) (Fn + oGr)’

(b) From Theorem 2.2(c),
det C,, . F, +0len
det Cn+1 a Fo+ O{jGn—i—l

is a decreasing function of a; € (0, 00), so for such «;,
80&_]' Fn—i—l + Och;(’n-l-l o
- F7L+1G'IL - Gn—i—ng < 0.
(Frt1 + @jGrnt1)

(¢) If F,,Gpy1 — GnFyy1 > 0, then the partial fraction decomposition of T as a
rational function of «; is

T

_ R 1 { (HoGri1 — Fri1dn)? (HoGy — Fdy)?

Gn—i—lGn FnG71,+1 - Fn+1Gn G71+1 (Fn+1 + ajGn—l-l) a G (Fn + ajGn)

} |
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This follows by a straightforward calculation. Then

o
8aj

_ (HnGn+1 - Fn+1<]n)2 + (HnGn - Fan)2
(Fn+1 + OéjGn+1)2 (Fn + Olen)2 .

1
B FrLG7L+1 - Fn-‘rlGn {

Next
o
Oaj lov;=
2 2
G
— H, ”“—J) +(Hn”—Jn>
F Gn+1 n+1G71 { ( n+1 Fn
2
G G
- H? "“) +2J,H, ( ntl ")
FnGn+1 n+1Gn { ( n+1 Fn+1 Fn
o II{Q (G Fn—i—l FnGn-i-l) (GnFn—i-l + FnGn-l-l)
FnGn+1 - 7L+1G7L g,j%ffl (GnFn+1 — FnGn+1)
H? 2J,H,
= nFn F n .
F3F3+1 (G A - ¢ +1) FnFn+1
Finally, as o; — o0,
or
80éj
N 1 i H Fn+1 J 2 + H &J 2 + O i
= F GnJrl — Fn+1Gn O[? n Gn+1 n n Gn n a]

(&) - (&2))

1 1
- E.G, Fo,1G, a2 F, 3
1= by oy 1, ( Pour g—n) ) ((71])
1 J? 2J,.H 1
= F,G, G, F, oo = )%,
{G2 G%+1 ( s +1) GnGn+1 * (oq)}

[ ]
G F, 41 is positive or 0.

We consider separately the cases where F,, G, 11

Lemma 3.3
Let 1 <j <L, and fir ap > 0 for k # j. Assume

(39) FnG71,+1 - G71,Fn+1 > 0
Let S>T >0 and
(3.10) Ij=sup{l'": T < a; <S5}
and assume
1“;? > 0.

(3.11)
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Then I} is attained only when a; =T or a; = S.

Proof

We do this in a number of steps.

Step 1: There is at most one value of «; € [0,00) at which % =0.

For % =0, (3.6) shows that we must have

(HnGnJrl - Fn+1Jn)2 (HnGn - Fan)2

(Fot1 + O‘jGnJrl)2 (Fn + O‘jGn)z

If either H,,G,, 41— Fp41J, or H,G,,—F,,J,, is non-zero, then both must be non-zero
(recall F,,,G,, > 0), and

(Fo+a;Gn)?  (HoGp — FoJy)®
(FnJrl + ajGn+1)2 (HnGn+1 - Fn+1Jn)2

Taking square roots,

(3.12)

Fn +Olen o HnGn *Fan
Fn+1 +ajGn+1 HnGn+1 _Fn+1Jn.

(3.13)

The left-hand side is positive and is a decreasing rational function of a; € [0, c0),
by Lemma 3.2(b). It is also non-constant because of (3.9). So only one choice of
the right-hand side works. Thus there is at most one ¢ in [0,00) where I' has a
critical point.

Next suppose H,Gn4+1 — Fpi1d, = H,G, — F,J, = 0. If first one of J,, H,
is non-zero, then both must be non-zero because F,, G,, are positive. In this case,

Hn Fn _ Fn+1

Jn Gn GnJrl ’
contradicting our hypothesis (3.9. The last remaining possibility is that J,, = H,, =
0. But then I" = 0 for all o; € (0, 00), contradicting our hypothesis (3.11).
Step 2: Monotonicity properties
Because there is at most one critical point in [0, 00), there are the following possi-
bilities:
(i) T is strictly decreasing in (0, 00).
(ii) T is strictly increasing in (0, 00) .
(iii) " decreases strictly to a local minimum and then increases thereafter.
(iv) T increases to a local maximum and then decreases thereafter.
In the first three cases, the conclusion of the lemma follows. We proceed to show
that (iv) is not possible:
Step 3: If -2 0 0, then T is increasing in (0, 00).

daj —
Jlaj=
First (3.7) shows that H,, # 0. Then
o0 aHE (1[Gu Gun]
aaj [a;=0 - FnFn+1 2 Fﬂ Fn+1 Hn '

Since F,, F,,+1 > 0 and H,, # 0, our hypothesis forces
1[G G JIn
: { +1} -

Fn+Fn+l Hn

(3.14)
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We next use the inequality between geometric, arithmetic and harmonic means.
Recall that if o, 8 are positive real numbers,

1 2
a @ f
and we have strict inequality unless a = (. Since we are assuming %T: < fﬁ:;,

(3.14) gives the strict inequality

Jn S 2
H, F, Frni1”
) Gn Gn+1

Then we cannot have J,, = 0, so (recall F,, Fj, 11, Gy, Gpy1 > 0),

F, F, H,
(3.15) o tg 111 > 2

Then from (3.8),
or

day

1 J2 Fn Fn+1 2H71 1
3.16 = —__"n J_nrn e TR0 = 0
(8.16) o2 GGt {Gn LR A <aj>} ~

for large enough «;. So I' is an increasing function of a; for large enough ;. Since

59; > 0, we claim that % > 0 in (0,00). Otherwise it would have to have
i la; =0 %}

both a local maximum and minimum, contradicting that it has at most one critical
point. So I' is increasing in (0,00). Thus the case (iv) above is not possible and
the lemma is proved. B

Lemma 3.4
Let 1 <j <L, and fit ap > 0 for k # j. Assume

(317) FnGn+1 - GnFn+1 = 0

Then T' is constant for a; € [0,00), and moreover, for all o; > 0, p,, (1, z) is the
same polynomial, and py, (1,b;) = 0.

Proof
First recall from (2.14) and (3.4) that
(’yn (,u)>2 _ det C,, _ F, + oG,
Yn (I/) det Cn+1 Fn+1 + ajGnJrl '

Our hypothesis shows that for all o,

2
() G
Tn (V) Gn+1
S0 v,, (1) is constant in c;. Now let us consider two such measures. Let 0 < A < 3

and let px be the measure p where ai; = A and 5 be the measure p where o = 3.
We already know that

Vo (1a) = T (15) -
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Then

/ (Pn (25 %) = P (115, 7)) dpi ()
- 1 _2Z: ((Zi)) +/pn (1, 2)" dp ()
1= 2414, (5,05)° (A= B)
= Dn (Mﬁ»bj)2(Afﬂ)'

The left-hand side is nonnegative, so the right-hand side must be also. However,
A — 3 < 0. Then necessarily p, (uﬂ, bj) = 0, and moreover,

/ (Pn (as @) = pu (15, 2))° dpia () = 0,

so that pp, (ua, ) = pn (,uﬁ,x). From the definition (3.2) of T, it is constant for
a; €[0,00). W

Proof of Theorem 3.1
Suppose first T' > 0. Choose

L
u’m =v+ E :a"hj(sbj
j=1

with
Po (1 9) )
lim (/222 ) =T*(S,T).
m—oo \ P (V,Y)
By passing to a subsequence, we may assume that for 1 < j < L,

lm a,,; =a.
m—oo J

Let
L
ur= V—FZO&;(SZ)J..
j=1

Continuity of orthonormal polynomials in the measure (for fixed degree) ensures
that

<W>2r*(sﬂ-

From the previous two lemmas, if I' is not constant in «;, then necessarily aj = S

or T. If I' is constant in «;, we then can choose af = S or T'. Finally if T'= 0, we

can apply the above with a sequence of values of T' decreasing to 0. B

4. PROOF OF THEOREMS 1.1 TO 1.3

We begin with

The Proof of Theorem 1.3 (a)
For the case where p,, (v,y) # 0, this already follows from Theorem 3.1. Now
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suppose that p, (v,y) = 0. Choose a sequence {yi} converging to y, but with
prn (V,yx) # 0 for k > 1. By Theorem 3.1, for each k, there is a measure

L
Hg =V + Z k0,

Jj=1

with all a; € {S,T} and

(b)Y, { (2 0Y" ot o (3.0 wih i o <[5 T]} .

P (V,yk) P (V,Yk)
Since there are at most 2% choices for (i, ...op i), by passing to a subsequence
we may assume that
aj i, = oy for all 7, k.

Then pu;, = pq for all k, so that cancelling p, (v, yx) ,
pn (g, yi)° = sup {pn (1, y)* : o of form (3.1) with all a; €[S, T]} .
But then if 1 is any measure of the form (3.1) with all «; € [S, T,
Pa(iy)* = lim py (i, ye)”
< lim pn (k) = pa (0y)”
—00
It follows that p, is a measure of the form (3.1) with all weights S or T, and

Pn (1, 9)% = sup {pn (11,9)° : p of form (3.1) with all a; €[S, T]} .
|

The Proof of Theorem 1.3(b)
First assume that p, (v,y) # 0. Choose measures

L
Ly =V + Zamyjébj,m >1,

j=1

with
lim p, (pm,y)2 =" =sup {pn (i, y)2 : p is of form (3.1) with all a; > 0} .
m—00

For 1 < j < L, we may choose a subsequence of {av,, ;},-_; having limit o € [0, o0].
By changing our notation, we may assume that for each j,

*

lim ;= aj

m—00

We can separate into three sets of indices: j € J1 if af = 0; j € Jo if a] = o0;
JE€ T30 <o <oo. Ifj€ J3, then by Theorem 3.1, I' above is a constant
function of a; € [0,00), so remains the same as a; — o0o. So we may insert all
the indices in J3 into those in J5, and dispense with J3. Thus all the o may be
assumed to be 0 or co. Next if the expanded /> contains more than n indices,

Lemma 2.3(b) shows that

Q" = lm py (ky,,y) =0,
m—00
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contradicting that Q* > p, (v, y)2. So J5 has at most n indices. Write
(4.1) Fom =V Y Qg0+ Y i,
JETL JET>2

If S is the monic polynomial of degree M (< n) say, whose zeros are those b; with
Jj € Ja2, Lemma 2.3(a) shows that

lim Pn (/’('nw t)2 = Si/[ (t) Pn—M (SJQ\/IV’ t)
m— 00
uniformly for ¢ in compact subsets of the plane. In particular,
" . 2

so that

QO < sup S7(y)pi— s (S7v,9)
where the sup is taken over all 0 < J < n and monic polynomials S; of degree
< min {n, L} with zeros in {bj}jL:l.

For the converse direction, let S; be a monic polynomial of degree J < n, with
zeros b;, j € Jp say. We let

(4.2) ,um:y—i—mZébj,mzl,
JET2
and apply Lemma 2.3 (a) to deduce that
Q> lm po (4, y)* = S5 W) 05y (ST09) -
As S is any such polynomial,
Q" = sup S5 (y)pr_ s (S3v,v)

where the sup is taken over all 0 < J < n and monic polynomials S; of degree
< min{n, L} with zeros in {bj}j;:l'

We now show that the conclusion of (b) remains valid if p, (v,y) = 0. Choose
a sequence {yx} converging to y, but with p, (v,yx) # 0 for £ > 1. For each k,
there is a polynomial S, as above such that

sup {pi (1, yi) ¢ g is of form (3.1) with all a; > 0}
= S5, k)P, (S5,v50) -
There are only finitely many monic polynomials of degree J < n with all distinct
zeros in the finite set {b; }le. So we may choose a further subsequence (which we

denote in the same way) such that J, = J and S, = Sy for all k. Then for any p
of the form (3.1),

P (my) = lim pp (,yp)
— 00

IN

limsup S7 (yx) pp_y (S7v, k)

k—oo

S5 W) v, (STv.y).

So
Q* = sup {p; (1, y) : pis of form (3.1) with all a; > 0} < 57 (y) p2_, (STv.y) -
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The opposite inequality follows from Lemma 2.3, by considering {,, } of the form
(4.2). &
We turn to

The Proof of Theorem 1.2(a)
Let p be the given measure. Let w = o — v. The idea here is to approximate w by
discrete measures with masspoints in the given set By. Assume that the points in
Br N[l,00) are

1<bf <by <
and in Br, N (—oo, —1] are

—1>b7 >b; >
The {b;r} , {b;} depend on L, but we do not explicitly display this dependence.

Choose discrete measures
= ) d
Pl = Z bt / bt K

J J+1)
and
=30 [ dn
j 7 ( ;+17b7]
Moreover, if there are mass points at some bjt, we include them in the integral.
Because of our hypotheses on the spacing of the {bji}, it follows that pz + p

converges weakly to w as L — oo. Hence as L — oo, all the moments of v+ p} +p;
converge to those of u, so also

S p (v pf + oz, y) = pa (1Y)
By Theorem 1.3(b),
pr (v+pf +pr.y) < M, L>1,

SO
Py (1, y) < limsup M.

L—oo

|
The Proof of Theorem 1.2(b)

Let wq = (p— V)Hl 00) and wo = (1 — I/)l(_oo _1) If wy has at least n + 1 points
in its support, we may form its Gauss quadrature of order n + 1. Write this in the

form
n+1
/ t) o (¢ Z AP (b

for polynomials P of degree < 2n + 1. Here all b;r > 1. Similarly, If wy has at least
n + 1 points in its support, we may form its Gauss quadrature of order n + 1:

n+1
/ t) dw§ (t Z AP (

for polynomials P of degree < 2n+1. Here all b; < —1. In this case, we let Bg be
the set of all the {bj_} , {b;‘} If one or both of wy,ws have less than n+ 1 points in
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their support, we just take the mass points in wy and/or we. Then for polynomials
P of degree < 2n + 1,

/P(t)d(y+w?+w§) (t):/P(t)du(t).

It follows that p and v + w§ + w§ have the same orthogonal polynomial of degree
n, as it is determined by the first 2n+1 moments of the measure. Here v +w§ +w§
has the form to which we can apply Theorem 1.3(b), where the {b;t} are the points
in Bg. It follows from Theorem 1.3(b) that

Pu (11, y)? < sup S3 (y) pu—s (S3v,y)

where the sup is taken over all 0 < J < n and all monic polynomials S; of degree
J, with distinct zeros in Bg. B

The Proof of Theorem 1.1
Assume that B(=1,1) =V and supp|[p] C K. Then we can find a sequence of mea-
sures {1, };~q, where

L
B =v+ E :aL«j(sbL,jV
j=1

and all {bz ;},  lie in K\(—1,1), which contains the support of 1 — v, while
Jim tidpuy (t) = /tjdu (t),0<j<2n+1.

(Here we want the masspoints to lie in I\ (=1, 1), which is more restrictive than
lying in R\ (—1,1)). For compactly supported p — v, this follows from the classic
fact that pure jump measures are weakly dense in the set of measures with given
compact support. When p—v has non-compact support, we can take its intersection
with a growing sequence of compact intervals. By Theorem 1.3, for each L > 1,

pa (pp,y) <sup S5 () pi_ 5 (S7v.y)

where the supremum is taken over all 0 < J < n and monic polynomials S of
degree J with distinct zeros in K\ (—1,1) . Denote the latter supremum by A. It is
finite as it is bounded above by K, 11 (v,y,y). Then also

P (y) = lim pf (pp.y) < A.
L—oo
Thus as p is any such measure,

(4.3) sup {pi (1,y) * py(—1,1) = v and supp [u] C IC} <A.

For the opposite inequality, let ¢ > 0,J < n and choose a monic polynomial S
with distinct zeros in K\ (=1, 1) such that

S5 W) Py (Sjry) = A —e.
If {bj}f:1 are the zeros of S, choose

L

umzy+m25bj,m2 1.
j=1
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Then Lemma 2.3 shows that

dim py () = 55 () oy (ST10y) = A e

So we have also the converse inequality to (4.3). W
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